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PREFACE 

The Second Course in Algebra is designed especially as 
a sequel to the authors' First Tear Algebra. Together, the 
texts contain sufficient material to enable schools to meet cur- 
rent college entrance requirements. 

Certain special features of the Second Course make the text 
useful as a sequel to any first course in algebra. 

(a) The first six chapters comprise a complete but brief re- 
view of corresponding portions of the First Year Algebra. All 
rules and definitions encountered in the first course in algebra 
and necessary in the second course are given in convenient 
form. (See §§ 2, 4, 5.) The examples and problems are 
sufficiently numerous and properly selected to enable students 
to regain the skill which may have been lost during the time 
that has intervened between the first and second courses in 
algebra. The examples, like those of the First Tear Algebra, 
are simple rather than complex. (See Exercises 1, 2, 3, etc.) 
For schools that desire other and more difficult examples, 
classified lists of such examples are added at the end of the 
book. (See sets A, B, O, etc.) 

(b) In Chapters VII and VIII, the explanatory text of the 
First Tear Algebra has been retained. The examples and 
problems, while similar to those of the First Tear Algebra, 
are, with a very few exceptions, new. Schools in which con- 
ditions render it impossible to cover quadratics during the first 
year will appreciate the thorough instruction of these two 
chapters ; schools that have completed these chapters in the 
first year course will see the advantage of having before the 
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students a rather complete treatment of these important top- 
ics, even though they may not care to cover all of the examples 
and problems of the text. Special attention is directed to the 
emphasis placed upon getting roots of quadratic equations in 
decimal form. (See § 78.) 

(c) Chapter IX is an elaboration of Chapter XVI of the 
First Tear Algebra. The advantage of postponing the topics 
in this chapter until well into the third semester of algebra is 
apparent. Isolating these topics as in this text makes it pos- 
sible for schools that desire a brief course to omit the chapter 
altogether. In this chapter, topics such as those in §§ 89 to 
95 find a logical place. 

(d) The remaining chapters contain the topics which appear 
among the various college entrance requirements in algebra. 
In the main, all colleges enumerate the topics considered in 
Chapters I to XIV. The other topics are enumerated by 
one or more institutions. Obviously, teachers will need to 
select the chapters that meet the needs of their classes. 

(e) Special attention is directed to Chapters XIII and XIV, 
on Exponents and Radicals. These chapters, while of con- 
siderable mathematical interest, probably are retained in sec- 
ondary courses largely because they appear among college 
entrance requirements. Usually they are taught in the first 
course. They are so difficult that students acquire there little 
knowledge and very little skill in dealing with them. Where 
preparation for an examination is a special aim, the authors 
are confident that instruction on these topics toward the latter 
part of the third semester of algebra will be found not only 
more pedagogical but more timely. The examples selected for 
this text are as simple as possible. More difficult examples 
on Exponents occur in the supplementary set F. Attention is 
directed to the practical turn given to radicals in § 126. 

(/) Chapter XXIV contains a number of topics that will 
have interest for some teachers. 
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I. THE FUNDAMENTAL OPERATIONS 
UPON ARITHMETICAL NUMBERS 

1. The Number System of Arithmetic consists of the integers 
and the common fractions. The following facts about arith- 
metical numbers are collected here for reference : 

(a) The sum, the pi'oduct, and the quotient of two arithmeti- 
cal numbers is always an arithmetical number ; the difference 
between two such numbers, however, is an arithmetical num- 
ber only when the minuend is greater than the subtrahend. 
Division by zero is not allowed. 

(6) The Associative Law of Addition. The sum of three or 
more numbers, addends, is the same in whatever manner the 
addends are grouped. Thus, 

a-\-h + c =(a -h &)H- c = a +(& + c). 

(c) The Commutative Law of Addition. The sum of two or 
more addends is the same in whatever manner the addends 
are arranged. Thus, 

a-{-b'\-c = a'\-C'\-b = C'\-b + a, 

(d) The Associative Law of Multiplication. The product of 
three or more numbers, factors, is the same in whatever man- 
ner the factors are grouped. Thus, 

a'b'C=(a'b)'C = a'(b'C). 
1 
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(e) The Commutatiye Law of Multiplication. The product of 
two or more factors is the same in whatever maimer the factors 
are arranged. Thus, 

a*b'C=b'a'C = C'b'a. 

(/) The Distributive Law of Multiplication. If the sum or 
the difference of two (or more) numbers is multiplied by a 
third number, the product may be found by multiplying each 
of the numbers separately by the multiplier and connecting 
the results by the proper signs. Thus, 

a{b -{- c — d)= ab -{- ac — ad, 

2. Positive and Negative Numbers. To avoid the difficulty 
that subtraction is sometimes impossible in the system of 
arithmetical number^ the negative integers and fractions are 
added to the number system. The combined system of posi- 
tive and negative integers and fractions is the System of 
Rational Numbers. 

The following facts are learned in the first course in algebra: 

(a) To every arithmetical number, there corresponds a posi- 
tive and a negative number. The arithmetical number is the 
Absolute Value of each of the corresponding signed numbers. 
Thus, 3 is the absolute value of + 3 and of — 3. 

(&) The rational scale is : 

-6 -4 -3 -2 -1 +1 +2 -f3 +4 45 

— < 1 I 1 1 1 * 1— 1 1 h^ 

The fractions correspond to points between the points 
marked by the integers. Any negative number precedes all 
of the positive numbers, and may, therefore, be regarded as 
being less than any positive number ; of two negative numbers, 
the one having the greater absolute value is the less. 

(c) The sum of any positive number and the corresj)onding 
negative number is zero. Thus, 

(+3)+(-3)=0. 
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(d) To add two signed numbers having the same sign, add 
their absolute values and prefix their common sign. Thus, 

(-10)+(-2)=-12. 

(e) To add two numbers having unlike signs, find the differ- 
ence between their absolute values and prefix the sign of the 
one having the greater absolute value. Thus, 

(+2)+(-9) 7. 

(/) To subtract one signed number from another, change the 

sign of the subtrahend and add the result to the minuend. 

Thus, 

(_3)-(-8) = (-3) + (+8) = + 5. 

(g) To multiply one signed number by another, find the 
product of their absolute values, and make it positive if the 
numbers have the same sign, but negative if they have unlike 
signs. Thus, 

(- 3) . (+ 9)= - 27, and (- 5) • (- 16)= + 80. 

(h) To divide one signed number by another, find the quo- 
tient of their absolute values, and make it positive if the 
numbers have the same sign, but negative if they have unlike 
signs. Thus, 

(+39)-f-(-3)=-13, and (- 45)^-(-f5)=-9. 

3. The Fundamental Operations are addition, subtraction, 
multiplication, division, involution, and evolution. 

Involution is the process of finding the product when a given 
number is used as a factor two or more times. The number 
itself is called the Base; the result is called a Power of the 
base ; the Exponent, written at the right of and above the base, 
indicates the number of times the base is used as a factor. 

Thus, 3i = 8.3.3.3 = 81,and (26)8=(26). (2 6) • (26)= 8 &«. 
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Evolution is the process of finding what number must be 
used as a factor a specified number of times to produce a given 
number as product. The given number is called the Radicand ; 
the result is called a Root of the radicand ; the Radical Sign, 
V , with the proper Index denotes the desired root. 

Thus, y/S indicates the cube root of 8 ; 8 is the radicand, 3 is the 
index of the root, and the root itself is 2, for 2^ = 8. 

Evolution is not always possible in the system of rational 
numbers ; thus, there is no rational number which exactly ex- 
presses the square root of 2. 

Order of Operations. In a sequence of the fundamental operar 
tions on numbers, it is agreed that operations under radical 
signs or within symbols of grouping shall be performed before 
all others; that, otherwise, all multiplications and divisions 
shall be performed first, proceeding from left to right, and 
afterwards all additions and subtractions, proceeding again 
from left to right. 

EXERCISE 1 

1. Illustrate by arithmetical examples the five fundamental 
laws in paragraph 1. 

2. Give an arithmetical example in which subtraction is 
impossible. Give the result when dealing with signed numbers. 

3. Subtraction is said to be the inverse of addition, and 
division of multiplication. What is meant by these statements ? 

4. What are the two signed numbers corresponding to 
f ? Give their sura, their difference, their product, and their 
quotient. 

5. Perform the following indicated operations : 
(«) (+6) + (+10). (e) (-4) + (-3). 
(6) (-4) + (+9). CO (+6) + (-3). 

. (c) (-8) + (+5). (g) (+6)-(-6). 

(d) (+2) + (-3). (h) (_4)-(+2). 
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(0 (-5)-(-3). (n) (-6). (-9). 

U) (-4)- (-8). (o) (+12). (-3). 

(A;) (4.3)-(+9). • (p) (4.25) + (-5). 

(0 (+6) -(-5). (g) (^28)^(4-4). 

W (-7). (+8). (r) (-22)-^(-ll). 

6. What is the value of 3*? of 2^? of 6>? of (-2)'? of 
(- sy ? of (- 4)« ? of (- 5y ? 

7. What is the sign of the product of an even number of 
negative factors? of an odd number? Give an example of 
each. 

8. What is the sign of an even power of a negative num- 
ber ? of an odd power ? Give an example of each. 

9. Kead the following product : 5 a^ys^w, \Give the expo- 
nent of each of the literal numbers. What is the value of the 
product when aj = 2, y = — 3, 2 = — 2, and w = 5. 

10. Find the values of the following for the values of a?, y, 
z^andw given in Example 9 : 

(a) 3aj». (c) x'-i-f. (e) ai»-3a?-h4. 

(&) x'y. (d) w'-z'. (f) z''-4z^4. 

ig) z'^2zW'\'W'. (j) aJ*H-y*. 

W2^-^- (;k)- + i-i. 

(t) iC*-2a»H-ar^-aj-M. ^^ z^ a^ f 

Write the following in symbols arid find their values : 
(I) the sum of the squares of x and y, 
(m) the difference between the cubes of w and x. 
(n) twice the product of y and z, diminished by three times 
the quotient of x and w. 

11. The following formulae occur in applications of algebra. 
Those marked with an asterisk, *, occur in geometry ; try to 
recall the theorems they express. Express the others in words. 
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(a)* ^ = |a&. Find A when a = 26 and 6 = 40. 

(5)* ^ = 1^(6+6'). Find ^ when A=10, 5=30, and 5'=20. 

(c) ^ = pA + liS^V Find A when P= 6000, r = 5, and 
« = 4. ^ "^^^^^ 

(d) F= I iri2». Find V when «• = 3| and i? = 3. 

(e) t = ir\/- . Find t when ? = 8 and gr = 32. 

(/) 8 = 0^4-^9'^^. ^iiid s when a = 60, « = 3, and gr = 32. 
(gr) * ^2 = a*-hft2. Find ^ when a = 6 and 6 = 8. 
{h) S = irl{R+r). YindS when Z = 10, ^ = 5, and r = 3. 
(t) ^^ a'-h^'-c' Findpwhena = 8,6 = 9,andc=10. 

0*) ^ = ^4-?c;i. Find^when;i = 5andc = 30. 

THE FUNDAMENTAL OPERATIONS 
UPON NUMBER EXPRESSIONS 
4. (a) An Expression is a symbol for a number, consist- 
ing of numerals and literal numbers connected by some 
or all of the signs denoting mathematical operations; as, 

(b) A Monomial or Term is an expression whose parts are not 
connected by the signs -f- or — ; as, 6 r^sH. 

(c) A Binomial is an expression having two terms. 

(d) A Trinomial is an expression having three terms. 

(e) A Polynomial is an expression having more than one term. 
(/) A polynomial is said to be ai^anged in descending powei's 

of one of its letters'lf the term containing the highest power of 
that letter is placed first ; if the next lower power is placed 
second ; and so on. 

(g) Any factor of a product is the Coefficient of the product 
of the remaining factors. If one factor is expressed in nu- 
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merals and the remaining factor in letters, the former is called 
the Numerical Coefficient of the latter. 

(7i) A Common Factor of two or more terms is a factor of each 
of them. 

(i) Like or Similar Terms are terms that are alike in their 
literal parts ; Unlike or Dissimilar Terms are terms which are not 
alike in their literal parts. Terms are like with respect to one 
or more factors if they have these factors as common factors ; 
thus, 3 a(x'^ y) and 4 b(x — y) are like with respect to {x — y). 

5. Addition and Subtraction of Expressions. 
Rule. — To add two or more like terms : 

1. Multiply their common factor by the sum of its coefficients. 

Thus, 2 a(a - y) + 3 6(a; - y) = (2 a + 3 b) (x-y). 

This rule follows from the distributive law of multiplication, 
§1,/ 

Rule. — To add polynomials : 

1. Write the polynomials with like terms in vertical columns. 

2. Add the coli^mns of like terms, and connect the results by 
their signs. 

This rule follows from the commutative and associative laws 
of addition, § 1, 6 and c. 

Rule. —To subtract one term from a like term or one polynomial 
from another : 

1. Write like terms in vertical colmnns. 

2. Imagine the signs of the terms of the subtrahend changed, and 
add the resulting terms to those of the minuend. 

6. Parentheses, ( ), Brackets, [ ], Braces, { }, and the Vin- 
culum, , are symbols of grouping, used to indicate terms 
which are to be treated as parts of a single number expression. 

Thus, Sa —(2x + y — z) means that 2«-fy — ^istobe subtracted 
from 3 a. 



8 ALGEBRA 

Rule. — To remove parentheses preceded by a plus sign : 
Rewrite all terms which are within the parentheses without 
changing their signs. 

Rule. — To remove parentheses preceded by a minus sign : 
Rewrite all terms which are within the parentheses but change 
their signs from + to -, or from - to +. 

Sometimes terms myst be inclosed within parentheses. 

Rule. — 1. To inclose terms within i>arentheses preceded by a plus 
sign, rewrite the terms without changing their signs. 

2. To inclose terms within parentheses preceded by a minus sign, 
rewrite the terms, changing their signs from + to — , or from — to + . 

Thus, r-f5-« = r + («- = »* — (— « + 0- 

EXERCISE 2 

1. Consider the monomial 6 ah^&{x — y). 

(a) What are its factors ? (b) What is its numerical coeffi- 
cient ? (c) What are the exponents of a, 6, and c respectively ? 
(d) What is the' coefficient of (x - y) ? of 6V ? 

2. Arrange Sxj^ — 2 a^^ + y^ + od^ — -2 oc^y in ascending 
powers of y, 

3. (a) 2 mn(x -\- y) and 3 mH{x + y) are like with respect 
to what common factor ? (6) What is the coefficient of that 
factor in each of the terms ? 

4. Add7x-^6y-'9zsLnd4:X — Sy-\-5z. 

5. Add Sa^-{-7y^-2xy, 9xy -- Qx'-lOy^, and Sa;^ — 
6xy— 4:y\ 

6. Add a-9-8a2-t-16a', 6 + 15 a^- 12a-2 a^ and 
6a*-10a3-hlla-13. 

7. Add 5(a + 6)-6(c-cf) and 3(a4-&) + 8(c- d). 
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8. Add U(x-^y)-17(y + z), 4(2^4. 2) - .9(2; + a;), and 
-S{x + y)--7(z + x). 

9. Add 2 aa: 4- 3 6a; — 4 CO?. 

10. Add 5 rna:^ -i- 2 nxy -\- py^ B.nd toe^ — rxy -\- qy^, 

11. From Sx + 2y — 7z subtract 8a? — 22^ + 72;. 

12. Subtract Sn^- 9- Un^ + 16w from 7w2 + 20n3-6 
H-lSn. 

13. Take 49 a?' + 16 m^ - 66 mx from 25 m^ + 36 a^ - 60 mx. 

14. Subtract -5(a 4- 6) + 9(c~d) from 7(a-i-b)-6{c-d). 

15. From 3(a; + yf- 2{x -\-y)^h take (x-\-yf + 3(a; + 2^) ~ 7. 

16. What expression must be added to 3 a^— a; + 5 to give 0? 

17. By how much does 2 m — 4 m^ — 15 4- 17 m' exceed 
-94.6m3-llm-14m2? 

18. From the sum of 2x^ — 5xy^y^ and 7 «* — 3 aj^/ + 4 2^2^ 
subtract 4 a;* — 6 aJ2/ 4- 8 y^. (Do it all in one operation, if 
possible.) 

19. From 7x — 5z — Sy subtract the sum of 8y4-2a; — II2; 
and 6 2 — 12 2/ 4- 4 a?. 

20. From the sum of7ar*— 4a^4-6a: and 3 a^ — 10 a;— 5, take 
the sum of - 5a:3 _|_ 4^. 4. 12 and 8 a^- 11 «2- 2. 

Remove parentheses and combine the terms : 

21. 2aj-32^ + (5a;~2^)~(-8ar + 72/). 

22. 5a-(7a-[9a4-4]). 

23. 2a;-(82/4-5a;-f5aj-2/|)-(-92^4-3a5. 

24. 8a2-.9-{5a2~(3a4-2)} + 16«'~-(4«-7)J. 

25. 5m-[7m-f-3m-(47w4-9)|-f6m-8n. 



26. 25 -(-8 -[-34 -16 -47]). 
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Inclose the last three terms of the following in parentheses 
preceded by a minus sign ; 

27. a2-462 + 126-9. 29. a^ + b^ - c^ -{- cP. 

28. 4:a^^y^'^2yz — z\ 30. «* — 8w* + 6n + 7. 

7. Multiplication. The Law of Signs for Multiplication is 
stated in paragraph 2, (gr). 

(aj The Law of Exponents. The exponent of any number in 
a product is equal to its exponent in the multiplicand plus its 
exponent in the multiplier. 

This law is proved for certain exponents in paragraph 116. 

Rule. — To find the product of two monomials : 

1. Find the product of their numerical coefiicients, using: the 
Law of Signs for Multiplication. (§ 2, g,) 

2. Multiply this result by the product of the literal factors, 
using the Law of Exponents for Multiplication. 

This rule is a consequence of the commutative and associar 
tive laws of multiplication. (§ 1, d and e,) 

Rule. — To find the product of a polynomial and a monomial : 

1. Multiply each term of the polynomial by the monomial. 

2. Unite the results with their signs. 

Rule. — To find the product of a polynomial and a polynomial : 

1. Multiply the multiplicand by each term of the multiplier. 

2. Add the partial products. 

These last two rules are consequences of the distributive law 
of multiplication. (§ 1, /.) 

It is desirable to arrange both multiplier and multiplicand 
according to the same order of powers of a common letter. 
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Example. Multiply a* — ^ -f 2 a?y by 2^^ -f a* — 2 a?y. 



Solution : z^ •\-2xy — y^ 

x^-2xy + y^ 



-2x«i-4icV^2ay» 

X* - 4 X V + 4 a;y8 _ y4 

Note. Multiplication by detached coefficients is considered in § 266, 
and may be studied at this time, if desired. 

8. One of the useful forms of multiplication is illustrated 
by the following example. 

Example. Find the product of 2 a; — 3 y and «* — 3 a^ — 5 y*. 
Solution: 1. (2x - 3y)(x2 - 3xy - 6y2) 

2. =2 x(x2 - 3 xy - 6 y2) _ 3 y{x^ - 3 xy - 5 y2) 

3. = 2 x8 - 6 x2y - 10 xy2 - 3 x2y + 9 xy2 + 16 y* 

4. = 2 x» - 9x2y - xy2 + 16 yS. 

Note. The second step is often omitted. 

EXERCISE 3 

Multiply : 

1. —8 a* by 7 a6*. 3. 9(a+'by by 3(a-^b)\ 

2.-6 aWc by ~ 12 abt^. 4. 13(a; -y) by - 2 (« - 2^)2. 

5. lOa^fe + Tafe* by - 6a^, 

6. 3 a2 - 2 a5 - 4 62 by - 4 a^b\ 

7. m^ - m - 3 by - 2 m. 9. a2 - 2 aft + ^ by a - 6. 

8. a^—2xy +4:y^hy --Sxy. 10. (^4- 2 cd4- d^ by c- d. 

ll..ic2-2a;y4-y'byi»2 + 2ajy4-2^'. 

12. - 6 a; + 2 iB2 + 8 by - 4 4- a5* + 3 a. 

13. a3 4-ft^-h2a62+2a26by 62 + a2-2a6. 

14. (a4.6-.2c)2. 16. (a -2 6)*. 18. /"^m-inY. 

■u: (.-3,,. .,. g+5j. „. (|,_|,j. 
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Find the following products as in § 8 : 

20. (2w«-4w-t-7)(n-t-2). 

21. (4m« + 9M«~6mn)(2m4-3n). 

22. (3a«-2a4-4)(2a-l). 

23. (6m«-t-3m-4)(6m-6). 

24. (aj* + 4a^4-16y*)(aj- 4y). 

25. (5r«-3r8 + 6a2)(2r-38). 

9. Division. The Law of Signs for Division is stated in para- 
graph 2f h. 

The Law of Exponents. The exponent of any number in a 
quotient is equal to its exponent in the dividend minus its 
exponent in the divisor. This law is proved for certain expo- 
nents in paragraph 115. 

Rule. — To divide a monomial by a monomial : 

1. Find the quotient of their numerical coefficients, using the 
Law of Signs for Division. (§ 2, A.) 

2. Multiply the result by the product of their literal factors, 
using the Law of Exponents for Division. 

' Rule. — To divide a polynomial by a monomial : 

1. Divide each term of the polynomial by the monomial. 

2. Unite the results with their signs. 

Rule . — To divide a polynomial by a polynomial : 

1. Arrange the dividend and the divisor in either ascending or 
descending powers of some common letter. 

2. Divide the first term of the dividend by the first term of the 
divisor, and write the resjilt as the first term of the quotient. 

3. Multiply the whole divisor by the first term of the quotient ; 
write the product under the dividend and subtract it from the 
dividend. 



THE FUNDAMENTAL OPERATIONS 18 

4. Consider the remainder a new dividend, and repeat steps, z, a, 
and 3. 

Example. Divide 2a*+ 8 a - a» + 16 by 2 a^- 3 a + 5. 

a'+ g -1 

Solution: 2a^— 3a + 6| 2a*-- ^ + 8 a + 16 

2 g* — 3 a« + 6 a« 

2 g8 - 6 g2 + 8 g + 16 
2 g8 - 3 gg + 6 g 

~2g2.f 3g + 16 
-2gg + 3g» 6 
+ 20 
Quotient = g^ + g — 1 ; remaihider, + 20. 

Note. Dirision by detached coefficients is considered in paragraph 
256, and may be studied at this time, if desired. 

EXERCISE 4 
Divide : 

1. eoyoby -0^2/^^. 3. 9(a-6)«by3(a-6)«. 

2.-45 a^h" by - 5 a6». 4. 32 (a?+y)^ by -4 {x+y)\ 

5. 25a»-16a«4-40a* by 5a*. 

6. -24mV-|-33mn'by -3mn«. 

7. 54a*6«-60a^6«by6a&«. 

8. -22a^y + 26aVby -2ajV- 

9. 6a* + 29a + 35by 2a + 5. 
10. 30»«~53aj4-8by 6aj-l. 

11. a«-86»by a-2&. 13. 0^-27 3^ by x« + 3y. 

12. aj* + y*by oj + y. 14. 243 w* + l by 3n + l. 

15. 9a*-16a« + 8a-lby3a«4-4a-l. 

16. a? — 3^ — 2 ya? — 2* by 0? — y — 2. 

17. 2a?-10~6iB« + a?* + lla?by 2 + aj*-aj. 

18. a?* 4- «y + y* by X* — ajy + 2^. 

19. 3n*-lln»-25n«4-2-13nby 3w*4-4n + l. 

20. 73a? + 37«»-3S + 20aj*-15a;2by -5 + 4a* + 9a;. 



II. SPECIAL PRODUCTS AND FACTORING 

10. Special Products. Of the special products studied in the 
first course in algebra, the following are particularly important: 

(a) The Product of the Sum and the Difference of (any) two 
numbers equals the difference of their squares. 

(b) The Square of a Binomial equals the square of its first 
term, plus twice the product of its two terms, plus the square 
of its second term. , , . « 2.0 , ^ 

Note. If the second term is negative, then the middle term of the 
square is also negative. 

Example. (3x-5yy = (3 xy + 2 (3 «)(- 5 2^) +(- 5 y)^ 
= 9ar^-30ajy4-252r*. 

(c) .The Product of Two Binomials Having a Common Term. 

(x -h a)(x 4- fr) = x^ +(a + fr)x -h flfr. 
Example. (« + 6)(a; - 13)= a^ + (6 - 13)a: + 6(- 13) 

(d) The Product of Two General Binomials. 

(ax + b)(cx 4- ^ = flcx^ + (ftc+ aif)x 4- W- 
Example. (3 a - 4 6)(2 a-\-5 6)= 3 a '2a +(- S + 15)ab 
+ (-4 b)(5 6)= 6 a^ 4- 7 a6 - 20 b\ 

Note. It is highly important to be able to use these last two formuls 
readily, — particularly so the last, as it includes each of the preceding as 
a special case. For further discussion of this type, if necessary, see First 
Year Algebra, § 102. 

14 
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EXERCISE 5 

1. To what type do the following belong ? Multiply : 

(a) (aj + 9)(a?-9). (/) (3m«-5n)(3m« + 5n). 

(b) (m-f8)(m-8). (^) (10 + 4)(10-4). 

(c) Qc" ~12)(A:2 ^ 12), {h) 22 . 18. 

(d) (2 oj - 3)(2 a? + 3). (i) 33 . 27. 

(e) (4r-7 8)(4r4-7s). 0") 44-36. 

2. To what type do the following belong ? Multiply : 

(a) (aj + 3/. (e) (8m-3r)l (t) (6aJ2/-2w;)l 

(6) (m^+ll)^ (/) (r-6c)l (J) {lp^2q)\ 

(c) (2 a^ + 5)1 (^) (8^ - 8)2. /2a _ c V 

(d) (42;_3w)*. (A) (3^-7)*. ^ '^ V36 dj 

What kind of an expression is the square of a binomial ? 

3. To what type do the following belong ? Multiply : 
(a) (x + 6)(x + 6). (9^) (« + 6 A:)(« - 10 A:). 
(6) (r + ll)(r + 2). (A) (a-4c)(a4-llc). 

(c) (y + 6i))(y4-4p). (i) (r + 6s)(r-9s). 

(d) (2-6)(2-8). 0") (c«4-3d)(c2-12d). 

(e) (w-3s)(w;-7«). (A:) (a^ + 7 2;)(iK2/-12«). 
(/) (a-5 6)(a4-3 6). (0 (m» - 3 r)(m» + 11 r). 

(m) What is the sign of the third term of a product of this 
type when the signs of the second terms of the binomials are 
unlike ? 

4. To what type do the following belong ? Multiply : 
(a) (a;4-3)(2a:4-l). (d) (2a;-3)(2aj- 1). 
(6) (3ic4-l)(2a; + l). (e) {^x-A.y)(x-2y). 
(c) (5aj + 2)(a: + 3). (/) (px--^y)(x^2y). 
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(g) (a + 26)(3a-6). (llp + 3g)(2p-3(/) 

(h) (c-3d)(3c + 6d). (m) (2 iry + 7)(3 ojj^ - 5). 

{%) (3m-4n)(m4-2n). (w) (10mn-3«)(2mn4-30 

(i) (7c-2d)(3c + 4d). (o) (5? + 6rs)(6i-7r4 

(A:) (2r«-5«)(3r^ + 2s). (p) (12a5«-53^)(3aj* + 2y). 

Find mentally the following products : 

5. (5m- 2n)*. 28. (5aj»-6y*)(6a? + y*)- 

6. (aj + lly)(aj4-3i^). 29. (5a?4-i)(5aj-|). 

7. (a? + 12y)(aj-2y). 30. (4 oj - 3 j/^)''. 

8. (2a? + 3)(aj + 4). 31. (3 3^ + 7)(y - 6). 

9. (ic«-4y)(aj» + 4y). 32. (2-3a?y)(5 + 2ajy). 

10. (2cd-7)*. 33. («^4-6«)(«V-13 2!). 

11. (3a^-42)(3ir*y-42). 34. (ajy4-6)(«y-4). 

12. (2»i-5)(m + 4). 36. (a« + 7)(a« - 11). 

13. (2i?*-7)(3i?*4-6). 36. (3aj + 5)(7a?-8). 

14. (r*-3s)(r2 + 7s). 37. (1- 9r)(l + 8r). 

15. (aj4-|)(a?--J). 38. (3 c + d')(2 c - cP). 

16. (im4-6i>)(im-6p). 39. {bm-^p)\ 

17. (a?-i)(aj-i). 40. (12 a - i)(9 a - i). 

18. (2a? + 3)(^a? + l). - 41. (20 - 16 »)(3 + 2 2). 

19. (3a« + 4 5)(3a2-4 6). 42. (x + Uf)(x^f), 

20. (y- 10X2^4- 4). 43. (y-.6aj2)(3^ + aj2)^ 

21. (a?-|)(aj4-|). 44. {^ r -\- st){4: r - b st). 

22. (l-68)(3 4-4s). 45. (6m»-^)*. 

23. (2«-7w;^(3«-4«;^. 46. (1 + 23 2)(5-«). 

24. (^^m--^)(^m + |). 47. (5a^-42^)(6 ic*- 5y). 

25. (3«-7r)(2« + 5r). 48. (o^ - y*)(a^ + 2/^). 

26. (Ils2_l)(12s2 + 1). 49. (9aj + 2 2/)(3aj-4y). 

. 27. (2«-6)(2;«4-12). 50. (12c4-5d)(4c-3 d). 
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FACTORING 

11. A monomial is said to be Rational and Integral when it 
is either an arithmetical number or a single literal number 
with unity for its exponent, or the product of two or more such 
numbers ; as, 3, a, or 2 a^h&. 

12. A polynomial is said to be rational and integral when 
each .term is rational and integral ; as, 2 a*6 — 3 c -f cP. 

13. To Factor an algebraic expression is to find two or more 
expressions which will produce the given expression when they 
are multiplied together. It is agreed that only rational and 
integral factors of integral expressions will be considered. 

14. A number which has no factors except itself and unity 
is called a Prime Number ; as, 3, a, a; + ^. 

15. Type Forms. Skill in factoring depends upon ability to 
recognize the type forms. The following forms were studied 
in the first course in algebra : 

(a) Removing a Monomial Factor. A monomial factor of an 
expression is a number which will exactly divide each term of 
the expression. , 

Example. 3iB»y + 9aj2y-|-3iC2^ = 3 xy{7? + 3 oj + 1). 

(6) The Difference of Two Squares equals the product of the 
sum and the difference of their square roots. 

Example. 25 a^ — 2^ = (5 a5» -f jf){p a? — y^). 

(c) A Perfect Square Trinomial is one which has two terms 
that are perfect squares and whose remaining term is twice the 
product of their square roots. 

To Find the Square Root of a perfect square trinomial, ex- 
tract the square roots of the two perfect square terms, and 
connect them by the sign of the remaining term. 
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Example 1. 4 ir^ — 12 ic + 26 is not a perfect square ; for I 
V4^ =^2,x, ^'^ = 5, and 2 . 2 a: . 5 = 20 « and not 12 x. 

Example 2. 4 a^ — 20 a?^ 4- 25 y^ is a perfect square ; its I 
square root is 2 a? — 5. Hence 4 a^ — 20 a^ 4- 25 y* = (2 a; — 5y)-. 

(d) Trinomials of the Form x* +^x + ^ can be factored when 
two numbers can be found whose product is q and whose sum 
is 2). 

Example, ar' — 8a;-65=(a;4-5)(aj - 13), for 6(— 13) = 
-65, and (+5) + (-13) = -8. 

(e) Trinomials of the Form ex^ + 6x + c, if factorable, can be 
factored as in the following example : 

Example. Factor 15 a^ -j- 1 T a — 4. 

Solution : For 16 x^, try 6 x and 3 x, thus : (5 x ) (3 x ) . For 
— 4, try 2 and 2, with unlike signs, arranging the signs so that the cross 
product with larger absolute value shall be positive ; thus : 

(6 X — 2 )(3 X + 2). Middle term + 4 x ; incorrect. (See § 10, (i.) 

For — 4, try 4 and 1, arranging the signs as before ; thus : 

(6 X + 4) (3 X — 1). Middle term, + 7 x ; incorrect. 
Try (6 X — 1) (3 X + 4). Middle term, + 17 x ; correct. 

Note. This method of factoring the general trinomial is the most use- 
ful.' While at first it may seem diflScult, it is easily mastered. It applies 
also to each of the preceding forms. (See First Year Algebra, § 103.) 

(/) The Sum of Two Cubes, x' + 1/* = (x + y)(x2 - xy -h 1^)- 

Example. m« + 27 2/^ = {m^ + (^ Vf 

= (m^ 4- 3 y) (m^ - S mh/ + 9 y^, 

(g) The Difference of Two Cubes. :^'-y^ = (x — y){x^ + xy + lf)' 
Example. 216 a» - 6^ = (6 a^)' - 6' 

= (6a3- 6)(36 a« -h 6 a^b -f b^). 
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16. Complete Factoring. First remove any monomial factor 
present in the expression ; then factor the resulting expres- 
sions by any of the preceding type forms which apply until 
prime factors have been obtained. 

Example 1. Sufi - 3 ^ =zS(afi - 't/^)^ S(i)^ -\' y^)(a^ -^ f) 

= 3(aj 4- y){x^ - «y 4- y%x - y){v^ -hxy + f). 

Example 2. 2^ aa^ -{- 22 axy - 10 ay^ 

= 2a(12x'-{-llxy-5y^)=:2a{^x-\-5y)(Sx^y)., 

Note. Advanced Topics in Special Products and Factoring are dis- 
cussed in Chapter IX. This chapter, in whole or in part, as far as para- 
graph 96, may be studied at this time if desired. 

EXERCISE 6 

1. Remove the monomial factor : 

(a) 2ax — 6ay-\-7az. (/) m{a — 2) -f n(a —2). 
(6) 18 mbi - 15 mn\ (g) aix' - 3) - 5(aj* - 3). 

(c) 4r'-8r2-4n (h) 5 a{x^y)'-3b{x-y). 

(d) IrH-ln, (i) a(m^ - 2) - 3(m^ - 2). 

(e) a* - 5a* - 2a* + 3 a\ (j) ar^(a - b)+3(^{c - d), 

2. To what type do the following belong ? Factor : 
(a)i^-36. (/) ^^^-^^. 

(b) 4m2-81. (g) 1^6Am^n\ 

(c) 9 aj* - 4 y\ (h) 36 a^- 121 y\ 

(d) 25 m* - 1. (t) 1-81 aWc'. 

(e) ^-t' (J) 225-2^. 

3. Supply the missing term so as to make perfect squares of: 

(a) a?-f-( )4-64. (c) a«-( )-\-^b\ 

(b) m2-( )+144. (d) 4ar'4-( ) + 25. 
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(e) 9mV-( )4-4. (h) m*-14m« + ( ). 

(/) ar« + 8a?4-( ). (0 d«-3d+( . ). 

(g) y*^12f+{ ). U) 9a^ + 6x+\ ). 

4. To what type do the following belong ? Factor, if 
possible : 

(a) 4a?-20aj + 26. (/) 25m«-20m»4-4. 

(6) 9c*-l-6(x«4-<i'. (9^) iry-14ajy + 49. 

(c) 16r»4-12r4-9. (^) 81 m^ + 90 win + 100 nl 

(d) 100i»y-20a^ + l. (0 36a«-132a5 4-1216'. 
(6) 49/^-42«« + 9. 0') 4a«-4a»5c*+5V. 

5. To what type do the following belong ? Factor : 
(a) c» + 9c + 20. (0 a?*-hllaj»-42. 
(6) m«-10m + 21. (j) «« + 3^-28. 

(c) r*-llr*4-30. (fc) w* - 4 w;v - 46 v«. 

(d) aj»4-6a?-27. (Z) a« - 6 a«5 - 55 6«. 

(e) a^y^ - 2 xy- 35. (m) a:* + 14 icy - 15 y«. 
(/) a«4-a»-110. (n) l + 5a-14a«. 
(gr) aj2 + 12a;y4-202/«. (o) l-9a?-36aj». 
(A) a^ft^ - 17 a6c- 60 c*. (p) l-13n-68w«. 

6. To what type do the following belong ? Factor : 

(a) 6r*-7r4-2. (h) 35 ^ -{- at -- 6 1\ 

(b) 3aj* + 8a? + 4. (i) 9 «* - 14 ajy - 8 2/». 

(c) 6a^-aj~2. (j) 12 w;* - 35 w - 3. 

(d) 9c24-15c4-4. (k) 6-a?-15^. 

(e) 6a^-7a?-10. (0 54-9y-18y». 
(/) 14y2 4-13!/2-122^ (m) 24 aj« - 17 no? + 3 n« 
{g) 8w;2-2M^v-21'y2. (n) 28jr2-a?-2. 
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7. To what type do the following belong ? Factor : 

(a) a»-8. (c) a:«-m». (e) 27to»-8. 

(b) c»-64d». (d) 8a»-l. (/) 125r«-216a». 

8. To what type do the following belong ? Factor : 

(a) 2/» + 8a». (c) a» + f (e) 27a:«4- 125y«. 

(6) m« + 125n». (d) c« + (F. (/) 64m» + ^n». 

Factor the following : 

9. 9aj«-64y*. 30. 4aj«-3a;-7. 

10. 6aa?-10ay + 2a2;. 31. 9a^ + 12aj-32. 

11. a?4-2a;-35. 32. a« -f 10 oft + 26 6». 

12. 18 A;* -32 P. 33. a?»«-3^«. 

13. i/^ + ef-27. 34. 6aj*4- 7aaj + 2a*. 

14. c*(f» + 5cd— 66. 35. 26aj» — 25maj— 6m». 
16. 626a:*y«-^. 36. 3 a* -12. 

16. 3cdy»-9ccf3^-30cd. 37. 9m» -42m* 4-49^. 

17. 4aaj*-25ay*. 38. 10 a? - 39 a? + 14. 

18. 33/'-|-24. 39. 12 a? -f H « -h 2. 

19. 4aj*-27aj + 45. 40. 36 aj« + 12 a; - 35. 

20. 6a^ + 7a; — 3. 41. a^-^Sf. 

21. ^2'-l. 42. 2am«-60a. 

22. 10a5»2(-5aj«y«-6ay. 43. 72 -f 7 a; - 49 a?. 

23. mV4-7mn-30. 44. 31 a? + 23 a^- 83^. 

24. ai»-3a:y-70y*. 46. 24a« + 26a-5. 

25. maj*4-7maj — 44m. 46. 1 — 3 a:y — 108 a^. 

26. a^-3ai»-108aj. 47. a? -14 ma? -f 40 m». 

27. »»-2^. 48. 26 + 10a5-28a«6. 

28. aj*-5ajV-242/». 49. c» + 27d». 

29. 8n*4- 18/1-5. 60. Sa^y-27xf, 
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51. Sm^^-4Sm^-2A0r. 56. l-64a«. 

52. 36aj*-12l2^. 67. a^y-16xf. 

63. m*yi 4- wV — mn«. 68. a» — 5a*4-2a* — 3 a*. 

54. 5aj2y2-f70a?y4-245. 69. - 16 a^ -f- 24 aa; — 9 a?*. 

65. 20m* + 9mn-18n'^. 60. 20 a^a^- 23 ax -{-6. 

17. The Degree of a Rational and Integral Monomial (§ 11) is 

the sum of the exponents of its literal factors. 

Thus, (jt^bc^ is of the eighth degree. 

18. The degree of a rational and integral polynomial (§ 12) is 
the degree of its term of highest degree. 

Thus, 2 a^ft - 3 c + cP is of the third degree. 

19. The Highest Common Factor (H. C. F.) of two or more 
rational and integral expressions is the expression of highest 
degree, with greatest numerical coefficient, which will divide 
each of them without a remainder. 

Rule. — To find the H. C. F. of two or more expressions : 

1. Find the prime factors of each expression. 

2. Select the factors common to all the given expressions, and 
give each the lowest exponent it has in any of the expressions. 

3. Form the product of the common factors selected in step 2. 

Example. 36 (r + s)%r - s)^ = 2 • 2 • 3 . 3 (r + s)\r - sf 

= 22.32.(r + s)2(r-s)». 

30(r4-s)(r-s)^ = 2.3.5(r + s)(r~s)^. 

.-. the H. C. F. = 2 . 3(r + s)(r- s)' = 6(r + s)(r- s)^ 

20. The Lowest Common Multiple (L. C. M.) of two or more 
rational and integral expressions is the expression of lowest 
degree, with least numerical coefficient, which can be exactly 
divided by each of them. 
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Rule. — To find the L. C. M. of two or more expressions : 

1. Find the prime factors of each of the expressions. 

2. Select all of the different prime factors and give to each the 
highest exponent with which it occurs in any of the expressions. 

3. Form the product of all of the factors selected in step 2. 

Example. 40 m V (m — n)\m + nf 

= 28 . 5 . mH^{m - n)2(m + w)». 
10 mn? (m — w)'(m + w) = 2 • 5 • mn^ (m — n)\m H- n). 
.-. the L. C. M. = 2« . 5 . mhi\m - n)\m + n)» 
= 40 m'?i' (m — ny(m + n)'. 

EXERCISE 7 
Find the H. C. F. and also the L. C. M. of : 

1. 18 and 45. 3.^ 28 m^n and 2 mhi\ 

2. 24 ic'j^^ and 30 a^. 4. 35a*6andl5a^ 
6. (r + s)\r - «) and 3 r (r + «)(r - sy, 

6. a^ — 4 62 and 0^^ + 406 4-4 62. 

7. 5x^y(x-\- 3) and 10 xy^(x + 3). 

8. a* + 2 a — 3 and a' — 1. 

9. 9 — 0:2 and a^^x-Q. 

10. ic2-f2aj — 24andx2__a;-42. 

11. -8 a' - 6= and 2 a24- 6 a6 - 3 62. 

12. 3a^-32/'and2ic2 + 4a^-62^2^ 

13. 6a2 4-5ad-4cPand6a2 + ac?-2d2. 

14. i)i^ — 9y\ a^—xy — 6y\ Siud a^-'6icy-\-9y\ 
16. 2a + 10 6,4a2H-2a6, and a24-10a6-h 2562. 



m. FRACTIONS 

21. A Fraction indicates the quotient of the Numerator 
divided by the Denominator. The numerator and denomi- 
nator are called the Terms of the fraction. 

22. Signs of a Fraction. By the rules of signs for division, 

±^ = -±5 = -n?. also ±^-:zJ5. 

Rule. — 1. If the sign of one term of a fraction is changed, the 
sign of the fraction itself must be changed. 

2. If the signs of both terms of a fraction are changed, the sign 
of the fraction itself must not be changed. 

Example. 2^-3 ^ _ 3-2^ ^ _ 2£-3 ^ 3-2^ . 
4aj — 6 4aj-y5 5 — Ax 6 — 4aj 

23. To Reduce a Fraction to its Lowest Terms : 
Rule. — 1. Find the prime factors of both terms. 

2. Divide both terms by all of their common factors. 

Example, a^-f 3a5-28 6^^ (a^4 6)(a4-7&) 
1662-a2 (4 6-a)(4 6 4- a) 

^^^^^^±m 9^ (See §22.) I 
X(*— -4^(a + 4 6) a + 46 ^ ^ 

24. An Integral Expression is an expression which has no 
• fractional literal part ; as, a* — 2 a6 -f b\ or f ab^, 

A Mixed Expression is an expression which has both integral 

and fractional literal parts ; as, a + - • 

c 
24 
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Rale. — A fraction may be reduced to an integral or a mixed ex- 
pression by performing the indicated division. 

Example. ^-2ay + 2y^^^^ _jg_^ 

The quotient and the remainder were obtained in this example by per- 
forming the division as in paragraph 0. 

25. The Lowest Common Denominator (L.C. D.) of two or 
more fractions is the lowest common multiple (§ 20) of their 
denominators. 

Rule. — To reduce fractions to their lowest common denominator : 

1. For the L. C. D., find the L. C. M. (§ 3o) of their denominators. 

2. For each fraction, divide the L. C. D. by the given denomi- 
nator and multiply both numerator and denominator by the 
quotient. 

Example. Eeduce the following fractions to respectively 
equivalent fractions having their lowest common denominator : 

4« and ^^ 



Solution: 1. ^^ - *^ 



a2-4 (a + 2)(a-i 
3a 3a 



o«_5a + 6 (a-3)(a-2) 

2. The L. C. D. is (a - 2)(a - 3)(a + 2). 

3. For -4-^ : the L. CD. -^ (a - 2)(a + 2) = a - 8. 

a* — 4 

. 4 a _ 4 a(a - 3) 

•• a2-4 (a-2)(a-3)(a-|-2)' 

4. For ^ ^° :theL.C.D. -i-(a-2)(a-3)=a+2. 

a^ — 6 a + 6 

. 3 a _ 3q(a + 2) 

•• o2-6a + e5 (a-2)(a-3)(a + 2)* 

In each case, the resulting fraction has the same valae as the original 
fraction ; it is equivalent to the original fraction. The form only of the 
fraction has been changed. 
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EXERCISE 8 

Write each of the following fractions in three other ways 
without changing the value of the fraction : 

8 „ 2aj-7 ^ a-b , 6aj-5 



2-0? B-x d-c (a?-3)(a;-+-4) 

5. Prove that the three fractions obtained in Example 1 are 
equivalent to the given fraction by finding the values of all 
four fractions when 3 is substituted for x, 

6. State the fundamental principle employed in reducing a 
fraction to its lowest terms. Is the value of the fraction 
changed ? 

Reduce to their lowest terras : 

120 g eSo^y* g 90 mV 120 a^6V° 

390' * 84ajy' " 36 mW" ' 76a6V * 



ic2 + a;-12 . a«-2a?^-36* 

j2 a^ + lla6-f-28 6« _^+a-12_ 

a2 + 14a6 + 4962* * 3a2-13a + 12* 

13. ^'-^g . 16. A^-^y^. 

ar^-llic + 30 2Sxy^-12a^ 

17. If the value of a fraction is desired for specified values 
of the letters involved, should the substitution be made in the 
original fraction or in the simplified fraction ? 

Find the value of the fraction in Example 12 when a = 12 
and 6=5. 

Reduce to mixed or integral expressions : 

,^ 15m'-f- 12m + 4 „. 35ar^ + 9aj4-3 

3m 5aj + 2 

,^ 9aj2-|.2 ^, 30a5-5a*-f 15a2^7 
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24. Prove that the original fraction and the mixed expression 
obtained from it in Example 18 are equivalent for m = 2. 

Note that this is a means of checking the solution. 
Keduce to their lowest common denominator : 
■ 25. f, i, i- ' 28. «-2ft ^'^-f> 

7a*6 3 6»c 2c*a 



26. 



6 ' 10 ' 16 • 29. 



27. -^, -i-, -^. 30. , 

2 m'» 3 mn^ 6 mn m' — 4m + 4 to'— 4 



3a»6 ' 


2 aft' 




4a» 


2 




a« - 9' 3 


o»-9 


a 


6 




3n 



31. 



3a 2 



32. 



a» + 27' a« - a - 12* 
1 3 mn 2 mVi* 



34. 



36. 



m — n 2(m — . n)^ 3(w — n)** 

2 4 6 

a. + 2' aj-2' aj«-3' 

g-f 36 a-35 a4-4& 

a2-7a6 + 126«' a'-a6-126^ a'^-Qft'' 

2a;-f3 x-\-2 x - b 



a^-f3a?-10' 2a:2 + 7a?-16' 2^2 -7a; + 6* 



26. Addition and Subtraction of Fractions. 

Rule. — 1. Reduce the fractions, if necessary, to respectively 
equivalent fractions having their lowest common denominator. 
(§35). 

2. For the numerator of the result, combine the numerators of 
the resulting fractions, in parentheses, preceding each by the sign 
of its fraction. 
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3. For the denomlnAtor of the reeult, write the L. C. D. 

4. Simplify the numerator and reduce the fraction to lowest 
terms. 

Exam PLB. 1 . a ^ _1 a_ ,. ^. 

a«-a;« a:a-a» a^-x* (i«-«» ^' ' 

1 a 



(a - a;)(a + x) (a - x)(a« + aa; + 7?) 

(g^ + qg + jg*) a(q -f a:) 

. (a -a;)(a + x)(a* + 005 + 05?) (a - as) (a + os) (a* + oa; + a^) 

_ (q« + aa; + a;<)~q(a + a;) _ 



(a - a;)(a + x)(a^ + ox + aJ^) (a -a;)(a + a;)(aH ox + a;?) 

EXERCISE 9 

Perform the indicated operations : 

^ 4fl;-f 7 ^ 6aj - 5 ^ 1 : 



10 ■ 16 16ic»-8aj+l 16aj»-l 

3a-8 4a-9 



9 12 



8. 



xy 2yz Szx ' 



2 



10. 



11. 



o-l 


a + 1 4o« + l 


a + 1 


a-1 o»-l 


Bx 


4!r» + 3a;-l 


x-3 


sfi + x-12' 


3a! + 2 


9a!« + 4 


3a!-2 


9a!»-4' 


a? 


2a!» 



7n-2 m + 2 

a-f3 a-3 

a — 3 a + 3* "" «* — a?y + y* a^ + / 

a?-f 3y _ a? — 3y ^ 1 4a-l 

x-3y x + Sy ' a(2a-l) (2a-l)»' 

« 
m — Im + liH — 6 



14. 



m — 2 m + 2 4 — m* 
1 1 



a«4.4a6 + 46» 46'-a» 



15. 
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1 



2aj*4- 5aj-t-3 4aj*4-8aj + 3 



IB g — n 3a — 4n3a — 5n 
2a4-2n 3a + 3n 6a-|-6n' 

17. ^ « 



18. 



19. 



o*+4o- 


-60 


fl^ 


-4a- 


12 


1 


1 


J. 


n-6 




n + 4 1 


— n 


'n« 


+ 3»- 


-4 


1 




+ t: 


1 





(a-6)(a-.c) (6-c)(6-.a) (c-a)(c-6) 
a!»4-27 



20. aj-3 + 



aj»4- 3aj4- 9 



27. Multiplication and Division of Fractions. 

Rule. — To find the product of two or more fractions: 

1. Find the prime factors of the numerators and denominators 
of the fractions. 

2. Divide out (cancel) factors common to a numerator and a 
denominator. 

3. Multiply the remaining factors of the numerators for the 
numerator of the product, and of the denominators for the denomi- 
nator of the product 

Rule. — To divide one fraction hy another : 

1. Invert the divisor fraction. 

2. Multiply the dividend hy the inverted divisor. 

NoTB 1. In problema involving both multiplication and division, per- 
form the operations in order from left to right, (f 8.) 

NoTB 2. Integral or mixed expressions should first be reduced to 
fiactional form. 
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\^ vx a^J\ x — vj \v xj 

_ f a^'-2vx'{-v^ \ f x — V'{-2v \ , /«»— tA 
\ a^^ J\ x — v J ' \ i^ ) 

— (^ — vY f x-\-v\ ^ XV 1 

ajV \a; — vy (x — v){x-^v) xv 

Complex Fractions are a special case of division of fractions. 



{x-'y)(x \-y) 



x-y 

EXERCISE 10 
Perform the following multiplications : 
- 25 36 . w«-36 7n* 

1. *-— • -— -• 4. 



42 35 4 71^^ n«4-n-42 

6am* «^ 5 , a2-2a — 35 4a'~9a 

oo n , 



27 6V 2a»-3a* 7(a^7) 

^ 96^ 7^ 5a;H-2 . _ox 

36» lOc'' 6a* ' 2a?«4-«-10 ^ ^'^ 

^ 4m* + 8m + 3 ^ 6 m* - 9 m 
2m2-5m + 3 * 4m«-l 

g 16a;-4 20 a; + 5 a^-h2a?-f 1 _ 
' 5a?-5 ' 6aj+6 ' 16a;2--l ' 

g af^4-8y» a?-2y >» + 2 igy -f- 4 y V 
a^ — Sy' x-\-2y a^ — 2 ocy + 4: y^ ^ 



la 



2n* — n — 3 n* + 4n + 4 n* — w — 2^ 



n*-8n2 + 16 n^ + w 2n2-3n 
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Perform the following divisions : 

a-3 "^ ^ a»-9a6« a-36 

^3 g»-3a^ . g'-10a^ + 21y« 

Qt^ — y^ ' sc^-j-osy + y^ 

^^ 8n»+l . 4n'~2yi + l 
2w«4-4n ' n» + 4n+4 ' 

• 9a»-2662 9a2-30a6 + 256«' 

Perform the indicated operations : 

6a*-a-2 12a*-5a-2 4a*~9 



16 



4a«-16a + 16 Sa'^-lSa-S 4a2 + 6a4-2 



4 qg — 4 g 4- 1 2a» + a ^ a»-2a 
4a«-l 'Sa'-l"^ a«-4 ' 

18 ^^-^^^ — ^y^ /2a^ — 7a?y--4y* ^^^4^Hi4yj\ 
ot^ — xy — 2y^ \aj* — 3fl:y — 4y* a^ — osy — Qy^ J 

19. f£±2 + _2_Y^ 3_Y 

V a!» + 2a!-8; \x-2 x + 4j 

^e. * y 23. _-^. 24. ^ . 



3 4 „ 4 1,2 

o — -— 1 + — 

X 2^ 9a m 
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25. 



27. 



27o« 6 
6» a 


b a 

1 1 
1-x 1+x 


1 1 


l-iB» 1 + ofi 



« + 2 + i 



28. 


6 




1 / 




l + o 




2 


29 






5a *«-l 




. 2o + 6 




3o-2 




a^ a^ + »* 


30 


as + y 




.+ »' 



aj+y 



IV. SIMPLE EQUATIONS 

28. An SquAtion expresses the equality of two numbers. 
The two parts (numbers) are called respectively the Left 
Member and the Right Member of the equation. 

29. An Identity or Identical Equation is an equation in which 
the two members may be made to take exactly the same formi 
by performing the indicated operations. As, 

(a) 10 + 2 = 15 + 2.4-11. (6) 3a?(a- 6)=3aaj-3 6as. 

(a) is a numerical identity; (b) becomes a numerical identity 
for any values of the literal numbers. 

30. An equation is said to he satisfied by a set of values of 
the letters involved in it when it becomes a numerical identity 
if these values are substituted for the letters. 

31. A Conditional Equation is an equation involving one or 
more literal numbers which is not satisfied by all values of the 
literal numbers. 

Thus, 3a;~4 = ae-f6i8an equality only when as = 6. 

The word equation usually refers to a conditional equation, 

32. If an equation involves two or more literal numbers, one 
or more of the literal numbers may be regarded as unknowns 
and the remaining ones as known numbers. 

Thus, in oo; + &y = c, ^ and y siay be unknowns and a, &, and c may be 
known numbers. 

33. If an equation has only one unknown number, any value 
of the unknown number which satisfies the equation is called 
a Root of the equation. 

33 
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(a) ic* 4- 6 = 5 a? has the roots 2 aiid 3. 
When a; = 2, 2» + 6 = 6 . 2, for each equals 10. 
When a; = 3, 3* -f 6 = 5 . 3, f or each equals 15. 

(b) 2ax — a = x — ^ has the root ^. 

When a; = |, 2a-|^ — a = ^ — l^for each equals 0. 

34. To Solve an equation is to find its root or roots. 
Example. 1 . Solve the equation 2 a — 3 = ?-±L? . 

2. Multiply both members by 2. 4 a: — 6 = a; + 6. 

3. Subtract x from both members. 3 aj — 6 = 6. 

4. Add 6 to both members. 3 a; = 12. 

5. Divide both members by 3. x = 4. 

The problem is to find the number or numbers which satisfy 
the given equation. To make certain that 4 satisfies the given 
equation substitute 4 for x in the equation. 

Does2.4-3=:i±^? Does8-3 = i?? Yes. 
This test is called checking by substitntion. 

35. Axioms Used in Solving an Equation. In the solution 
of the equation in paragraph 34, the following axioms were 
assumed : 

(a) The same number may be added to both members of an 
equation without destroying the equality. 

(b) The same number may be s^ibtracted from both member's of 
an equation without destroyiivg the equality. 

(c) Both members of an equation may be multiplied by th 
same number without destroying the equality. 

(d) Both members of an equation may be divided by the sam 
number without destroying the equality. 

As long as the number used as an addend, subtrahend, multi- 
plier, or divisor in connection with these axioms is an arith- 
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mdtical number (or constant other than zero), the equation 
obtained by applying any one of the axioms has exactly the 
same roots as the given equation, provided the given equation 
has & root at all. 

36. In this text, symbols A, S, M, and D are used to abbre- 
viate the explanations of solutions of equations. Thus : 

Aj.- means ''add 5 to both members of the previous equation." 

S^^: means "subtract — 3n from both members of the 
previous equation." 

M_i : means " multiply both members of the previous equa- 
tion by - 1." 

D4: means "divide both members of the previous equation 
by 4" 

Example. Solve the equation ?^ - ?^^ = ^-^^ + 1. 

2^ 3 5 

1. Mso: 16(x-2)-10(2x-3) =6(8-8x)-f80. 

2. .-. 16a; - 30 - 20« + 30 = 48 - 18« + 30. 

3. .-. -6a = 78- 18a;. 

4. Aifc,: • 13x = 78. 
6. Dis: x=6. 

Check: Does «^ - 1^^ = 8l|l§ + 1 ? 

Does 2-3 =-2 + 1? Yes. 

EXERCISE 11 

Determine by substitution which of the numbers 1, 2, — 5, 
and ^ are roots of each of the equations. 

1. 4r + 6 = 6 + 3r. -^ 4-^^ 12 

2. 16«-l = 4« + 5. ' l-« 3-« 

3. tu»-3M7=-2. 6. 2aj*--3a5+l = 0. 

Solve the following equations : 

6. 10a;-3 = 4 + 3aj. . 8. 3(2aj-l) = 8(a;- 1). 

7. 21y-23 = 51-16y. 9. |« + |< = -fi. 
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10. 2a — |a + |a=rlO. 

11. |««i»-i«+V- 

12. 4(2t;-7)+5 = 5(t;-3) + 16. 
18. ir-2(4-7a;)=4a?-9(2-3a?). 

14. (l + 3a?)«=(6-a?)» + 4(l-x)(3-2»). 
16. 6(2r + 7)(r-2)-6(r + 4)« = 5 + (2r + 3)«. 

37. Discnasion of the Axioms. Two equations are said to be 
Bquivalent when the roots of either are the roots of the other. 

As remarked in paragraph 35, when the number used as an 
addend, subtrahend, multiplier, or divisor is an arithmetical 
number, then the given equation and the resulting equation 
are equivalent. 

Axioms (a) and (6). If the number added to or subtracted 
from both members of an equation is an expression involving the 
unknown number, the given equation and the resulting equation 
are equivalent, provided the expression has a fM^i value for the 
root or roots of the equation. 

Axiom (c). If tJie multiplier is an expression involving the 
unknown number, the new equation may not be equivalent to the 
given equation. 

Example. 3a; — 2 = a; — 1 has the root ^. 

Multiplying both members by x ~ 2, 

8a;»-8a; + 4=««-3« + 2, or2a;a-5a; + 2 = 0. 

This equation has the- root 2 for 2. 22-5. 24-2 = 8- 10 + 2 = 0. 
The given equation does not have the root 2, for 8 • 2 — 2 does not 
equal 2 — 1. 

Hence, multiplying the given equation by x — 2 introduces the root 2. 

When the multiplier is an arithmetical number, or is the 
lowest common multiple of the denominators of a fractional 
equation, the resulting equation and the given equation are 
usually equivalent. 
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Axiom (d). If the divisor ia an expreasion involving the un- 
known numbevy the new equation and the given equation are not 
equivaient. 

Example, a^ — 4 = iB— 2 has the roct 2, for 2» — 4 = 2 — 2. 

Dividing both members by a; — 2, as -f 2 = 1. 

This equation does not have the root 2, for 2 + 2 does not eqoal 1. 

Whenever ap equation is divided by an expression involving 
the unknown number, one or more roots of the given equation 
are lost. The following example illustrates a common instance 
of this fact. • 

Example. 3a^ — 2x = 0. 

D, : 8 a; — 2 = 0, or a; = f 

} is indeed a root of the equation 3 a;' — 2 x = 0, but it is not the only 
root. X = is sOso a root, f or 3 . 0^ — 2 • = 0. This root is obtained by 
setting the divisor x equal to zero. 

In general, if the expression by which both members of an 
equation is divided is set equal to zero, the roots of the result- 
ing equation are also roots of the given equation. 

38. Mechaolcal Processes of Solving Equations. 
(a) Transposition. A term may be transposed from one mem- 
ber of an equation to the other provided its sign is changed. 

Proof. Let x -H a = 6. 

S. : x=:h-a. Axiom (&), § 36 

(5) Cancellation. A term which appears in both members of 
an equation may be cancelled. 

Pboof. Let 35 4- a = 6 + «. 

S«: x = h. Axiom (&), § 36 

(c) Changing Signs in an Equation. The signs of all of the 
terms of an equation may be changed. 

Pboof. Let aa5 — 6 = c — dx. 

M_i : — ax-h6 = — c4-*e. Axiom (c), § 36 
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(d) Clearing of Fractions. An equation may be cleared of 
fractions by multiplying both members by the lowest common 
denominator of the fractions involved. This process is based 
upon axiom (c), § 35. 

Example. Solve the equation — -—5 — = 

4a — 3 7aj — 3 

Solution: 1. Jf(4x-8>(7*-8) ^ 6(7ap -3)— 8(4a; -3)= 0. 

2. .-. 35 a; -16 -32 a; + 24 = 0. 

3. .-. 3a; = -9, ory==-3. 

Check; Does J , :;r— 5*=^? Does -^ ^ = 0? 

-12 — 3 -21-3 — 16 — 24 

Does (-J)-(-J) = 0? Yea. 

EXERCISE 12 

Solve the following equations : 

l_j4^^4 1_ ^ 1^ 3 ?_^_1 

• 2 9a; 9 6a;* ' 5t lOt 15t 12' 

2 ^ 3^A=:l. ^^ - 2a;-7_ 10«-3 



3y y 2y 6y a? — 4 6a;(a?4-2) 

21a2 + 7a + 11 ^3 ^ J7^ 8 ^ 18 

7a«-4a-9 ' z-5 z+2 2'-3«-10* 

^ 7m 5m ^ 12(m'-l) 
m4-3m-l m* + 2m-3' 

8. -^ L^4- ^ - = 0. 

2r + l 3r + 2 6r«4-7r-h2 

^ 12«-6 3»-h4 _48-6 



10. 
11. 



21 3(3a-hl) 7 

3m? — 5 4m? + 2 ^ 15«? — 1 7 
2 3tt? + 2 10 6' 

ay» + 3 1 ^ 2a?-l 

2(«?-8)'*"6(a;-2) 3(a^«4-2a; + 4)' 
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12. .06a?-1.82-.7aj = .008a?-.604. 

13. 2.88 y-. 766 + .62 2/ -.868 = .81 3/. 
^-3 . t + 4:_ 8^ + 20 . o 

Solve the following equations for x : 
ao 6c ac 



16. 
17. 
18. 
19. 
20. 



6 2 3 m 



2aj-f-6m 3aj- 


4m 


6a^+7maj 


— 


20 


m« 


3x x+2n 
2x-\-n 2x 


= 2. 










x-\-a x^a 
aj — 2a x-\-3a 


2 cur- 19 a« _ 
aj» + aa?-6a« 


a 






a?(a + 4 5)-6* , 


x^b 


_a?-|-a 








a^-6» • ' 


a + 6 


a-6 




a 6 


a-6 











x + b x-^-a x-\-a-\-b 



39. Algebraic Translation. In applications of algebra, number 
relations expressed in words must be expressed by means of 
algebraic symbols. This process may be termed " translation." 
Skill in making such translation depends in part upon care in 
reading the statement which gives the number relations and 
in part upon familiarity with a few simple devices. For the 
elementary instruction preparatory to the solution of the fol- 
lowing review exercises, see the " First Year Algebra." 

Example. Express in symbols : the sum of the squares of 
two given nwmbers decreased by 4 times their quotierd. 

Solution : 1. Let x and y be the given numbers. 

2. Then x^ and yf^ are the squares of these numbers, and - is their 
quotient ^ 

3. The expression is : a::' + ya-4-- 
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EXERCISE 13 

Express in sym1x)ls the following : 

1. Five times a certain number. 

2. The sum of the cubes of two given numbers. 

3. 3 more than five times a given number. 

4. The excess of 10 over a given number ; of y over 5. 

6. 5 less than three times a given number ; 7 h diminished 
bye. 

6. The amount by which 15 exceeds twice a given number. 

7. The difference between 6 and 13 ; between a and 20. 

8. Five per cent of x dollars ; a per cent of D dbllars. 

9. The simple interest on P dollars for four yelurs at r per 
cent. 

10. The amount to which M dollars accumulates in t years 
when invested at five per cent simple interest. 

11. The number by which 3* exceeds (a;— 6). 

12. The larger part of 18 if a is the smaller part. 

13. The smaller part of 3 a if (a? -|- 6) is the larger part. 

14. The larger of two numbers if c is the smaller and if the 
difference between them is 15. 

15. The smaller of two given numbers whose difference is 4 
if the larger is y. 

16. The smaller part of 35 if the larger part is x, 

17. The two integers consecutive to the integer represented 
by m. 

18. "Kie two odd integers consecutive to a : (a) if a is an 
odd integer ; (6) if a; is an even integer. 

19. The complement of a degrees ; the supplement. 

20. The third angle of a triangle of which the other two are 
angles of x degrees and (a?— 4) degrees respectively. 
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21. The perimeter of a rectangle whose base exceeds its alti- 
tude by 3 inches. 

22. The ag^s of A and B 8 years ago if A's age now is twice B's. 

23. The different^e between one fifteenth and one third of a 
certain number. 

24. The total number of cents in a sum of money consisting 
of a certain number of dollars, twice as many quarters, and 
three times as many dimes as quarters. 

25. The time required by a train for a trip of A miles: 
(a) at 30 miles an hour; (6) at r miles at hour. 

26. The rate at which an automobile travels if it goes D 
miles : (a) in 7 hours ; (6) in n hours. 

27. If the rate of a river is 3 miles an hour, express the 
time required by a boat whose rate in still water is x miles an 
hour : (a) for a trip of 20 miles downstream ; (6) for a trip of 
20 miles upstream ; (c) for a trip of 20 miles downstream and 
back again. 

28. The area of a parallelogram whose base is 3 feet less 
than twice its altitude. 

29. The part of a piece of work a man can do ; (a) in c days, 
if he can do all of it in 10 days \ (b) in 3 days, if he can do all 
of it in X days. 

30. The reciprocal of 3 x. 

31. The number whose hundreds' digit is a, whose tens' 
digit is 5, and whose units' digit is c. 

32. The number whose digits are the same as those of the 
number in Example 31, but in the reverse order. 

Express in words the following expressions : • 

33. ia6. 36. x^'\-f — 2xy. 37. a* + 6'. 

34. 2(x^y) + S(x-y). 36. im(m + n). 38. (a» + 5»)» 

39. t±t. 40. iC+S2. 
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40. A Problem is a statement of one or more relations be- 
tween one or more unknown numbers and certain known num- 
bers, from which the unknown numbers are to be determined. 

In this paragraph certain problems are considered which can 
be solved by using only one unknown number. 

Example. The rate of an express train is five thirds of that 
of a slow train. It travels 75 miles in one hour less time than 
the slow train. Find the rate of each train. 

Solution : 1. Let r = the no. of mi. in the rate per hour of the slow 
train. 

2. Then { r = the no. of mi. in the rate per hour of the fast train. 



3. 



4. .'. -— = 1. 

fr r 

When this equation is solved, r is found to equal 80. 

Hence the rate of the slow train is SO mi. an hour, and of the fast train, 

therefore, 50 mi. an hour. 

Check : The time for the slow train for 75 mi. is 75 ^ 30 or 2.5 hr. 
The time for the fast train for 75 mi. is 75 h- 50 or 1.5 hr. 
The time of the latter is one hour less than that of the former. 



Hence 

for one train 


the rate is 

r 


the distance is 
76 


the time is 
75 


for the other 


ir 


76 


76-f-fr 



EXERCISE 14 

1. The denominator of a certain fraction exceeds its numer- 
ator by 6. If the numerator be increased by 7 and the denomi- 
nator be decreased by 5, the fraction becomes J^. Find the 
fraction. 

2. Divide 56 into two parts whose quotient shall be 4. 

3. Divide 54 into two parts such that twice the smaller 
shall exceed 29 as much as 143 exceeds four times the greater. 
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4. The perimeter of a certain rectangle is 330 feet. The 
altitude is four sevenths of the base. Find the dimensions. 

5. The numerator of a certain fraction exceeds the de- 
nominator by 5. If the numerator be decreased by 9, and the 
denominator be increased by 6, the sum of the resulting frac- 
tion and the given fraction is 2. Find the fraction. 

6. Divide 197 into two parts such that, when the greater 
is divided by the smaller, the quotient is 5 and the remainder 
is 23. 

7. The length of a certain lot is three times its width. If 
the length be decreased by 20 feet and the width be increased 
by 10 feet, the area will be increased by 200 square feet. Find 
its present dimensions. 

8. If one fifth of the supplement of a certain angle be 
diminished by two elevenths of the complement of the angle, 
the result is 19. Find the angle. 

9. A passenger train whose rate is 35 miles an hour and a 
freight train whose rate is 25 miles an hour start at the same 
time from points which are 100 miles apart, (a) If they travel 
toward each other, in how many hours will they meet ? (6) If 
they travel away from each other, in how many hours will they 
be 150 miles apart ? 

10. A freight train runs 6 miles an hour less than a pas- 
senger train. It runs 80 miles in the same time that the 
passenger train runs 112 miles. Find the rate of each. 

11. A man walks 10 miles and then returns in a carriage 
whose rate is 3 times as great as his rate of walking. If it 
took him 4 hours less time returning than going, what was his 
rate of walking ? 

12. A vessel runs at the rate of 12 miles an hour. If it 
takes as long to run 27 miles upstream as 45 miles downstream, 
what is the rate of the current ? 
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13. A man travels 130 miles in ten hours in an automobile, 
part of the distance at an average rate of 20 miles an hour and 
the rest at an average rate of 10 miles an hour. How far does 
he travel at each rate ? 

14. A man receives $140 per year as interest on $2500. 
$ 500 is invested at 5 % ; part of the remainder at 5^ % ; and 
the rest at 6 %. How much has he invested at 5J % ? 

15. A man travels 24 miles at the rate of 5 miles an hour. 
By how many miles an hour must he increase his rate in order 
to make the trip in one fourth of the time ? 

16. Find three consecutive numbers such that the square of 
the greatest shall exceed the product of the other two by 49. 

17. Find the upper base of a trapezoid whose area is 175 
square inches, whose altitude is 10 inches, and whose lower 
base is 20 inches. 

18. Two automobilists use gasoline from a tank containing 
60 gallons. If one uses gasoline at the rate of five gallons in 
three days and the other five gallons in seven days, how long 
will the 60 gallons last ? 

19. If A can do a piece of work in 5 days, B in 8 days, and 
C in 10 days, how many days will it take them to do the work 
if they work together ? 

20. A man has $6.90 in dollars, half dollars, and dimes. 
The number of halves is twice the number of dollars, and the 
number of dimes is equal to the sum of the number of dollars 
and the number of half dollars. Find the number of coins of 
each kind. 

SUPPLEMENTARY PROBLEMS 

21. Divide a into two parts whose quotient shall be m. 

22. The numerator of a certain fraction exceeds its denomi- 
nator by m. If the denominator be increased by n, the fraction 
becomes f . (a) Find the fraction. (6) Find the value of the 
fraction when m is 4 and n is 2. 
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23. The perimeter of a certain rectangle is c feet. The base 
exceeds the altitude by d feet, (a) Find the dimensions of the 
rectangle. (6) Find the values of the dimensions when c equals 
50, and d equals 5. 

24. The length of a certain field is m times its width. If 
the length be increased by r feet, and the width by 8 feet, the 
area will be increased by t square feet, (a) Find the dimen- 
sions of the field, (h) Find the values of the dimensions when 
m is 4, and r, «, and t are respectively 2, 3, and 48. 

26. Divide c into two parts such that the sum of one mth 
of the first part and one nth of the second part shall equal d. 
Find the values of the parts when m is 2 and n is 3. 

26. If A can do a piece of work in a days,'B in b days, C in 
c days, and B in d days, how many days will it take them to 
do the work if all work together ? 

27. A sum of money amounting to m dollars consists entirely 
of quarters and dimes, there being n more dimes than quarters. 
How many are there of each ? 

28. At what time- between 8 and 9 o'clock will the hands of 
a clock be together ? 

29. At what time between 2 and 3 o'clock is the minute 
hajid of a watch 15 minute spaces ahead of the hour hand ? 

30. In a mixture of sand and cement containing one cubic 
yard, 16 % is cement. How much sand must be added to the 
mixture so that the resulting mixture will contain 12% of 
cement? 



V. GRAPHICAL REPRESENTATION 

41. In the figure below: XX' is called ^.he Horizontal Axis; 
YY' is called the Vertical Axis ; together they are called the 
Axes ; the point O is called the Origin ; FE, perpendicular to 
the horizontal axis, is called the Ordinate of the point P; PS, 
perpendicular to the vertical axis, is called the Abscissa of P; 
PR and PS together are called the Coordinates of P. Distances 
on OX are considered positive, on OX' negative, on OF posi- 
tive, and on OY' negative. .The part of the plane within the 
angle XOY is called the Jirat quadrant; the part within the 
angle YOX' is called the second quadrant; etc. The abscissa 
of P, according to the indicated scale, is 3, and the ordinate 
is 4. The point P is called the Point (3, 4). 
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EXERCISE 16 

1. What are the coordinates of each of the points in the 
figure above ? 

2. Locate (plot) on a similar diagram the following points ; 
(a) (0,6); (6) (-3,4); (c) (-6,0); (d) (0, -4); (e) (-4, -6). 

3. In which quadrant does a point lie: (a) whose abscissa 
is positive and whose ordinate is negative ? (b) whose abscissa 
and whose ordinate are both negative ? 

4. What sign does the abscissa of a point have if the point 
is in the fourth quadrant ? in the second quadrant ? 

5. Change the word " abscissa " in Example 4 to " ordinate," 
and answer the resulting questions. 

6. Locate the points whose coordinates are given in the 
following table ; connect the points by a smooth curve and thus 
obtain a graph showing the relation between the ordinate and 
the abscissa of a point on the graph. 



X 


-5 


-4 


-3 


-2 


-1 





1 


2 


3 


4 


6 


y 


26 


16 


9 


4 


1 





1 


4 


9 


16 


25 



Express the relation between y and x by means of an equa- 
tion. 

7. Water, falling from any height, exerts a pressure depend- 
ing upon the height from which the water falls. This height 
is called the "head" of the water. Draw a graph showing 
the relation between the head, expressed in feet, and the pres- 
sure, expressed in pounds per square inch, using the data given 
in the following table. 

(HtNT : use the head for the abscissa and the pressure for the ordinate 
of tiie point.) 



Head 


1 


2 

.8 


6 


8 


10 


20 


Pressure 


.4 


2.1 


3.4 


4.3 


8.6 
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8. From the graph iu Example 7, determine the pressure 
from a head of : (a) 6 feet ; (6) 16 feet. 

9. From the graph in Example 7, determine the head neces- 
sary to give a pressure of: (a) 6 pounds per square inch; 
ifi) of 7 pounds per square inch. 

42. Equations Having Two Unknowns. A Solution of an 

equation having two (or more) unknowns is a set of values of 
the unknowns which satisfies the equation. 

Thus, X = 1 and y = 4 is a solution of a; + y = 6, f or 1 + 4 = 5 ; also, 
X =— 8 and y = 13 U a solution, for (- 8)+ 13 = 6. 

43. For every value of one unknown, a value of the other 
may be determined. 

In X + y = 5 : when x = — j, (— |) + y = 6. Hence y = 5 + | = 6f . 

An equation having two (or more) unknowns has an infinite 
number of solutions ; for this reason, such equations are called 
Indeterminate Equations. As x, in such an equation, changes 
in value, y also changes in value, x and y are called Variables 
and the equation is called an equation having two variables, 

EXERCISE 16 

1. Determine by substitution which of the following pairs 
of numbers are solutions of the equation 2 a; — 3 y = 10 : 

(a) ar = 2,y = -2; (6) aj = 3,y = l; (c) aj = i,y = -3. 

2. Determine, as in § 43, three more solutions of the equa- 
tion given in Example 1. 

3. Determine six solutions of the equation y = a?* — 10, three 
for positive values of a?, and three for negative values of t. 
Plot the points whose coordinates correspond to these solutions 
and connect them by a smooth curve, — thus obtaining a part 
of the graph of the equation. 
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4. F=ma is an equation encountered in physics. Assume 
th^t m has the constant value 50 ; determine ten solutions of 
the resulting equation^ locate the points corresponding, and 
draw the graph. 

(Hint : use F as ordinate and a as abscissa.) 

44. If a rational and integral monomial (§ 11) involves two 
or more letters, its degree with respect to them is denoted by the 
sum of their exponents. 

Thus, 2 a^fta^ js of the fourth degree with respect to x and y, 

45. If each term of an equation containing one or more un- 
known numbers is rational and integral, the Degree of the 
Equation is the degree of its term of highest degree. 

Thus, if X and y denote unknown numbers : 

aa; - 6y = c is of the first degree ; 
2 a;» - 3 a;y« = 5 is of the third degree. 

46. In a later course in mathematics, the graph of an equar 
tion of the first degree having two unknowns is proved to be a 
straight line. This line may be found by the 

Rule. — 1. Determine two solutions (§ 42) of the equation. 
2. Plot the points whose coordinates correspond to these solu- 
tions and draw the straight line determined by them. 

Note 1. Do not have the two points too close together. 

Note 2. The coordinates of every point on the graph satisfy the 
equation of the graph; and every point whose coordinates satisfy the 
equation must lie on the graph. In geometrical language, the graph is 
the locus of points whose coordinates satisfy the equation. 

47. An equation of the first degree is called a Linear 
Equation. 

Example. Draw the graph of 3 « — 4 y = 12. 

Solution: 1. When a;=0, 3.0 — 4^=12, — 4y=12, ory=— 3. 
When a; =-4, 3(- 4)- 4 y = 12, - 12 - 4 y = 12, - 4 y = 24, or y=-6. 
2. In the figure helow the points are located and the line is drawn. 
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EXERCISE 17 
Draw the graphs of the following equations : 

1. 2x+Sy = 12. 3. Sx + 2y=0. 

2. 3a?— 6 y = 30. 4. 4aj+5y=24. 

6. (a) Draw the graph ofa?4-2y = — 1. 

(?^) Multiply both members of the original equation by 3 
and draw the graph of the resulting equation. 

(c) Multiply both members of the original equation by - ^ 
and again draw the graph of the equation resulting. 

((f) From the graphs obtained in parts (a), (b), and (c), what 
do you conclude is the effect upon the graph of an equation 
of multiplying both members of the equation by the same 
number ? 

(e) What effect does it have upon the solutions of the 
equation ? 



VI. SIMULTANEOUS LINEAR EQUATIONS 

48. Two equations, each containing two (or more) unknowns, 
are said to be Independent Equations if each has solutions which 
are not solutions of the other. 

49. Two independent equations which have one (or more) 
common solutions are called Simultaneous Equations. 

60. Two independent linear equations which do not have a 
common solution are called Inconsistent Equations. 

51. Graphical Solution of Simultaneous Linear Equations Having 
Two Unknowns. 

Rule. — 1. Draw upon one sheet the graphs of both equations. 

2. Find the coordinates of the point common to the two lines. 
These coi^dinates give the common solution. The solution may 
be checked by substitution. 

a 1 .v ^' r5aj-3y = 19. (1) 

Example. Solve the equations \ 

• ^ \7x + 4.y = 2. (2) 

Solution : 1. For equation (1) : if a; = 5, y = 2 ; if ac = — 1, y = — 8. 

2. For equation (2) : if « = — 2, y = 4 ; if a; = 4, y = — 6^. 

3. The graph follows. 

4. The straight lines intersect in the point (2, — 3). 
The common solution is a = 2, y = — 3. 

Check: In (1): does 6.2- 3(~ 3) = 19? Yes. 
In(2): does7.2 + 4(-3)=2? Yes. 

NoTB 1. The solution obtained by this method is usually only an ap- 
proximate solution owing to the impossibility of determining exactly the 
coordinates of the point of intersection of the lines. 

Note 2. If the equations are inconsistent, the lines will be parallel ; 
if the equations are dependent, the lines will coincide. 

61 
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EXERCISE 18 



Study the following pairs of equations graphically ; if simul- 
taneous, determine their common solutions : 






( 



4aj4-3i/ = -l. 
5x-{-y = T. 



6. 



2x-{-5y = l0. 
4aj4-10y = 40. 

I9aj-6y = 18. 



4. 



3 a? 4- 7 2/ = 4. 

5aj + 3y = 14. 
4a;-5i/ = 26. 



7. 



5 a? — 4 y = 0. 
7i» + 6y = -29. 



r9aj + 14y = 
l3aj-4y = l 



[9aj4-14y = -25. 

:22. 



52. Two simultaneous equations having two variables may 
be solved by combining them so as to cause one of the variables 
to disappear. This process is called Elimination. 



Example. Solve the equations i 
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53. Elimination by Addition or Subtraction. 

Rule. — 1. Multiply, if necessary, both equations by such numbers 
as will make the coefficients of one of the variables of equal absolute 
value. 

2. If the coefficients have the same sign, subtract one equation 
from the other; if they have opposite signs, add the equations. 

3. Solve the equation resulting from step 2 for the other variable. 

4. Substitute the value of the variable found in step 3 in any 
equation containing both variables, and solve for the remaining 
variable. 

5. Check the solution by substituting it in both of the original 
equations. 

6aj + 3y = -9. (1) 

3aj-4y = -17. (2) 

Solution : 1, M4* (l)i 20 a + 12 y = - 36. (3) 

2. Mz(2): 0x-12y=-61. (4) 

3. (3) + (4): 20x=-87. (5) 

4. .-. x=-3. 

5. Substitute - 3 for x in (1) : - 15 + 3 y =— 9. 

6. , .-. 3 y = 6, or y = 2. 
The solution is : x = — 3, y = 2. 

Chuck : In (2) : does 3(- 3) - 42 = - 17 ? Yes. 
In(l): does6(-3) +32=- 0? Yes. 

54. Elimination by Substitution. 

Rule. — 1. Solve one equation for one variable in terms of the 
other variable. 

2. Substitute for this variable in the other equation the value 
found for it in step z. 

3. Solve the equation resulting in step 2 for the second variable. 

4. Substitute the value of the second variable, obtained in step 3, 
in any equation containing both variables and solve for the first 
variable. 

5. Check the solution by substituting it in the original equations. 

* M4 (1) : means ''Multiply both members of equation (1) by 4." 
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Example. Solve the equations I , ^^ J 
^ I 4a? — 3y = 5. 



Solution : 1. Solve (1) for y : 
2. Substitute in (2) : 
8. Solving (4) for x : 

4. Substitute - 1 for a: in (1) ; 



y = 



lla;-4 



)=' 



4x-8(lL^-^ 

20«-83a;-f-12 = 25; 
-13x = 13, orx = T- 1. 
- 11 - 6 y = 4. 
•. — 5 y = 15, or y = — 3. 



(1) 

(2) 
(8) 



The solution is : x = — 1, y = — 3. 

Check: In (1) : does 11(- 1) - 6(- 3) = 4 ? does - 11 + 15 =4? Yes. 

In (2): does4(-l)-3(-3)=5? does -4 + 9 =6? Yes. 



EXERCISE 19 

Solve the following pairs of equations by addition or sub- 
traction. (If difficulty is experienced- in obtaining a solution, 
determine graphically whether the equations are inconsistent 
or dependent.) 



1. 



2a;-3y = 19. 
7a; + 4y = 23. 

Sx-8y=—35, 

15 aj 4- 8 1/ = 3. 
6x-12y = 5, 

13m-7n = 15. 
8 m - 4 n = 9. 



6. 



8. 



6a;+lly = 31. 
6 y - 11 0? = 74. 

3aj + 2y = -31. 
6aj + 4y = -62. 

4!r-8M; = -3. 
ll!r + 5w; = -15. 

3ar-4y = -13. 
6x-Sy = -5. 



Solve the following pairs of equations by substitution: 



2a; 4- y = 8. 
7aj-4y = 43. 



10. 



[a+26 = ll. 
3a f 66 = 29. 



11. 



12. 
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[3r + 7« = -12. 
-6r + 9« = l. 



5a;4-6y = — 5. 
10 a; -f 9 y = - 6. 



8c-3/=47. 
6e-7/=21. 



14. 



3a;-5y = 38. 
-5a;4-3y = -26. 



Solve the following pairs of equations in either manner : 



15. 



16. 



17. 



18. 



19. 



20. 



2a_5y^_l 
5 6 2* 

X 5y^5^ 
6 9 2 

j 11 8 * 

2€_±±±6^__2 
e_2«-3 7* 
5e + 2« = -7. 



21. 



'6 + 12^_l 
X y 

--^ = 7. 

X y 



Hint: Eliminate y without clear- 
ing of fractions. 



[ 4r— 3g r— 6g 

14 9 

2r + 3« = -10. 



= -1. 



7 8 _^ 


a;-3 y-5 


9 5 


2a;-l 32^ + 4 


d-2n 1 


3d+w+3 5 


d + Sn 7 



d4.4?i-7 11 



22. 


9 14 11 

d^ s 2* 

?-f?i=«7. 
d a 


23. 

• 


8_Jt 89^ 

ar 6y 30* 

5 6 69 
&x y 18 


24. 


[2 3 1 

3* 4y 12 

6 4 13 

4a! 3y 72 


Solve 
and y : 


the following for x 


25. 


5x-6y = Sa. 
4:x + 9y=7a. 
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(a-b)x + by = aK ^e. 

005 4- 6y = 1. 
[ca;+dy = l. 

30 

ax-\-by = 2a, 

ahi-hhf = a^ + h\ 


\2aai-hy , 


a 
m _ n 


n-^-y m — x 
m n 


w+a m— y 



26. 



27. 



28. 



65. Equations Containing Three or More Variables. 

Example. Solve the set of equations : 

12 m — 4 71+/) = 3. 
m — n — 2|3 = — 1. 
5 m — 2 n = 0. 



Solution : 1. M2 (1) : 

2. (2) + (4): 

3. Ms (3) : 

4. (5) - (6) : 

6. Substitute 6 for n in 3. 



Iw— 8n + 2p = 6. 

26 m — n = 5. 

26m-10n=0. 

n = 6. 

6 TO — 10 = 0, or m = 2. 



(1) 
(2) 
(3) 

(4) 
(5) 
(6) 



6. Substitute 5 for n and 2 for to in (2) : 

2-6-2p = ~l. 

.-. -2p = 2, orp = -l. 
Solution : to = 2, n = 5, p = - 1. 

Check : The solution satisfies each of the three given equations. 

Rule. — To solve a system of three equations containing three 
unknowns : 

1. From two equations, say the zst and 3d, eliminate one of 
the unknowns ; mark the resulting equation as equation (4). 

2 From another pair of equations, say the zst and 3d, elimioAte 
the same unknown, and mark the resulting equation as equa- 
tion (5). 

3. Equations (4) and (5), containing two unknowns, are readily 
solved (if the system has a solution). Then by substitution the 
third unknown may be determined. 
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EXEIBCISE 20 

Solve the following sets of equations 

3a?-|-y — 2J=14. 
1. aj4-3y-2J = 16. 
. » + y — 3 2 = — 10. 



2. 



4. 



5. 



9. 



3p + 4 g 4- 5 r = 10. 
4p-5g-3r = 25. 
5p— 3g-4r = 21. 

4aj — lly — 62f = 9. 
8aj-|-4y — 2 = 11. 
16a? + 7y + 62; = 64. 

2a; + 4y-2J = -2. 
18a;-8y + 42=-25. 
10aj + 4y-92J = -30. 



X y 

y 2"" 
2 ^3aj 



3 tt + a? = — 5. 
4a;-y=21. 
5y + 2J = -19. 
62 — 14=39. 



Solve Examples 6, 7, and 8 


for a?, y, and 2. 




abc 


6. 


abc 




cz + ax = '^ + ^\ 
abc 




a y 


7. 






2 a! 




[6 , a 
— — = & 


8. 


Z X 




c . b 




u—x-i-y = 15. 


10. 


x-y-hz = -12. 




y-2J+W=:13. 




2; — w + a; = — 14. 
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56. Solution by Formoki. Simultaneous linear equations hav* 
ing two or more unknowns may be solved by means of certain 
formulae. This method of solution is considered in § 23S, page 
240, and may be studied at this time if desired. 

57. Many problems are solved more conveniently by using 
two or more unknowns. 

ExAMPLB 1. A certain number of two digits exceeds three 
times the sum of its digits by 4. If the digits be reversed, the 
sum of the resulting number and the given number exceeds 
three times the given number by 2. Find the number. 

Solution : 1. Let t = the tens' digit, and u = the units* digit 

2. .-. 10 1 + w = the original number, 

and 10 tt + t = the number obtained by reversing the 

digits. 

3. .-. 10 « + tt = 3 y -f- tt) -f- 4 

or 7«-2tt = 4. (1) 

4. Also (10 t-f- tt) + (lOtt 4-0 =F 8 (10 1 + tt) + 2, 

or 19t-8tt = — 2. (2) 

6. Solving equations (1) and (2) by the usual methods, 
t = 2 and u = 6. 
.-.25 is the number. 
Check: Does 26 = 3 (2 + 5) + 4 ? Yes. 

Does" 25 + 52 = 3 (26) + 2 ? Yes. * 

EXERCISE 21 

1. Divide 79 into two parts such that twice the smaller ex- 
ceeds the greater by 5. 

2. If 3 be added to the numerator of a certain fraction, and 
7 be subtracted from the denominator, the value of the frac- 
tion becomes ^. If 1 be subtracted from the numerator, and 7 
be added to the denominator, the value becomes ^. Find the 
fraction. 

3. The units' digit of a certain number of two digits is one 
third of the tens' digit. If the number is divided by the differ- 
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ence of its digits, the quotient is 15 and the remainder is 3. 
Find the number. 

4. Find the three angles of an isosceles triangle if each of 
the base angles exceeds the vertical angle by 30". 

5. There are two numbers such that when the first is divided 
by the second the quotient is 3 and the remainder is 1 ; when 
the second is divided by one fifth of the first, the quotient is 1 
and the remainder is 3. Find the numbers. 

6. A man has $10,000 invested, part at 5% and part at 6%. 
The interest for one year on the 6% investment exceeds the 
interest for one year on the 6% investment by $60. How 
much does he have invested at each rate ? 

7. A's age is six fifths of B's. Fifteen years ago his age 
was thirteen tenths of B's. Find their present ages. 

8. If the numerator of a certain fraction be increased by 
4, the value of the fraction becomes ^ ; if the denominator of 
the fraction is decreased by 3, the value of the fraction be- 
comes 1^. Find the fraction. 

9. A certain chord of a circle divides the circumference 
into two arcs such that three times the minor arc exceeds 
twice the major arc by 80°. Find the two arcs. 

10. The units' digit of a certain number of two figures exceeds 
the tens' digit by 5. If the number, increased by 6, be divided 
by the sum of its digits, the quotient is 4. Find the number. 

11. A's age is twice the sum of the ages of B and C. Two 
years ago, A was 4 times as old as B, and, four years ago, A 
was 6 times as old as C. Find their ages. 

12. Find three numbers such that the sum of the first, one 
half of the second, and one third of the third shall equal 29 ; 
also such that the sum of the second, one third of the first, 
and one fourth of the third shall equal 28 ; and finally such 
that the sum of the third, one half of the first, and one third 
of the second shall equal 36. 
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13. A certain rectangular field has the same area as another 
which is 6 rods longer and 2 rods narrower, and also the same 
area as a third field which is 3 rods shorter and 2 rods wider. 
Find the dimensions of the feeld. 

14. The sum of the first and third angles of a certain tri 
angle is twice the i*emaining angle ; the sum of the first and 
second angles exceeds the third angle by 20°. Find the three 
angles of the triangle. 

15. The sum of the two digits of a certain number is 14 
If 36 be added to the number, the result has the same digits 
as the original number, but in reverse order. Find the num- 
ber. 

16. Two trains, starting from points 270 miles apart, and 
traveling toward each other, will meet at 12 o'clock, if one 
train starts at 7 a.m. and the other at 10 a.m. The rate of the 
first train exceeds the rate of the second train by 5 miles an 
hour. Find the rates of the trains. 

17. A boy can row 10 miles downstream on a river in two 
hours, and can return in 3^ hours. Find the rate at which he 
rows in still water and also the rate of the current of the 
river. 

18. A train leaves A for B, 120 miles distant, at 9 a.m., and, 
one hour later, a train leaves B for A. They meet at noon. 
If the second train had started at 9 a.m. and the first at 10.30 
A.M., they would still have met at noon. Find their rates. 

19. The circumference of the hind wheel of a carriage is 5o 
inches more than that of the fore wheel. The former makes 
as many revolutions in going 250 feet as the latter in going 140 
feet. Find the circumference of each wheel. 

20. A man has quarters, dimes, and nickels to the value of 
$ 1.40, having in all 12 coins. If he had as many dimes as he 
has quarters, and as many quarters as he has dimes, the vahie 
of the coins would be S1.65. How many coins of each kind 
has he ? 
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SUPPLEMENTARY PROBLEMS 

21. The hundreds' digit of a certain number of three figures 
is f of the tens' digit, and exceeds the units' digit by 2. If the 
number be divided by the sum of its digits, the quotient is 38. 
Find the number. 

22. r years ago, A was m times as old as B. In « years, A 
will be n times as old as B. 

(a) What are their present ages ? 

(b) Find the values of their present ages if r is 10, « is 5, m 
is 5, and n is 2. 

23. A man has $ 14,250 invested in bonds, which give him 
annually a total income of $700. Part of the money is in- 
vested in 4 % bonds, bought at $90 per share, and the balance 
in 6 % bonds, bought at $ 105 per share. How much has he 
invested in each way ? (The income is always computed on the 
par value of a bond, which in this example is $100 per share.) 

24. A vessel contains a mixture of wine and water. If 50 
gallons of wine be added, there will then be ^ as much wine as 
water ; if 50 gallons of water be added, there will be 4 times 
as much water as wine. Find the number of gallons of water 
and of wine at first. 

25. The chords AB and CD of a circle form, at their inter- 
section, an angle of 60®. The chords AD and BC, extended, 
meet at 0, forming an angle of 40°. Find the number of de- 
grees in the arcs AC and DB, 

26. The formula l = a-\-(n — l)d occurs in a more advanced 
topic in algebra. If I is 32 when n is 10, and is 10 when n is 
20, find a and d. 

27. The numbers d, a, t, and b are assumed to be connected 
by the formula d = a? -f- &. If d = | when * = J, and d = {^ 
when ^ = f , find a and b. 

From the resulting formula for d, determine t when d is J, 
giving the result to the nearest eighth of an inch. 
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28. AssamiDg that the nambers a, b^d, and IF are connected 
by the formula W^ad-^-h^ find a and h if ir= 1^ when 
ri = ,1b, and if Ws 4i» when d = 2^. From the resulting 
equation, determine IT when d = 2. 

29. If a field were made a feet longer and h feet wider, its 
area would be increased by m square feet ; if its length were 
made c feet less, and its width d feet less, its area would be de- 
creased by n square feet. Find its dimensions. 

30. An automobile made a trip of 145 miles in 8 hours. The 
average rate within city limits was 15 miles an hour ; the aver- 
age rate outside of city limits was 20 miles an hour. Find the 
part of the trip lying within city limits and the part outside. 

81. In round numbers, the average rate of the automobile 
that won a certain long auto race is 2f times the rate of an 
ordinary passenger train. At these rates, the automobile can go 
160 miles in 2 hours less time than the train requires for a trip 
of 140 miles. Find the rate of the automobile and of the train. 

32. A piece of work can be done by A and B working to- 
gether in 10 days. After working together for 7 days, A 
leaves, and B finishes the work in 9 days. How long would A 
alone take to do the work ? 

33. A motor boat which can run at the rate of r miles an 
hour in still water, went downstream a certain distance in 
n hours ; it took m hours to return. 

(a) Find the distance and also the rate of the current. 
(6) Find the values of the two results in part (a) when r is 10, 
m is 3, and n is 2. 

34. A and B can complete a certain piece of work if A works 
5 days and B works 4 days at their usual rates. A and C can 
do the work if they work together for 5 days, and if then C 
works one day alone. The number of days it would take C to 
do the work exceeds by 4 days the number required by B. 
Find how many days it would take each alone to do the work. 



vn. SQUARE ROOT AND QUADRATIC SURDS 

58. A Square Root of a given number is a number whose 
square equals the given number. 

59. Two square roots are obtained for each number. They 
are of equal absolute value, but have opposite signs ; they are in- 
dicated by means of the double sign, ±, read " plus or minus." 



Example 1. Vl6 a^y^ = ± 4 ix?y, since ( ± 4 oihjf = 16 oi^\ 



Example 2. V4a«-20ajy + 25i/» = ±(2a:- Sy), 

since {±(2a? — 5y)}* = + (2iB — 5y)* = 4aj* — 20ajy-f 252/1 

The positive sqtiare root is called the principal square root of 
a number ; the square root refers always to the positive root. 

60. The square roots of a large number may sometimes be 
found by inspection by factoring the number. 



Example. Vl764a* = V4 • 441 a*= ±2 . 21a«=: ± 42a*. 

EXERCISE 22 

Find the square roots of : 

1. 25a\ 4 l^g* e lit^. 

* 25r»s* * 81 mV 

2. 36 mW. /x a, « « ^ r>^ ,« 

9 a^b^c^ 121a?^° 

3. 49c*d8. • 49mV* * 169yV' 

8. If a monomial is a perfect square, what kind of numbers 
are the exponents of its prime factors ? What sign does it have ? 

9. When is a trinomial a perfect square ? 

10. How may the correctness of the square root of a number 
be checked ? 



64 ALGEBRA 

Find the values of : 



11. Va^4-2a^«-fy*. 13. V144 a:« — 24 a^y + 2^^ 

12. Va*-6a*6 + 96*. 14. V49c*-42c»(P + 9d'. 



15. Vi226. 17. V676a^«. 19, Vi764^. 





a'-* + 2 aft + 6* 
a2 


2a 


+ 2a&+62 


2a + b 


+ 2 aft 4-6* 



16. V784mV. 18. Vl089a*. 20. Vl024^. 

61. Square Root found by Long Division. If it is not possible 
to factor readily the number under the radical sign, the square 
root, if there is one, may be found by a process like long 
division. 

Example 1. Find the square roots of a* + 2 a5 + &*. 

Solution : 1. y/cfi = a. Place a in the root. a + h 

2. Square a ; subtract. 

3. 2 X a = 2 a. Trial divisor. 
2ab -i-2a — b. Add h to the trial divisor and to 

the root. Complete divisor. 

4. 6 X (2 a + 6); subtract 
The square roots are : 4-(a + 6) and — (a + b). 

Explanation : 1. Find the square root of the first term, obtaining a, 
the first term of the root ; place it in the root. 

2. Square the first term of the root and subtract it from the given 
number, obtaining the first remainder, 2 a& + 6^. 

3. Double the first term of the root, obtaining 2 a, the trial divisor. 
Divide the first term of the remainder by 2 a, obtaining &, the second term 
of the root. Add b to the root and to the trial divisor ; the complete 
divisor is 2 a + 6. 

4. Multiply the complete divisor by 6 and subtract. 

Step 3 is suggested by the process of squaring a binomial. When 
squaring a binomial, the middle term is obtained by taking twice the 
product of the first and second terms ; this is equivalent to taking twice 
the first term and multiplying by the second. Reversing the process, the 
second term, 6, will be found, if 2ab is divided by 2 a. After a^ is sub- 
tracted from a2 + 2 a6 + 62 the remainder 2ab + b^ equals 6(2 a + b). 
This suggests adding 6 to the trial divisor and multiplying the sum by h. 
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Example 2. Find the square roots of 

20aj»-70aj-f4aj*-f49-3aj*. 

Solution : 1. Arrange it in descending powers of x : 

2x^ + 5x-7 
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2. V¥x* = 2x2. 

3. (2x2)2 = 4 «*. 


Subtract. 

-7). 

(2x2 + 6x- 




4x*+20x»- 3x2-70x+49 
4x* 


4. 2 X (2x2) =4x2. 
20x8 -i- 4x2 = 5x. 

5. 5x(4x2 + 6x). 


4x2 

+5x 
4x2+5x 


20x8- 3aJ2-7Ox+40 
20x8+25x2 


6. 2xC2x2 + 5x). 

7. -28x2 ^4x2 =-7. 


4x2+10x 

-7 


-28x2-70x+49 


8. -7(4x2+ lOx- 


4 052+10 x-7 


-28x2-70x+49 


The square roots are : + 


-7) and -(2x 


2 + 5a._7). 



Rule. — To find the square root of an algebraic expression : 

1. Arrange it according to ascending or descending powers of 
some letter. 

2. Write the positive square root of the first term of the given 
expression as the first term of the root. Square it and subtract 
the result from the given expression. 

3. Double the root already found, for the trial divisor. Divide 
the first term of the remainder by the first term of the trial divisor. 
Add the quotient to the root and also to the trial divisor, obtaining 
the complete divisor. 

4. Multiply the complete divisor by the new term in the square 
root ; subtract the product from the remainder obtained in step 3. 

5. Continue in this manner : (a) double the root already found 
for a new trial divisor ; (b) divide the first term of the remainder 
by the first term of this product for the new term of the root ; 
(c) add the new term of the root to the trial divisor, obtaining the 
complete divisor; (d) multiply the complete divisor by the new 
term of the root ; (e) subtract. 
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EXERCISE 23 

Find the square roots of the following : j 

1. 25aj»-40iry-hl6y». 3. aj* + 6a^ + llaj» + 6a5+l. 

2. 36c*-60cy + 25(P. 4. a* + 4a» + 6a« + 4a+l. 

6. 9n* + 12n»-20n«-16n + 16. | 

6. a:^ + y* + 4 2* — 2 a^ + 4 a» — 4 yz. 

7. 8a»-4a-16a* + l4-16a« + 4a«. 

8. 12n-42n» + 4-19?i» + 49n*. 

9. a«-2a*-a*4-6a'-3a«-4a + 4. 

10. 4aj* + 20a; + 29 + — + i. 

X aj* 

,, . 2a6 , 13 6* 4 6» , 4 6^ 
''• ^ --3-+-9— 9^ + 9T«" 

12. |n*--^n»-fin« + |n + f|. 

13 g* . a^ . 3a^ ^ t -^ 
' 16"*"4y"^20y« 5f 25y*' 

Find the fourth roots of : 

14. a8-16a«6» + 96a*6«-256a*6»4-256 6» 

16. 81a8-108a7 + 162a«-120a* + 91a*-40a» + 18a' 

-~4a + l. 
Find the first four terms of the square roots of: 

16. l + «. 17. 1 — aj. 18. 9 — 2aj. 

62. Square Root of an Arithmetical Number. The square root 
of 100 is 10 ; of 10,000 is 100 ; etc. Hence, the square root of 
a number between 1 and 100 is between 1 and 10 ; the square 
root of a number between 100 and 10,000 is between 10 and 
100; etc. 



SQUARE ROOT AND QUADRATIC SURDS 67 

That is, the integral part of the square root of a number of 
one or two figures contains one figure ; of a number of three or 
four figures, contains two figures ; and so on. 

Hence, if the given number is divided into groups of two 
figures each, beginning with the units figure, for each group 
in the number there will be one figure in the square root. The 
groups are called Periods. 

Thus, 2345 becomes 23 45 ; it has two periods and its square root has 
two figures, a tens* and a units* figure. 

34038 becomes 3 40 38 ; it has three periods and its square root has 
three figures. A number having an odd number of figures will always 
have only one figure in its left-hand period, as in this case. 

A decimal number is divided in the same manner, starting 
from the decimal point in both directions. 

Thus, 3257.846 becomes 32 57.84 60. The last decimal period is always 
completed by annexing a zero. The square root of this number has two 
figures before the decimal point and two after it. 

63. The first figure of the square root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the square root of a polynomial. 

Example 1. Find the square roots of 4624. 

Solution. 1. Divide 4624 into periods ; this gives 46 24. There are 
in the square root a tens' and a units' figure. 

2. The tens* figure must be 6 ; 7 is too large for 70^ = 4000, which is 
more than 4624. 

3. The rest of the square root is found as follows : 
3 600 is the largest square less than 4600. 
V3600 = 60 ; place 60 in the root. 
Square 60 and subtract. 

Double 60. Trial divisor. 120 

102 -- 12 = 8+. Place 8 in root and add to trial divisor. _8 
Complete divisor. 128 

Multiply complete divisor by 8. 
The square roots are -f- 68 and — 68. 

It is customary to abbreviate the solution by omitting the 
zeros as in the following example, 



60 + 8 


46 24 
36 00 


10 24 
10 24 







23.0 




6 62.25 




4 


40 


162 


3 




43 


129 


460 


23 25 


6 
466 


23 25 
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Example 2. Find the square roots of 552.25. 

Solution. The largest square less than 6 is 4 ; V4 = 2. 
Place 2 in the root. 

2x2 = 4; annex 0. Tiial divisor. 

16 -f- 4 = 3+ ; add 3 to the trial divisor. 

Complete divisor. Multiply by 3. 

2 X 23 = 46 ; annex 0. Trial divisor. 

230 -7- 46 = 6-^. Add 6 to the trial divisor. 

Complete divisor. Multiply by 6. 

The square roots are + 23.6 and — 23.6. 

Rule. — To find the square root of an arithmetical number : 

1. Separate the number into periods (§ 62). 

2. Find the greatest square number in the left-hand period; write 
its positive square root as the first figure of the root; subtract the 
square of the first root figure from the left-hand period, and to the 
result annex the next period. 

3. Form the trial divisor by doubling the root already found and 
annexing zero. 

4. Divide the remainder by the trial divisor, omitting the last 
figure of each. Annex the quotient to the root already found; add 
it to the trial divisor for the complete divisor. 

5. Multiply the complete divisor by the root figure last obtained 
and subtract the product from the remainder. 

6. If other periods remain, proceed as before, repeating steps 3, 4, 
and 5 until there is no remainder or until the desired number of 
decimal places has been obtained for the root. 

Note 1. It sometimes happens that, on multiplying a complete divisor 
by the figure of the root last obtained, the product is greater than the 
remainder. In such cases, the figure of the root last obtained is too 
great, and the next smaller integer must be substituted for it. 

Note 2. If any figure of the root is 0, annex to the trial divisor and 
annex to the remainder the next period. 
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Example 3. 



Solution : 



Find the square roots of 4944.9024. 
70.32 





4944.9024 
49 


1400 

8 

1408 


44 90 
4209 


14060 

2 

14062 


28124 
2 8124 



Ihe square roots are + 70.82 and — 70.82. 

The first trial divisor is 140. Since this is greater than 44, the first 
remainder, annex to the root, obtaining 70. 

The second trial divisor is 1400; (2x70=140; annex 0, 1400). 
Bring down the next period 90, getting for the second remainder 4490. 
Divide 44 by 14 gives 8+ ; annex 8 to the root and add 3 to 1400, etc. 

EXERCISE 24 
Find the square roots of : 

1. 5776. 4. 8427.24. 7. 54.4644. 10. 106 09. 

2. 15376. 6. 7974.49. 8. 1488.4164. 11. 529.9204. 

3. 67081. 6. 11.6281. 9. 25.6036. 12. 1592.8081. 

64. The Approximate Square Roots of a number which is not 
a perfect square are often desired. Obtain usually the first 
three figures following the decimal point. 

Example. Find the approximate square roots of 2. 

Solution : 1.414 



20 


2.000000 

1 

100 
96 


21 


;i 


400 
2 81 


2820 


119 00 
112 96 



704 
The square roots are + 1.414+ and — 1.414+. 
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NoTB. In order to obtain the desired number of decimal places, annex 
zeros until there are three periods. 

EXERCISE 25 

Find the approximate square roots of : 

1. 3. 3. 6. 6. 10. 7. 13. 9. 15. 11. 19. 

2. 5. A. 7. 6. 11. 8. 14. 10. 17. 12. 21. 

66. Table of Square Roots. In the remainder of the course, 
it will he necessary to use frequently the square roots of 
some numbers. Retain some of the square roots as they are 
found, either in a notebook or in some other convenient place. 
Make a list of the numbers from 1 to 50, and write their 
square roots beside them, thus : 

NirxBiB Squark Root 

1 1.000 

2 1.414 

3 1.782 

After working Exercise 25, twelve of the numbers of this 
table may be tabulated. These roots may be used to obtain 
the square roots of other numbers. 

Example 1. Find the square roots of 8. 

Solution : V8 = Vrx2 = 2x\/2 = 2x(± 1.414+)= ± 2.828+. 

Example 2. Find the square roots of 12. 

Solution : Vl2 = y/4^x^ = 2\/3 = 2 x ( ± 1.782+) = ± 8.464+. 

EXERCISE 26 

1. Find the following square roots to three decimals : 

(a) Vi8. (b) V20. (c) V24. (d) V27. (e) V28. 

2. Complete your table of square roots up to 50. Get as 
many roots as possible by inspection (§ 60) ; get as many 
of the remaining UDots as possible as in Example 1. Find the 
others by the long division method (§ 62). 
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66. The square roots of a fraction which is not a perfect 
square may be found as follows : 



V2 >! 



155 = -%/? = — =4- — 
2x2 >4 V4 2 ' 



i^=±?i^= ±1.224+. 

2 2 

Rule. — To find the square root of a fraction : 

1. Change the fraction into an equivalent fraction with a perfect 
square denominator. 

2. The square root of the new fraction equals the square root of 
its numerator divided by the square root of its denominator. 

3. If desired, express the result of step 2 in simplest decimal 
form, prefixing the double sign, ± . 

Example. Find the approximate square roots of |. 

Solution : 1. The smallest square number into which 8 can be 
changed is 16; multiply both terms of the fraction by 2. 

Afs >'2x8 /^le "^ 4 "^4 

EXERCISE 27 
Find the approximate square roots of : 

1. f 3. ^. 6. |. 7. f 9. A. 11. ^. 

2. f 4. |. 6. f 8. |. 10. f 12. ^. 

QUADRATIC SURDS 
67. The indicated square root of a number which is not a 
perfect square is called a Quadratic Surd; as, V3, -y-, Va, 



4 



+1. 
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68. Surds should be simplified as in the foUowing examples: 

(a) V24= V4T6 = 2- V6; (6) ^|=^ = ?^. 

Thus, a quadratic surd is in its simplest form when the 
number under the radical sign is an integer which does not I 
contain any perfect square factor. 

In problems involving surds, it is agreed to consider for 
each surd only its principal root (§ 59). | 

69. Addition and Subtraction of Surds. 

Example 1. Find the sum of V20 and V45. \ 

Solutioh: 1. V^-f-Vi6=vTr5+V5T6 = 2\/5-f 3\/5 = 5V5. 

This solution assumes that surds may be added like other numbers. 
The coefficients of -\/5 are 2 and 8 ; the sum is found by multiplying V5 
by the sum of its coefficients (§ 5) . 

The advantage in adding surds in this way is that fewer square roots 
need be obtained. Thus, the sum of V20 and V46 is 6 V6 or 5 x (2.236+) 
or 11.180+. This same result could be obtained by adding the square 
roots of 20 and 45. 

Example 2. Simplify V| + V|. 

2 6 V2 ^ 6 X (1.414-H) ^ 7.070^- ^ -^ yg^^ 
4 4 4 

Example 3. Simplify f -f- VJ. 

Solution:!, ^^yj-^-^yj-^-^—^^ , 

2 2 + V3 ^ 2 4- 1.732+ ^ 3.732+ ^ ^ g^^^ 
3 3 3 * * 

Note. The results of problems involving surds are often left in the 
surd form as in step 1 of Examples 2 and 3. There are advantages in 
finding the approximate decimal value of the result. 
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EXERCISE 28 
Simplify the following : 

1. Vi24-A/27. 11. i + VS- 

2. V20-V5. 12. I + V^. 

3. 2V18+V98. 13. I + V^. 

4. V63-2V28. 14. ^-V|. 
6; 3V24-V54. 15. |-V^. 

6. 2V2H-Vi8-V50. 16. -| + V|. 

7. V?+V|. 17. -f-V|. 
8- Vf-Vi. 18. -f-V|. 

». i+V|.. 19. -^3^ + V^. 

10. f-Vf. 20. -v+Vlf 

70. The other operations with surds, namely, multiplication, 
division, involution, and evolution, are considered in a later 
chapter, which may, if desired, be studied at this time. 



VUL QUADRATIC EQUATIONS 

71. A Quadratic Equation is an equation of the second degree 
(§ 45) ; it may have one or more unknowns. 

A Pure Quadratic Equation is a quadratic equation haying 
only one unknown, which contains only the second power of 
the unknown, as, cwc* = 6. 

Example 1. An acre of ground contains 43,560 square feet 
How long must the side of a square field be in order that the 
area of the field shall be one acre ? 

Solution : 1 . Let 8 = the number of feet in one side. 
2. Then s^ = the number of square feet in the area. 
8. Then «2 _ 43^5^0. 

Extract the square root of both members of the equation. 
4. Then « = ±208.7+. 

Since this is a field, only the positive root has meaning ; hence the 
side of the field must be 208.7+ feet. 

72. A pure quadratic equation has two roots, because two 
square roots are obtained in extracting the square roots of the 
two members of the equation. 

Rule. — To solve a pure quadratic equation. 

1. Clear the equation of fractions, transpose, and combine terms 
until the equation takes the form :^ = a number. 

2. Extract the square roots of both members of the equation, 
placing the double sign, ±, before the root in the right member. 

Note. After extracting the square roots of both members of an equa- 
tion like x^ = a^y we get ± a; = ± a. This gives : +a; = + a, +a;=-ai 
— a; = 4- a, and — a; = — a. 

If both members of the last two equations are multiplied by - 1, the 
equations become -f a; = — a, and + a; = 4- a. These are the first two 
of our four equations. Thus, it is clear that, from x^ = a^, we get only 
two equations, as = + a and x = — a, or a; = ± «. 

74 



QUADRATIC EQUATIONS 75 

Example. Solve the equation -— - -\ — = ^77 H • 

3 m 12 m 

Solution: 1. ?i?+A = !^ + l?. 
8 w 12 wi 

2. Mi2» : 8 wia + 86 = m2 + 144. 

8. Simplifying : 7 wi^ = 108. 

4. D7: w2 = i^. 

5. \^:* TO=±\/i^ = ±6>/f =±f>/2l. . 

6. v^ =4.682: ,»= ± 5 . (4.682) = ± ?^^i^ = ± 8.927. 

7 7 

7. »»i = 4- 8.927 ; WI2 =- 8.927. 

'•*' m\ *' is read *•*• m one.** The numeral 1 is called in such cases a sub- 
script. *^m2'* is read '•^m two.*' These subscripts are used to distin- 
guish between the two roots of the quadratic. 

Check : When the roots are complicated, it is better to check by going 
over the solution a second time. Great care must be taken, however, for 
it is easy to overlook an error. 

Note. Get the result in the radical form first ; that is, w = ± f V2I ; 
then it is wise, for many reasons, to get it in decimal form as finally given. 

EXERCISE 29 
Solve the following equations : 

1. 5c2-180 = 0. 3. 13c*-135 = 10c»-27. 

2. 2a^ + 27 = 7«:»-53. 4. 4.« + 3_8.^- 1_ 1 . 



6. 5(< + 6)-«(«-3)=8<. j^ 

7. 9a2-5 = 0. 

8. 11 a^- 6 = 3. 

9. A_i3_^_2. ^^ 
4a? 8a? 3 2c + l c-1 

♦ The symbol "V " : placed in the left margin will mean, " take the 
square root of both members of the previons equation." 
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18. 1 1 ^^-17 



13. 



14. 



85 + 3 


X- 


-6 *»- 


2x- 


-16 


S^-X 


+ 2 


a!» + a!- 


3 


4. 


X — 


2 


aj + 3 




3a 




x + 5b 


= 0. 





x-5b 3a + 106 



16. a'-2ca:* = 3&». Solve for as. 

Solution : 1. — 2 cjk* = 3 6« - a«. 

2. M.i: 2ca;« = a«-86a. 

2c 



^ 2c ^^ 4d2 



= ±iV2a«c-66ac 
2c 



PROBLEMS IN PHYSICS 

All of the following equations occur in the study of physics 
Solve them for the numbers which appear with exponcDt 2. 

16. aS = 4^«. 18. F=z^' 20. f=^. 

17. E = ^mv\ 19. H=C^Rt. 21. i? = — - 

73. Geometry Problems. If the following terms from ge- 
ometry are not familiar to the student, they should be re- 
viewed : (a) right triangle ; (b) hypotenuse ; (c) isosceles tri- 
angle ; (d) equilateral triangle ; (e) circle ; (/) theorem ; 
(g) altitude of a triangle ; (h) base of a triangle. 
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EXERCISB 30 

Carry out all results in this exercise to one decimal place : 

1. State the theorem about the square of the hypotenuse of 
a right triangle. 

2. Find the altitude of a right triangle whose base is 13 feet 
and whose hypotenuse is 30 feet. 

Solution : 1. Let x = the number of feet in the altitude. 

2. Then a;2 + 13^ = 802. (why?) 

S. Complete the solution. 

3. Find the base of a right triangle whose hypotenuse is 
45 feet and whose altitude is 27 feet. 

4. If the altitude of a rectangle is h feet and its base is 
four times its altitude, find the length of the diagonal. 

5. Solve the formula A* = a' + 6*: (a) for a; (b) for 6. 

6. Find the altitude of an isosceles triangle whose equal 
sides are each 15 inches and whose base is 8 inches. 

7. Find the altitude of an isosceles triangle if its equal 
sides are each 4 b inches and its base is 2 & inches. ^ 

8. Find the altitiide of an equilateral triangle if its sides 
are each 8 inches. 

9. Find the altitude of an equilateral triangle if its sides 
are each a inches. 

10. (a) What is the formula for the area of a circle ? 
(6) Find the area of the circle of radius 7 inches. 

Express the results of the following examples in sirr),plest radical 
form : 

11. Solve the equation u4 = ttt* for r: (a) letting ir = 3|; 
(h) without substituting for w its value. 

12. The volume of a circular cone is given by the formula 
F= J irr^h, where r is the number of units in the radius and h 
is the number in the altitude, Find V when r = 5 feet and 
A = 13 feet. 
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13. Find the radius of a circular cone whose volume is 528 
cubic feet and whose altitude is 14 feet. 

14. Solve the formula for the volume of a circular cone for 
r in terms of F, h, and ir. 

16. Solve the formula iS' = 4 nr* f or r. 

16. The distance «, in feet, through which an object falls in 
t seconds is given by the formula s^^gt\ where g = 32. 

Suppose that a stone is allowed to fall from a tower; how 
far will it fall in : (a) 3 seconds ? (6) 6 seconds ? 

17. How long will it take a ball to fall 300 feet ? 

18. Washington's Monument in Washington, D.C., is 555 feet 
high. How long will it take a ball to fall that distance ? 

19. Solve the formula F= 2 ir^Rr^ for r. 

20. Solve the formula v = f irr^a for a. 

COMPLETE QUADRATIC EQUATIONS 

74. A Complete Quadratic Equation is a quadratic equation 
having only one unknown, which contains the first power of 
the unknown as well as the second power ; as, 

2ar^-3aj-5 = 0. 

A complete quadratic equation may be Solved by Factoring. 
The solution is based upon the fact that if one of the faciOTs of 
a product is zero, the value of the product is also zero. 

Thus, 3 xO = 0; (- 5) x = ; 2 x x (- 3) =0 x (-8) =0. 

Example 1. Solve the equation 4 ic* — 9 = 0. 

Solution ; 1. Factor : (2 a; - 3) (2 a; + 3) = 0. 

2. If 2x-3 = 0, then (2a;-3)(2a; + 3) =0. 

2x — 3 = 0, if 2x = 3ora; = +f. 

3. If 2a;4-3 = 0, then (2a;-3)(2a;4-3) = 0. 

2a; + 3 = 0, if 2ic=-3, ora;=-f 

4. The roots of the equation are + } and — |. 
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5. Check : Does 4(j)a -9 = 0? 

^ 9 
Does^. "-9 = 0? i.c. 9-9 = 0? Yeg. 

i 

Doe8 4(-i)2-9 = 0? 

^ 9 
Does^. "-9 = 0? i.6. 9-9 = 0? Yes. 

Rule. — To solve an equation by factoring : 

1. Transpose all terms to the left member. 

2. Factor the left member completely. 

3. Set each factor equal to zero, and solve the resulting equations. 

4. The roots obtained in step 3 are the roots of the given equa- 
tion. Check by substitution in the given equation. 

Example 2. Solve the equation ^ - ^ = ^ . 

3 2 6 

Solution: 1. M»:* 2wi2— 8m = 36. 

2. Sss: 2w2-8w-36=0. 

3. Factor: (2i» + 7)(to - 5) = 0. 

4. 2w + 7=0, if TO=-f 

7W — 6 = 0, if wi = + 5. 

5. The roots of the equation are + 6 and — J. 
Check by substitution. 

EXERCISE 31 

Solve the following equations by factoring : 

1. iB2-16aj4-54 = 0. 5. 8iB*-10a;4-3 = 0. 

2. iB2 + 4a; = 96. 6. a^ + 7aj = 0. 

3. a^ = a; + liO. 7^ »« + aaj-2a« = 0. 

4. 6ar^ + 7a:-f 2 = 0. (Solve for a.) 

* For meaning of '* Mg : " see § 36. 
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30^— ma? -.4m»=s0. 


16. 


B-t 12 
3-t 6-t 


9. 


15aj* + a* = 2A;«. 






10. 


lOiB* + 7 ma? = 12 m«. 


16. 


8 --2 + 1. 
«_3 «_4 ' 


11. 


aj» 2aj 9 ^ 
10 5 2 ' 


17. 


6 3 1 
y-3 y-4 6 


12. 


2 7 1 


18. 


2 16 



3 9x Sx' p-3 6 i}-8 



13. A-_L = 1. 19. 3_2(m+6)^,m±6 

2a?^ 4aj 4 m+S 2 



14. ?-l = li. 20. ^ + ^-^ 



6 2 3aj a?- 2 8 (aj-2)» 

76. Graphical Solution of Equations with One Variable. Many 
facts about equations containing one variable can be discovered 
by the aid of graphical representation. 

Example 1. Consider the equation 3 a? — 12 = 0. 

The expression 3 x — 12 has a different value for each value of x. 
Thus, if a; = 2, 8 a; - 12 = - 6 ; if a; = - 8, 8x - 12 = - 21. 
The problem is to find the value of x for which the expression S a; - 12 
will equal zero. 

Gbaphical Solution : 1. Let ^ = 8 x — 12. 

2. Find values of y for some values of x : 

if X = 0, y =- 12 ; if x =- 2, y = - 18 ; 

ifx=+6, y=+3; ifx = +6, y = + 6. 

3. Use these pairs of numbers ajs coordinates of points and draw the 
graph. 
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^. BG crosses the x axis at point ^. The co5Tdinate8 of il are : x = 4, 

y = 0. 

5. Hence when a = 4, 3 as — 12 = 0. (y is the expression 3 sb — 12.) 
.*. a; = 4 is the desired solution of the equation, for we were looking for 

a value of x for which 3 x — 12 = 0. 

Rule. — To solye graphically an equation containing one yariable : 

1. Simplify the equation as much as possible. 

2. Transpose all terms to the left member. 

3. Represent by y the expression found in st^ 2. 

4. Find for y the values which correspond to selected values of 
the yariable in the equation. 

5. Use the pairs of values obtained in step 4 as coordinates of 
points ; plot the points ; draw the graph, making the vertical axis 
the j( axis. 

6. The graph crosses the horizontal axis at points whose ordi- 
nates are zero, and whose absciss® are the desired roots of the 
equation. 
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Example 2. Solve the equation x* — a; = 6. 

SoLUTiOH : I. jc* — X = 6, or X* — a: — 6 = 0. 

2. Lety = a;2 — a; — 6. 

3. If JC =- 4, y =(- 4)2 - (- 4) - 6 = 16 + 4 - 6 = + 14. 
4. 



Similarly if x = 


P 


-f 1 


+ 2 


4-4 


4-6 


-1 


-2 


-3 


-4 


then y = 


-6 


-6 


-4 


+ 6 


+ 14 


-4 





+ 6 


+u 




6. The graph crosses the horizontal axis at the points A and B. Ac- 
cording to the rule, the abscissae of these points are the two roots of the 
equation. 

At^: x=-2, y = 0; i.e. a;2-a;-6 = 0. 

AtJ5: x = + S,y = 0; i.e. a;2 _ a; _ e = 0. 

Check: x =- 2 ; does (- 2)2-(— 2)— 6 = 0? Yes. 
x = 4-3; does(4-3)2-(+3)-6 = 0? Yes. 



EXERCISE 32 

Solve graphically the equations : 

1. a;-3 = 0. 3. aj2-9 = 0. 

2. 2aj = 9. 4. iB24-3a = 10. 



5. a^_7a;4.10=0 

6. iB24-7aj4-6 = 0. 
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7. Between what two integers does each of the roots of the 
following equation lie ? 4 a?^ — 4 a? — 35 = 0. 

Obtain the approximate roots of the following equations to 
the first decimal place. 

8. 2iB2-aj-ll=0. 9. x^ + 3x-U = 0. 

76. Solution by Completing the Square. 
Development 1. Find: (a) (a? — 4)'; (6) (a? 4-6)*; 

2. When is a trinomial a perfect square ? (See § 15, c.) 

3. Make a perfect square trinomial of a^ — 10 x. 

Solution : 1. i of 10 = 5 ; 62 = 26 ; add 26. 

2. The perfect square is a;^ — 10 x + 26 or (x — 6)2. 

4. Make perfect square trinomials of the following : 

(a) a^-12a?; (6) f-Uy, (c) z^-26z. 

5. Solve the equation a^ — 12 a? -f 20 = 0. 

Solution: 1. S20: «" — 12x=— 20. 

2. Make the left member a perfect square by adding 36 ; therefore 
add 36 to both members (§§ 36, 37). 

Ase : x2 _ 12 a; + 36 = 36 - 20, 

or _ (x- 6)2 = 16. 

3. V": x-6=±4. 

4. .*. X — 6 = + 4, or X = 6 + 4 = 10, one root, 
and X — 6=— 4, orx=6— 4=2, another root. 

Check : x = 10 ; does (10)2 - 12(10) + 20 = ? Yes. 

X = 2 ; does (2)2 - 12(2) + 20 = ? Yes. 

6. Solve the equation a:* — 3a? — 6 = 0. 

Solution : 1. x2 — 3 x — 6 = 0. 

2. Aj: x2 — 3x = + 6. 

3. i(-3)=-f; (-})2=+j; add f to both members. 

4. A|: x2-3x + J = 6 + f = -¥- 
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...x = |±l^^ = »±^. 

7. BadlciJ results, xi = ^±^ wid«, = i:=^^. 

8. Decimal results, g^ =: « + 6-386 ^^^ 8-6.886 

2 2 

_ 8.886 _. — 2.886 

2 2 

= 4.192-r- =-1.192+ 

Chbck : To check the solution by substituting the roots in either their 
decimal or their radical form is a long process, with many opportunities 
for errors. Persons skillful in algebra check by going over the solution 
carefully. 

A quick check, the reason for which will be learned later in algebra, is 
to find the algebraic sum of the roots ; this result should equal the nega- 
tive of the algebraic coefficient of x in the equation in which the coefiBcient 
of x^ is 1. 

Here : + 4.102+ The coefficient of x^ is 1. The coefficient of z 
— 1.192+ is — 3. This equals the negative of the algebraic 

Sum. + 3 sum of the roots. 

If the coefficient of 7? is not 1, first imagine the equation divided by 
that coefficient, and then select the coefficient of x. 

Rule. — To solve a quadratic equation by completing the square: 

1. Simplify the equation ; transpose all terms containing the 
imknown number to the left member, and all other terms to the 
right member so that the equation takes the form 

2. If the coefficient of x^ is not i, divide both members of the 
equation by it,- so that the equation Ukes the form 

3. Find one half of the coefficient of x, square the result; add the 
square to both members of the equation obtained in step a. This 
makes the left member a perfect square. 
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4. Write the left member as the aguare of a binomial; express 
the right member in its simplest form. 

5. Take the square root of both members, writing the double 
sign, ± , before the square root in the right member. 

6. Set the left square root equal to the + root in the right 
member of the equation in step 5. Solve for the unknown. This 
gives one root. 

7. Repeat the process, using the — root in step 5. This gives 
the second root of the equation. 

8. Express the roots first in simplest radical form, and then, if 
desired, in simplest decimal form. 

EXERCISE 33 

Solve by completing the square : 

1. iB* + 4aj-5 = 0. 10. m« + 10m = 3. 

2. aj*-8aj-33 = 0. 11. a!^ + 3a;-4 = 0. 

3. aJ» + 6a?-27 = 0. 12. «» = 5« + 6. 

4. aj* + 10a; + 21=0. 13. y« + 3y = 10. 

5. aj*-.12aj-13 = 0. 14. z* + z=z6. 

6. 2/*-2y=ll. 16. r»-3 = r. 

7. a«4-6a = 9. 16. 2* = 2 + 32;. 

8. c2-4c = l. 17. «;* + 6w; + 3 = 0. 

9. (P-8d~8 = 0. 18. a*-7a + 7 = 0. 

19. Solve the equation a:* — ^a? = 1. 

Solution: 1. jof (-})=- J; (-J)« = i. 

2. Aj: JB^-fx-f i = l+i. 

3. (a:-J)2 = V. 

4. x-i=± JvlO. 
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6. x-J = jVlO. 


«-i 


= - jVio. 


.•.a; = J + jViO 


X 


= i-lVio 


_H-VlO 
8 




1- VIO 
3 


_ 1 -h 8.162 
3 




1 - 3.162 
3 


-^'^^^-.im^. 




- 2.162 



= - .720+. 



20. x^-\-ix = i. 33 i_A = l. 

21. y*-|y = 6. 

22. 2i»-f«-l = 0. 34. 2a: + ^ = A. 

2 4aj 

23. a24-ia = f 

24. .-f. -1 = 0. 35. 1 + 1=-^. 

25. <^-|« = :V^. 

26. 3iB2-2a; = 40. 

27. 4m* — 8m = 46. 

28. 8r*+2r=3. 

29. 4:t^-3t = S. 

30. i«2 + 7aj = 5. 

31. 9c2 + 18c = -8. 



36. 


l_j^ 3 _ 6 
5 ia 4a' 


37. 


24 24_^ 
x-2 X 


38. 


5 ,8-3. 


6_y ' 8-y 


on 


d-3 d+4_3 



32. 9 0524-4 «= 6. d-2 d 

77. Solution of Literal Quadratic Equations. 
Example. Solve the equation aa^ — 3 6a — c = 0. 
Solution : 1. * ax^ — 3 6x — c = 0. 

2. Da: a;8-.^a;--^ = 0. 

8. A.: a;s_§ia=«. 

^ a a 
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4. The coefficient of x is (^^) J one half of it ia f ^^=^). 

The square of ( ^^^^— ^ ) is ( — ^V Add this to both members of equa- 



tion 8. 



5. ^.^x+m=^+?.. 

a 4 a* 4o2 a 
3 6\2^ 9&g-f 4ac 



. ^-r-36\2^96MiJ 
*A 2o; 4a2 



2a 2a 



7 J. _ + 3 6 i: \/9 ftg + 4 «c 

2o 



g . ^ _ + 3 6 -f V9 6-* -f 4 gc . g _ + 3 6 - \/9 ^'^ + 4 ac 
* " ^ 2a ' 2a 

Check : Xi -f «2 =^^^ — - = 4- — . Since this is the negative of the 
2a a 

coefficient of x in step 2, the roots are correct. 



EXERCISE 34 

Solve the following equations for x : 

1. aj*-f 2 7waj = l— w«. 8. aj* — 2 aa; = 9- 6a. 

2. aj2 + 6aa;-5 = 0. 9. ar'-lO to = -9«2, 

3. a^ — 2ax + b = 0, 10. CKc2 + 4ic + l = 0. 

4. iB*4-6aj-c=0. 11. 6iB2 + 2ca;-3 = 0. 

5. aj2+paj+g = 0. 12. ca^ + 2cte + e = 0. 

6. 2a:2 + 6aj — n = 0. 13. aa^ + 6a; = 0. 

7. 2ai2 + 4aaj — c = 0. 14. aaj« 4-^ 4- c = 0. 

78. Solution of Quadratic Equations by a Formula. All quad- 
ratic equations having one unknown may be put in the form 
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This equation has been solved as Example 14 of Exercise 34. 
The roots are: _6±V^^^4^ 
'^ 21 

This result is used as a fonnuUi for solving any quadratic 
equation of the form aa:* + fta? 4- c = 0. 

Example 1. Solve the equation 2a^ — 3aj — 5 = 0. 
Solution : 1. Comparing the equation with 005* -f &x -f c = : 

a = 2, 6 =-8, c=-5. 
2. Suhstitute these values in the fonnola : 



2a 



8. Then ,^ -(- 3):fc V(-3)»- 4(2)(- 6) 

4 

4 4 * 

4. ...xi = -^ = ---,x,-^^~ — — 1. 

Check : »i = }. Does 2( J)» - 3(i) -6 = 0? 

Doe82.J«^-¥-S = 0^ 
Does jyi-y-5 = 0? Yes. 
x,=-l. Does 2(-l)«-3(-l)- 6 = 0? 
Does2 + 3-5 = 0? Yes. 

Example 2. Solve the equation 2a^ — 3aj — 3 = 0. 

Solution : 1. a = 2, 6 = — 3, c =— 3. 

2. Substituting in the formula, x = ^- : 

_ 8j:V9 + 24 _ 8j: V§8 _ 3 ± 6.744+ 
*" 4 4 4 

,. XX = 5:^^^ = 2.186+; x, = ^i^ = - .686+. 
4 * 

Chbck : 2.186+ The coefficient of a; is — |, when the coeffi- 

^ .686+ cientof x« = l; 1.6=-(— |). 

1.600 (For this method of checking, see § 76.) 



QUADRATIC EQUATIONS 89 

EXERCISE 36 

Solve the following equations by the formula: 

1. aj»-12a? + 32 = 0. ^^ A^H^L. 

2. y» + 7y-30 = 0. ^* ^^ ^^ 

3. 2««-32-20 = 0. ^4 2c^ll^J[_^ 

4. 30^-0.-4 = 0. ' ^ ^^ 2^* 
6. 43^ — 5y- 21 = 0. 

6. 20m« + m-2 = 0. 

7. 9w;*-13w; + 3 = 0. 

8. 6m*4-w = 3. 

9. 4r»-7r = -3. 
10. 5or^ + 3oj = 9. 



11. 



2 6 3* 





a; 1 5 1 


16. 


6 3 2a! 2 


1 A 


6a + 6_4« + 4 




4«_3 a-3 


17. 


/ -2t-5. 

7-t 


18. 


2 3 6 
to — 1 w 6 


19. 


2x+l ^_ 1 

x+1 (x + iy 



12. JL-.1=-A.. 
et" 2 i2t 

79. Summary of Methods of Solymg a Quadratic. Four 
methods of solving a quadratic equation have been given: 
the graphical, by factoring, by completing the square, and by 
the formula. The first is useful mainly as a means of illus- 
tration ; the third is useful mainly in solving the general quad- 
ratic «»* + 6a? -t- c = 0, and, thus, in deriving the formula; the 
fourth is used whenever the solution is not readily accomplished 
by factoring. 

Historical Note. Greek mathematicians as early as Euclid were able 
to solve certain quadratics by a geometric method, about which the student 
may learn when studying plane geometry. Heron of Alexandria, about 
110 B.C., proposed a problem which leads to a quadratic. His solution is 
not given, but his result would indicate that he probably solved the equar 
tion by a rule which might be obtained from the quadratic by completing 



90 ALGEBRA 

its sqoare in a certain manner. Diophantos, 276 a.d., gave many problems 
which lead to quadratic equations. The rules by which he solved his 
equations appear to have been derived by completing the square. He 
considered three separate kinds of quadratics. He gave only one root for 
a quadratic, even when the equation had two roots. 

The Hindu mathematicians, knowing about negative numbers, con- 
sidered one general quadratic. Cridharra gave a rule much like our 
formula. The Hindus knew that a quadratic has two roots, but they usu- 
ally rejected any negative roots. 

The Arabians went back to the practice of Diophantus in considering 
three or more kinds of quadratics. Mohammed Ben Musa, 820 a.i>., had 
five kinds. He admitted two roots when both were positive. Alkarchi 
gave a purely algebraic solution of a quadratic by completing the square, 
and refers to this method as being a diophantic method. 

In Europe, mathematicians followed the practice of the Arabians, and by 
the time of Widmann, 1489, had twenty-four special forms of equations. 
These were solved by rules which were learned and used in a mechanical 
manner. Stifel, 1486-1667, finally brought the study of quadratics back 
to the point that had been reached by the Hindus one thousand years 
before. He gave only three normal forms for the quadratic ; he allowed 
double roots when they were both positive. Stevin, 1548-1620, went still 
farther. He gave only one normal form for the general quadratic, as do 
we ; he solved this in both a geometric and an algebraic manner, giving 
the method of completing the square. He allowed negative roots. 

EXERCISE 36 

Supplementary Miscellaneous Examples 

Solve the following equations by any of the preceding 
methods. As a rule, solve by factoring if possible ; otherwise 
by the formula. 

1. (3aj + 2)(2ic-3) = (4a;-l)2-14. 

2. y(5y+22) + 15=(2y + 5)2. 

3 A4.i^=-1? 5 ._i IL = A 

* 4^ 3 6 * r-2 r-3 15 

6,44 ^ 3«7 4-5w;_ 5 



7 -^y y 3 4 — 5m7 Sw 6 



7. 
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2a? — 1 _ X x—h ,^ ^ a— 2 6 a? • 

X iB-|-4 X 



xu. 


JL — 


aj4-4 


T 


11. 


a- 


^- 


a 
'3' 


12. 


3^ 


_3 <j 


-4 

n 



8 a?~2 a? + 4 ^- 7 
aj + 5 a — 3 3' 



^ a(a-l) 2^ a'-l _ 

'2a-f5 3 3' 4 2^«-h3 



10 a? , a;— l_ a^4-a? — 1 
x^, --1 . 

a? — 1 X 7? ^x 

X X a*4-2aj — 2 



14. 



a? + 2 aj + 3 a^ + Saj + B 



2r + l _r-9_^l. 
7-r ^3r-l 



16. 3«;-13^ 5 ,^, 
6 — w to — 4 



17. ^^ = 8+ 6 



2v 4d-3 



2m — 5 3 m— 6 



19 5 7 ^ 8^;'-13v-64 

2«4-3 3w-4 6«> + i;-12 



20. -^+ ^^ — + -^ ^0. 

a!-2^24(a! + 2) 4-ie« 
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21. Solve the equation 2|)W — 3 j%c — 1 = 0. 



Solution : 1. Use the formala x = — "^ \ ^. 

2a 
2. a = 2p« ; 6 = — 3p ; c = - 1. 

* " 4pa 4i>a ' 

. 3.- 3p±vTr^ _ 8i)J:p\/l7 ^ 3d=Vi7 
4j>8 4j>* 4|) 

Hence x,=?4^; and «, = ^:^. 
4i) Ap 

Solve for a? : 

22. aj* + 5maj + 6m* = 0. 26. aj*-f2to = r*-e*. 

23. 3aj2-4ra; + 6«=0. 27. |gfaj* = Axb + ?. 

24. 4«V + 21to = 18. 28. aj* + (n + l)aj = - ti. 

25. 12a^ = 236a;-5e». 29. aj* + (a — 6)aj-a6=0. 

30. ria:^— 2(r + «)aj + 4 = 0. 

31. a^-2rfa;-5aj=~10(!. 

32. (a -4)' -(a; + 3)' =-217. 
1 1 14 



33. 



aj2-3aj aj24-4aj 15a^ 



34 2(7 + 1 3gr-2 ^17 
* 3^-2^2^ + 1 4 

3V4JS-1 2^ V3JB4-1 3y 



36. _^-,,^A_ = i + 
37. 



aj2-4 3(aj4-2) 2-aj 

a a 4 



2a;4-a 3aj.-4a 3 
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38. (d«-d-2)a*~(5d- !)««-«. 

Qo ag — CD , X'\-a a^ — 5 a* 
av, — ■ j = — — • 

x + aa — xa^ — a* 
40. (m + n)a?* + (3m + n)a? + 2m = 0. 



EXERCISE 37 

1. Twice the square of a certain number equals the sum of 
15 and the number. Find the number. 

2. If three times the square of a certain number be in- 
creased by 10 times the number^ the sum is 8. Find the 
number. 

3. Find two consecutive numbers whose product is 462. 

4. The sum of the squares of three consecutive integers 
is 434. Find the integers. 

5. The sum of a certain number, and its reciprocal is ^. 
Find the number. 

6. Find the dimensions of a rectangle whose area is 352 
square feet, if its length exceeds its width by 6 feet. 

7. The denominator of a certain fraction exceeds twice the 
numerator by 2, and the difference between the fraction and 
its reciprocal is f{. Find the fraction. 

8. Find the base and altitude of a triangle whose area is 
60 square inches, if the base exceeds the altitude by 7 inches. 

9. Find the dimensions of a rectangle whose area equals 
that of a square of side 18 feet, if the difference between the 
base and altitude of the rectangle is 15 feet. 

10. Find the dimensions of a rectangle whose area is 3000 
square feet if the sum of its base and altitude is 115 feet. 

11. Find the base and altitude of a right triangle if the 
hypotenuse is 13 feet and if the base exceeds the altitude by 

7 feet. 
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12. Find the base and altitude of a right triangle if the 
hypotenuse is 17 feet and if the sum of its base and altitude 
is 23 feet. 

13. A fast train runs 8 miles an hour faster than a slow 
train; it requires 3 hours less for a trip of 288 miles than 
does the slow train. Find the rate of each train. 

14. An automobile party made a trip of 160 miles. By in- 
creasing their average rate by 4 miles an hour, they can make 
the return trip in 2 hours less time. Find their average rate 
going. 

15. A crew can row downstream 18 miles and back again in 
a total time of 7^ hours. The rate of the current is known to 
be one mile an hour. What is the rate of the crew in still 
water? 

16. Some boys were canoeing on a river, in part of which 
the rate of the current ds 4 miles an hour and in part 2 miles 
an hour. If, when going downstream, they go 3 miles where 
the current is rapid and 6 miles where the current is slow in a 
total time of If hours, what is their rate of rowing in still 
water ? 

17. A tank can be filled by one pipe in 4 hours less time 
than by another. If the pipes are open together 1^ hours, the 
tank will be filled. In how many hours can each pipe alone 
fill the tank? 

18. I have a lawn which is 60 feet by 80 feet. How wide a 
strip must I cut around it when mowing the grass to have cut 
half of it? 

Hint : Referring to the figure, it is clear that if 
10 = the number of feet in the width of the border 
cut, then the dimensions of the uncut part of the 
lawn are (60 — 2 w) and (80 - 2 w). 

Hence, (60 - 2 to) (80 - 2 w) = i . 60 . 80. 

Complete the solution. 



w jw 




»^lr'. 


I 


80-2W 




•^ 






j8 






1 
w • 




!.. 


■ > 




w,w 
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19. A farmer is plowing a field whose dimensions are 40 
rods and 90 rods. How wide a border must he plow around 
the field in order to have completed ^ of his plowing ? 

2Q. The numerator of a certain fraction is 2 less than the 
denominator. The reciprocal of the fraction exceeds the frac- 
tion itself by -J^. Find the fraction. 

21. In the formula 8 = at + ^g(l^, let « = 124, a = 30, and 
g = 32. Find«. 

22. From the formula /S = ^ {2a -h(w— l)d}, determine n 
when /S = 5, a = 5f and d = — 1. 

23. The numerator of a certain fraction is 5 less than the 
denominator. If 6 be added to both the numerator and the 
denominator, the resulting fraction is f of the original frac- 
tion. Find the fraction. 

24. A picture 15 inches by 20 inches in size is to be sur- 
rounded by a frame, whose area shall be J of that of the picture 
inclosed. What must be the width of the frame ? 

25. The rate of one train exceeds that of another by 5 miles 
an hour. The fast train makes a trip of 150 miles in one hour 
less time than the slow train. Find the rate of each train. 

26. A workman and his assistant can do a piece of work 
together in 3| days. It would take the assistant 4 days longer 
to do the work alone than it would take the master work- 
man. How long would it take each alone to do the work ? 

27. The area of a certain trapezoid is 150 square feet. The 
upper base exceeds the altitude by 2 feet and the lower base 
exceeds the altitude by 8 feet. Find the two bases and the 
altitude of the trapezoid. 

28. Divide 30 into two parts such that the square of the 
greater shall equal the product of 30 and the smaller. 

29. Keplace the number 30 of Example 28 by the number a 
and solve the resulting problem. 
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DCAGINART ROOTS IN A QUADRATIC EQUATION 
80. Example. Solve the equation ob^ — 2 a; + 5 = 0. 
SoLunov : 1. Uae the fommU method of solving the equation. 
a = l, 6 = -2, c = 6. 



2a 2 



8. = 



_ -t-2 J:V4^20 _ 2 j:\/^n6 



The question arises, what does V— 16 mean? Is —4 the 
square root of —16? No, for (— 4)* = 4.16. Is +4? No, 
for (+4)* = + 16. Thus, no number with which the student 
is acquainted will produce — 16, when it is squared. 

81. No rational number raised to an even i)ower will pro- 
duce a negative result ; hence an even root of a negative num- 
ber is impossible up to this point. To avoid this difficulty, a 
new kind of number is introduced. 

An Imaginary Nu mber is a n ind icated square root of a negs^ 
tive number; as, V— 16; V— 3; V— a*. 

The numbers previously studied are called Real Numbera. 

82. Every imaginary number can be expressed as the product 
of a real number and V— 1. 

V— 1 is indicatel t, and is called the Imaginary Unit. 



Thus, y/'^^ = V16(- 1; = ±4Vin: = i4i. 
>/:r^ = Va2(-l)= ±aV^ = ±ai, 
\/3"6 = v^6(-l) =±\/6. V^=T; = ±t-\/6. 
Historical Notb. The symbol i for V— 1 was introduced by Euler, 
one of the greatest mathematicians of the eighteenth century. 

EXERCISE 38 
Express the following in terms of the unit t : 

1. V^^. 3. V-49ar«. 6. V-25c*. 

2. vCTse. 4. V-lOOm*. 6. V-81a»6». 
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7 V-144H. 14. V^. 

8. V-169aj*. 16. V-24^ 

9. VHt- 1®- V-44. 



10. V^=^. 17. V-46c». 



11. VIT^. 18. V-20aW 

12. V-Tiira'. 19. V-50a^. 

13. V^^. 20. V-63y«. 



21. Simplify V-^. 



22. V^. 25. V^^. 28. V-if- 

23. V^. 26. V— ^. 29. V-H. 

24. V^=li. 27. V^:^. 30. V-Hi. 

83. Addition and Subtraction of Imaginary Numbers. 

EXERCISE 89 

1. Add V^=^and V^=36. 

Solbtion: V^ + y/^^^S6 = 2 < + 6 i* = 8 i. 

Note. While every imaginary number, like V— 4, has two values, one 
positive and one negative, in problems such as the one in this exercise, 
only the principal rootf the positive one, is used, as in the case of surds 

(§68). 

Simplify : 

2. ^/zrje^^/~i, 5. V-lOO-V-64. 

3. V^^+V^^. 6. V'=ri4.v-25-V^=l9. 



4. V^r81+V325. 7. V-a*-V-"4a«-V-9a2. 

8. V^=^36^4- V- 100 a?2 - V- 81 ««. 



9. V- 16 x^y^-'V- 26 7?y^ + V- 49 ^\ 
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10. V^=^+V^^. 13. V^r^+V35__v^^45. 

11. V^r3-KV^^n:2. 14. V^=^-2V=^ + 3V^. 

12. V=0[8 + V^=^. 15. y/:Z2S + 5V^-V^^. 

16. Simplify +|±.^/I^. 

2 ^ 4 2 2 2 2 

^6 3iV3 

2 2 

2 

The numbers in Examples 1-15 axe called Pure Imagiiiaries. 
The sum, or difference, of a pure imaginary and a real number, 
§ 81, as in this exercise, is called a Complex Number. 

Simplify : 



"■ iW^'- 


"■ !Wi^- 


21. i±. 




- IW^- 


- iw^- 


... ,^±, 


1/169 



84. A further discussion of imaginary numbers, more 
complete, including a discussion of the other fundamental 
operations upon imaginary numbers, is given in Chapter 
XIV. 

85. Meaning of Imaginary Roots of a Quadratic on the GrapiL 

Example. Consider the equation a:* -|- a; -f 2 = 0. 

Solution : 1. Solve the equation by the formula : 

a = l, 5 = 1, c = 2. 

_1 j^vT^TS ^ -l j:V3?7 ^ -l^<>/7 
2 2 2 
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2 ' 2 

2. Solve the equation graphically. (Review rule § 75.) 
Let y = x^-\-x + 2: 



When X = 
then y = 




+ 2 


+ 1 

+ 4 


+ 2 
4-8 


4-3 
4-14 


-1 

4-2 


-2 

+ 4 


-8 

4-8 


-4 

-f 14 



3. The graph has the same 
shape as the graphs obtained 
when solving other quadratic 
equations ; but the graph does 
not cross the horizontal aids 
at all. Hence, y or x^ + x -f- 2 
is never zero for any real value 
of X. 

This is characteristic 
of the graph of a quad- 
ratic which has imaginary 
roots. 



-- " ^- - "5 -r 


" : ^ . . x 


:^ ^i - ^ ^ -- j 


:^ :i +_ :^^_ _zn ^ 


T ^^ JL 


" r , ± 


5 ._ ,. id qi 


_ : X" ^l t ip - 




:: " Sz~ '^ t~ 




— t X 


I 3^ ^ 


^L ..^ ;^^ ^ 


_H- -^- -45 ^- it^U 


^^^ .jz 


_± s^ HI I^ ip ^ 




i^!i-------i- i_,-::,_ii_ 


- , -1^ -: -!i - t * 1 +■! +'f :+'. .- 










" ' Il 



EXERCISE 40 

Solve the following equations. Express the roots in simplest 
radical form. Draw the graphs for the first three equations. 



2. aj2_2a;4-3 = 0. 

3. aj2_3aj-|-4 = 

4. 2 a^- 2x4- 1 = 0. 

5. 3m2-2m + 2 = 0. 

6. 4c»-5c4-2 = 0. 

7. 9r2-|-4 = 8r. 

8. «»--Ja;-|.i = 0. 



10. 

11. 

12. 
13. 
14. 



m-3 2 
2m4-l _ m4-7 ^ 
m — 1 m + 1 

3 a 2 

3ar^-5i<;a; + 3it'2 = 0. 
5«2_8to + 5<2=:0. 



IX. SPECIAL PRODUCTS AND FACTORING 
ADVANCED TOPICS 

86. In paragraph 10 is the rule: "The product of the sum 
and the difference of any two numbers equals the difference of 
their squares " ; thus, (x + y)(x — y) = a^ -^ f £ot alL numbers x 
andy. 

Ha? = ?aandy = 36, (2a 4-3 6)(2a-3 6) =4a2-9 6«. 

If « = 14 and y = 5, (14 + 6)(14 - 6) = 196 - 26 = 171. 

If X = (a + 6) and y =(c + d), then similarly 

[(« + ft) + (c + d)2l(a + 6) - (c 4- d)]= (a + 6)« - (c + d)K 

Likewise, in any of the type forms studied in Chapter 11, 
the numbers may be general number expressions. . 

Example 1. Multiply (a + 6 + c) by (a + 6 — c). 

Solution: 1. (a 4-6 + c)(a + 6- c) ={(a + 6) +c}{(a+ 6) — c} 
2. = (a + 6)2 - c2 = a^ + 2 a6 + 6^ - c«. 

Here x =(a + 6) and y = c. 

Example 2. Multiply (r + 5 -f ^ — n) by (r + 5 — « + n). 

Solution : 1. (r -f « 4- « — n)(r + « - « 4- n) 

2. ={(r4-«)4-(«-«)}{(r4-«)-(«-w)}=(r4-«)^-(t-n)a 

8. = f^ 4. 2 r« 4- «* - «2 4- 2 «n - n2. 

Here jc = (r 4- «) and y = (« — n). 

Note. In such examples, the rules for introducing parentheses (§ 6) are 
nsed. The various terms of the expressions may be rearranged, if necessary, 
so that one factor becomes the sum and the other the difference of the same 
two numbers, when the terms are grouped. 

100 
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EXEBOISE 41 
Find the following products mentally : 

1. l(a + 6) + 6H(a + 6)-6}. 

2. \(m + n)'-2p]\(m + n)+2pl. 
8. \10-(r + 8)\\10+(r + s)l. 

4. \3p-(c + d)l\Sp + (c + d)l 

6. {(c + 2d)-lla}}(c + 2d) + llo}. 

6. (a — 6 + c)(a — 6 — c). 

7. (a? — y + »)(« — y— «)• 

8. (a« + a-l)(a*-a + l). 

10. (a + 26-3c)(a-26 + 3c). 

11. (3aj + 4y + 22;)(3aj-4y-2»). 

12. .(aj»+a?-2)(a?-aj-2). 

13. (a + r— c + ci)(a+r + c — d). 

14. (a — 6 + w -I- n)(a — 6 — m — n). 
16. (2a5 + » — y + w)(2» — « — y — w). 

16. {(« + &) +2(a-6)n(a + &)-3(a-6)|. 
Solution : Juat as (as + 2 y)(a; — 3 y) = a:^ — ay — 6 y", 

80 {(o + &) + 2(a - 6)}{(a + 6) - 3(a - 6)} 

= (a + 6)« - (a + 6) (a - 6) - 6(a - 6)« 
= (a» + 2 a6 + 6«) - (a^ - 62) - 6 (a^ - 2 a6 + 6*) 
= a« + 2 a6 + 6« - a« + &^ - 6 a2 + 12 a6 - 6 6» 
= 14a6-6a«-46a. 
Here « = (a + 6) and y = (a - 6). 

17. |(m + n)-4} }(m + n) — 6|. 

18. f(a?-y)+8}{(a?-y)-6}. 

19. {3»-(yH-«)n2«-(y+«){. 



102 ALGEBRA 

20. [x + Sy-^lBzl {ar+3y-10«}. 

21. {r + 2« — 3<{ {r f2« + 7<}. 

22. }3i>-4(^ + r)| {4p-6(g + r)J. 

23. {a? + 2aj + l} {ic» + 2aj-5}. 

24. [(a + 6) -6]*. 26. [2a-(c + d)]«. 

25. [6 + (m-n)]«. 27. [a + 6 + c]*. 

28. From the result of Example 27, make a rule for deter- 
mining by inspection the square of any polynomial. 

Find the following by the rule made in Example 28 : 

29. [a + 36-c]*. 31. 2 r + s- « + «]*. 

30. [a-& + c-d]«. 32. [3a - 6-f 2c-d]«. 

87. General Problems in Factoring. 

Example 1. Just as x^ — 3 x — 88 = (as -~ 11) (« + 8), 

80 (a - 2 6)2 - 8(a - 2 6) - 88 = {(a - 2 6) - 11} {(a - 2 6) + 8} 

= (a - 2 6 - 11) (a - 2 6 + 8). 

EXERCISE 42 

Factor completely the following expressions : 

1. (a+6)»-c*. 7. (a?-y)» + 2(ar-y)-a3. 

2. (rri'-ny-as'. 8. (« + y)» - 5(a? + y) - 36. 

3. a?^(y^zy. 9. (r + s)2 + 4(r + s)i-6il 

4. rn^^in-py. 10. (p-g)2+8(p-g)r-30r». 

5. (7x-2yy^y\ 11. (aj^ - 4)« - (a; + 2)«. 

6. (a -h 6)2 + 23(a + ft) + 60. 12. 9(m-n)«-12(m-n)-f-4. 

13. (x — yy — im — ny, 

14. (a2-2a)2-h2(a*-2a) + l. 

15. (1-f ri2)2-47i2. 

. 16. (a^ + 3a?)2 + 4(a;2-h3a;) + 4. 
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17. (9a« + 4)«~144al 

18. (a«-h7a/ + 20(a> + 7a)-96. 

19. (m-|-n)* + 7(m + w) — 144. 

20. (aj' + a?-9)*-9. 

21. (x + yf - 7?. 

22. (r + s)* + 8^. 

23. (m + w)' — (m — n)'. 

24. a»4-(a + l)l 

25. a»-8(a+6)». 



26. (aj + y)» + (a?-y)«. 

27. i»«-(aj«-|.l)«. 

28. 27 m»-(m-n)». 

29. (2a-6)8-(a + 2 6)«. 

30. (a? + 3y)«-(a?-3yy. 



88. Polynomials Reducible to the Difference of Two Squares. 

Certain polynomials may be put into the form of the differ- 
ence of two squares by grouping certain terms. 

Example 1. Factor 2 mn + m* — 1 + n*. 

Solution: 1. 2 win + w^— 1 H-n^ = (m2 4-2 mn H-n^) - 1 

2. = (m -f n)a - 1 

3. =(«H-n4-l)(TO4-n-l). (§87) 

Example 2. Factor a* - c^ -f- ft^ _ ^^a _ 2 cd - 2 a&. 

Solution ! 1. a" — c^ + 62 _ ^ _ 2 cd — 2 a6 

2. = (02 - 2a6 + V^) - (c2 + 2c(i + <i2) 

8. =(a-6)2_(6 + (?)« 

4. =((o-6) + (c + (?)}{(a-6)-(c4-(f)} 
6. r= (a - 6 + c + rf)(a - 6 - c - d) 



EXERCISE 43 



Factor: 

1. a*-2a6 + 6*-A 

2. m* + 2m»+n*— ^. 

3. a' — aj* — 2ajy — 2/*. 

4. a?-2/»-2;« + 2y2f. 
B. ft2-4 + 2a64-a«. 



6. 2mw — n* + l — m*. 

7. 9a>-24a6 + 1662-4c«. 

8. 16a^~4y2 + 20y«-252«. 

9. 4n* + m* — «^ — 4mn. 
10. 4a«-66-9-6». 
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11. 10 xy -9 z'^ + y* + 25 ix^. 

12. a«-2a6-|-6*-c« + 2od-d«. 

13. a«-6» + aJ«-y« + 2aa + 26y. 

14. aj' + w* — y* — n* — 2m»— 2ny. 
16. 2ajy-a« + «'-2a5-6« + 2^. 

16. 4a*-h4a5 + 6*-9c» + 12c — 4. 

17. 16y«-36-8ajy-«2 + aj«-12«. 

18. m*-9n2 + 26a*-&2-10am + 66». 

19. 4a«-c» — 12a6 + 2c(f4-96*-cP. 
20". 9aj* — 4aj2 + 2?«-6a^-20a?y — 26y*. 

89. Trinomials Reducible to the Difference of Two Squares. 
Type Form: x^ + co^t-V^t- 
Example 1. Factor a* + a'd^ + h\ 

Solution :!.«* + a*6« + 6* may be changed into a perfect square by 
adding a%\ Adding and subtracting a^b^ : 

a* + o2&2 + 6* =(a* + 2 a2&a 4- 6*)- a252. 
2. .-. 0* + a^fta + 6* = ^aS + 62)2 . ^252 
8. =(«* + 62 + a6)(a2 + 62.^5). (jgyj 

Example 2. Factor 64 a* — 64 a^rri^ + 25 m*. 

Solution: 1. A perfect square containing 64 a^ and 26 m^ is 
64 0* — 80 02^2 + 25 m*. The given trinomial may be changed into this 
perfect square by subtractmg 16 a^^ ; then 

64 0* — 64 a2m2 + 25m* =(64 a* - 80 a^m'^ + 25 1»*)+ 16 a^\ 
But this is the sum of two squares and not factorable in this form. 
2. Another perfect square containing 64 a* and 25 m* is 64 a* + 80 a^ 
+ 25 m*. Adding and subtracting 144 a'^m'^ : 

64 o* - 64aam2 + 25 m* = (64 a* + 80a2m2 + 25 m*)- 144a«m2. 
8. .-. 64 0* - 64 a2m2 + 25 m* =(8 a^ + 5 m2)2 _(12 am)^ ^ 

= (8 aa + 5 m2 + 12 am) (8 a^ + 5 m^ - 12 am). 
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EXERCISE 44 
Factor the following trinomials : 

1. aj* + aj« + l. 13. 4r*-32rV + 49t*. 

2. a^ + aha^ + m\ 14. 9mV-mV + 16. 

3. c* + 6c« + 25. 16. 4p»-24i>V* + 26»^. 

4. y* + 32^ + 36. 16. 9a* + 17a»6»-}-49ft«. 
6. l + 2<« + 9«*. 17. 4a?* + 7a:y + 163/». 

6. l-r« + 16r*. 18. 9 «* - 31 <*a?» + 25 oj*. 

7. ir*-12ajy + 4y*. 19. 16 mV + 15 mV + 26. 

8. 9m*-19m« + l. 20. 25p*+34i>y + 49^. 

9. 42^-32y* + l. 21. a?*+4. 

10. 25ajy-ll«y + l. 22. !^ + 64. 

11. 4ct* + llaV + 96*. 23. a?* + 4^. 

12. 9m*-|-14mW + 26n* 24. 4aj« + l. 

90. Certain polynomials can be factored by grouping their 
terms. 

Type Form: ab + aC'\'bd+cd^(a + d){h+c). 

Example 1. Just as cu9 + 5a;a= (a + h)Xj (§ 5) 

BO a{x+y)+h(x + y)^(a + h){x + y). (§ 5) 

Example 2. Factor 6a^-15aj« — 8a5 + 20. 
Solution: L e««-16aa-8aj+20=(6««-15a;a)-(8aj-20) (§6) 
2. =3 x»(2 a;-5) -4(2 aj - 6) (§ 16, a) 

8. =(8aj^-.4)(2a?-6). 
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EXERCISE 46 
Factor: 

1. 2a(x + y)-'S(x + y). 11. 2 + 3a- 8a«-.12(i?. 

2. 6m(r-|-«) + 2n(r + «). 12. 3aj» + 6a? + a?+ 2. 

8. 3i)(2aj-y) — r(2aj— y). 13. lOma? — 15 na?— 2m +3fl. 

4. 8(i + w) — m(^ + M7). 14. cfx + abcx^a^by-Vcy. 

6. a(6 + c) - d(6 + c). 16. a*6c — ac*d + a6*d - 6ctP. 

6. ab + an + bm + mn. 16. 30a«-12a« — 55a + 22. 

7. oaj — ay + 6aJ-6y. 17. 56 -32aj + 21aj»-12a!». 

8. oc — ad— 6c + M. 18. 3ax^ay + 9bx — 3by, 

9. a» + a« + a+l. 19. 4aj' + «y-4^-16»y. 
10. 4aj*— 5aj* — 4a?+6. 20. rf — m — sn + ««. 

21. ar + as+br+ba-^cT'-ca. 

22. aa? + ay — OK? + &» — &« + &y. 

23. am^bm-^cp + ap'-cm'-bp. 

24. a^^xs^ + a^ + xf + f^ — ys^. 

26. 2aaj-fcaj + 36y — 2ay — 36aj — (^. 

91. The Sum or the Difference of Two Like Powers. 
Type Form: (r±lf. 
By actual division, as in § 9, c: 

(a« + &')-«-(a + 6)=a*-a86 + a%»-at» + 6*. 
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The following rule may be verified in the same manner: * 
Rule. — I. Lettiof^ n represent any positive integer : 

1. 0* — ft" is always exactly divisible by a — &. 

2. 0* — 6^ is exactly divisible by a + & when n is even. 

3. (T + ft" is never exactly divisible by a — &. 

4. 0* -f ^^ is exactly divisible by a + 6 when n is odd* 

XL In the quotient: 

1. The signs are all plus when a — 6 is the divisor. 

2. The signs are alternately plus and minus when a + Ms the 
divisor. 

8. The exponent of a in the first term is 1 less than its expo- 
nent in the dividend, and decreases by 1 in each succeeding term 
until it becomes 1. 

4. The exponent of & is 1 in the second term, and increases by 1 
in each succeeding term until it becomes 1 less than its exponent 
in the dividend. 

Example 1. Divide a^ — 6' by a — 6. 

Solution : 1. By 1, 1, a'' — 6^ is exactly divisible by a — &• 

2. By n, 1, 8, and 4, 

5^-=^ = a* + 0*6 + a*&a + a»6» + a«&* + a6» + 6*. 
0—6 

Example 2. Factor 32 oj" + 243. 
SoLUTiow I 1. 82 a^ + 248 = (2 z)^ + 8« 

2. This ezpressioD is of the type a^* + b% where a = 2 x, 5 = 8, and 
n = 6. By I, 4 and II, 2, 3, and 4, 

82a* + 248 =(2aj + 8)[(2 «)* - (2a;)« . 8 +(2a;)« .82-(2a;) . 8« + 8*] 

= (2 a; + 8)(16fl;* - 24 a^ + 86 a;2-54aj + 81). 
Check; Let x = 1. Then 82 a^ + 248 = 82 + 243 = 275 ; also, 
(2a; + 8)(16a:*-24a* + 86x2- 64 a;-f81) = (2+3)(16-24+86-64+81) 

b6-65s276. 

* * These rules are proved in § 267. 
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The method of factoring binomials of the form a» ± 6" given 
in this paragraph must be used frequently. However, i! the 
prime factors (§ 14) of a binomial of this form are desired, 
proceed as in: 

Examples, a? — ^ = (aj*+^(a^ — y«) 

Note 1. By §91, a«-y« = (a;-y) (x» + aj*y + - + y8). 
The second factor is not prime however. 

Note 2. Whenever the binomial is the difference of two even powen, it 
may be treated as the difference of two squares. 

Example 4. a5^ + 2/' = («^' + (2r^*=(«' + 3/*)(a*-aY+jO 
= (aj + y)(»* - a?y + 3^(a^ - «y +/). 

Note 1. By § 91, w» + y»= (z + y) (««-xV + a5V^+- -hy*). 
The second factor is not prime however. 

EXERCISE 46 
Find the following quotients: 

1. — • 6. — r -;. 11. -T r • 

a + b a*— 6* l + 2a 

2. --• 7. — -^-rj- 12. — ^« 

a — 6 x + sr Sx+y 

3. ^- 8. -r— ^ • 13. -t; • 

x — y 1 + a 2 — 0? 

^ m«-l ^ 32-a» ,. a'»-243aj» 

4. r-» 9. -— • 14. -1 . 

m — 1 2 — a a—Sx 

6. • 10. • 16. — --^' 

od + c m — n 3c + 2a 

Factor the following expressions, if possible : 

16. 27iB» — 83/*. 18. ic'-y^^ 20. T^^-^f. 

17. a?*-y*. 19. 32 -m». 21. a! + V. 
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22. 32 ^-r*. 26. a?^® — y^. 28. 64 — a^. 

23. l + 32m«. 26. oj^+j^. 29. a? -256. 

24. a^ + /. 27. m*-243. 30. 32a* + 243 6«. 

SUPPLEMENTARY TOPICS 

92. The Remainder Theorem makes it possible to find the 
remainder in certain division problems by a short process. 
It is known that dividend = divisor x qiu)tierU + remainder. 
Suppose that aj* -f ic* — 2 is divided by a; — 2 ; then : 

a:8 + a;2-2=(a;-2).§ + JB. 
Let X = 2 ; then : 



a;2 + 3 a; + 6 




«»+ a;2_2|aj- 


-2 


x8-2xa 




3x2 




8x2_6x 





8 + 4-2 = 0. § + JB. 

.-. 10 = 0. § + iJ. 

.-. 10 = 5. 

That is, the remainder is 10. 6 x — 2 

Check : See solution on right. Ox— 12 

10 = 5. 

At the left, the correct remainder was obtained by substitut- 
ing 2 for X in the given expression. This suggests the 

Remainder Theorem. If a rational and integral polynomial 
(§ 12) involving x be divided by x — a, the remainder may be 
found by substituting a for x in the given polynomial. 

Proof : 1. The polynomial (containing x) = (x — a) • § + 5. 
2. /. The polynomial (x replaced by a) = (a — a) • Q + B. 
8. /. The polynomial (x replaced bya) = 0. Q + S =i R. 

Example 1. Find the remainder when «* — 3a? + 6 is di- 
vided by a — 3. 

Solution : 1. Comparing x — a and x — 3, a must he 8. 
2. Substituting 3 for x in x* — 3 x + 5, 

5 = 3* - 3 . 3 + 6 = 81 - 9 + 5 = 77. 

Example 2. Eind the remainder when the divisor is a; + 3. 
Solution : 1. Comparing x — a and x + 3, a must be — 3. 
2. Substituting — 3 f or x in x* — 3 x + 6, 

B =(- 3)* - 3 . (- 3) + 6 = 81 + 9 + 6 = 96. 



110 ALGEBRA 

EXERCISE 47 
Find the remainders when : 

1. aj' + 2a^ — 7 is divided by a? — 1; by 05 + 1. 

2. 2a^+3aj*— 4a? + 6 is divided by a? — 6; by a;+5. 

3. a^ + 2a;» — 6 is divided by aj + 2; by oj — 2. 

4. m*— 2m* — 4 is divided by m — 3; bym + 4. 

6. y*— 3/* + y*-y + 6 is divided by y + 3; by y-2, 

93. Synthetic Division is a short process for finding the 
quotient as well as the remainder when a polynomial containing 
X is divided by a binomial of the form x — a. 

Consider the two solutions : 

Solution (a): Solution (6): 

a;-f.3| 5a;8--lla;«- 6g~10 
5 +16 +12+18 





Bx^+ 4x 4 6 


X 


-3|5a^-lla;2-6a;-10 




5x8-16x2 




4x8- 6x 




4x2- 12 X 



6 +4 + 6||+ 8 
Quotient : 6 x^ + 4 x + 6. 
iz^lQ Remainder: +8. 

6X-18 
+ 8 
The method of performing the solution (&) : 

(1) — 8 of the original divisor is changed to + 8. 

(2) 6 x» •*. X = 6 x*. Place 5 in the third line. 

(8) +8. +6 =+15. Add the product, +15, to —11. Place the 
sum, + 4, in the third line. 

(4) + 8 . + 4 = + 12. Add the product, + 12, to - 6. Place the som, 
+ 6, in the third line. 

(5) + 3 . + 6 = + 18. Add the product, + 18, to — 10. Place the 
sum, + 8, in the third line. 

(6) The numbers 6, + 4, and + 6 are the coefficients of the quotient 
Since 5 x* + x = 5 x^, the full quotient is 5 x^ + 4 x + 6. The last numbex 
of the third line, + 8, is the remainder. 
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A partial explanation follows : 

(1) In step (1), ~ 3 is changed to + 3. This permits addition in steps 
(3), C4), and (5) instead of the customary tntbtraction. Thus, in solution 
(a), when — 16 x^ is subtracted from — 11 x^, the result is 4x^; in solu- 
tion (6), when + 15 o;'^ is added to — 11 x^ the result is again ^x^, 

(2) In step (3), +4 below the line represents, first, the coefficient of 
the fiist term of the remainder as in solution (a). When 40;^ is divided 
by X the quotient is +ix, so that 4 may properly be considered also the 
coefficient of the second term of the quotient. Similarly in the case oi 
+ 6 m step (4). 

Example 2. Divide 7 a^ — 29 t^ic" - 3 «* by as -f- 2 «. 
Solution. Change x-\'2ttox — 2t. 

[7 -I4g 4.28<a 4-2<» -4t* 
7 -14« - «a +2««l|-7«* 
Quotient: 7jB8-14to«-t2a; + 2t». Remainder: -7t*. 

Note 1. When powers of x are missing, supply them with coefficients zero, 
as in this example. 

EXERCISE 48 
Divide by synthetic division : 

1. a?-2iB» + 2aj-6by»-l. 

2. 2ir»-4aj»-f-6a?-15bya? + l. 

3. 3^-3y + 10byy-2. 

4. 2J* + 62» + 152«-25by» + 2. 
6. t« — 32by e— 2. 

6. 3m*-25m* — 18bym-3. 

7. 4 a«4-18 a* 4-50 by a + 5. 

8. 6c* + 15c» + 28c + 5by c+3. 

9. 3 a?* + 4 mx^ — 2 m^x — 6 m' by a? — m, 
10. 4aj*-156V-46*by a;-f-26. 

Note. In §§ 92 and 93, two short processes for finding the remainder in 
certain diyision problems are given. Each is important. The second has the 
tortber advantage of determining the quotient as well. 
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94. The Factor Theorem makes it possible to factor certain 
polynomials. 

Example 1. Is aj — l a factor of a^ + ic"— 2? 
Solution : 1. If a; — 1 is a factor, the remainder when as* + a^ — 2 is 
divided by ac — 1 will be zero. 

2. By the remainder theorem, B = 1 + I^2sz0, (a s 1.) 
8. .•.«— lisafactorof «8 + aj2 — 2. 

This example illustrates the 

Factor Theorem : If a rational and integral polynomial (§ 12) 
involying x becomes zero when x is replaced by a, then the poly- 
nomial has X— a as a factor. 

Pboof : Considering the given polynomial the dividend and x — a the 
divisor, the remainder will be the vsdue of the dividend when x is replaced 
by a. According to the conditions, this value is zero ; hence the remain- 
der will be zero and the division exact Therefore a; — a is a factor of the 
polynomial. 

In applying the factor theorem: 

1. Determine mentally, if possible, some number a for which 
the given polynomial becomes zero. (Factor Theorem.) 

2. Divide the polynomial by x — a by synthetic division 
(§ 93). This division will give further assurance that the re- 
mainder is zero, and will also determine the other factor, the 

t quotient. This factor may often be factored. 

Example 2. Find the factors of o^ + 3 a?* — 4 a? — 12. 
Solution: 1. When a; = 1, then (mentally) a«-f 3x2 — 4 ac— 12=— 12. 
.*. a; — 1 is not a factor of the polynomial. 

2. When x =- 1, a^ + 3a;2 - 4a; - 12 =- 6. .-. aj -f 1 is not a factor. 

3. Whena; = 2, «8 + 3x2_4x- 12=-0. .-. « - 2 is a factor. 



4. Dividing by x-\-2 
synthetic division : 



jc8 + 3a;2— 4a; — 12 Remainder = 0. 
1+2 +10 +12 .-. a; — 2 is a factor. 



1+6 + 6|| The other factor is 
a;a + 6aj + 6. 
a;« + 3 a;2 - 4 a; - 12 = (a - 2) (a;2 + 5 a; - 6) 
= (a;-2)(a; + 2)(a; + 3). 
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EXERCISE 49 
Factor by the factor theorem : 

1. a5*-fa;-6. 6. 2y»4-y* — 3. 

2. a:» — 2aj*-a;4-2. 7. s^-27^-\-S. 

3. a^'-f aj*-4aj-4. 8. r» + 4r* + 6r + 4. 

4. aj» — 6a^4-llaJ-6. 9. <*-f <»-2<«-<-f 1. 

5. a:*— aj»-9aj + 9. 10. m*-5m« + 5m« + 5m-6. 

11. aj» + ma?-2m». 

Let oe = m ; m* + m' — 2 m' = 0. 

.*. a; — m is a factor. 

Find the other factor by diyision. 

12. 3ic»+i)»a;-4jj». 14. aj» -f 3 ^a5» - 4 <». 

13. a?* — 6ra5* + 6r». 15. a?*— ca?*— 7c»«* + c»aj+6c*. 

EXERCISE 60 

Miscellaneous Examples 

In the following list of examples, the types of factoring 
studied in this chapter will be used. Before taking up the list 
of examples, review, if necessary, the rules for obtaining the 
H.C.F. and the L.C.M. of two or more expressions in Chapter 
II and for operations with fractions in Chapter III. The ex- 
amples marked with an asterisk (*) depend upon the supple- 
mentary topics in § 92 to § 94 and should be omitted if these 
paragraphs are not studied. 

Factor the following expressions : 

1. d^bC'\-ac^d-am-bcdP. . 6. 16ac4-18ad-356c-426dL 

2. a*-(6-fc)». 7.* aj»-f 4aj»-f-a?-6. 

3. Aa^b' + Aa^h^ 8. 3a«6*-3a6^ 

4. a?-^iii?y + xf + f. 9. a*-22a»-f 81. 

5. l-a«. 10.* a^ — aj*-4a? — 4. 
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11. (a?-&r)*-2(aj»-6a?)-24. 21. 128 -m^. 

12. 16a^-76ajy4-81y*. 22. 2a«6c-26»c-4S*c«-26(?. 

13. a?-2a»+l. 23. aP^ + 2af + l. 

14. 9(?ii+n)*-12(m+n) + 4. 24. c^-6a*- 10+2a. 

16. 32aj»+3^. 26.* <*•- 4a* + a*-6a+8. 
16.* rf— o*— 5o-3. 26. a"»— 1. 

17. 9a?+262^-162;*+30ajy. 27. a^-a* + a*-l. 

18. (ftf + aY — Vafi — off. 28. aj'-fa^-aj' — 1. 

19. m*-626. 29. (a? - y« - 2?)« - 4 y¥. 

20. a^^lcp^%. 30. (a»+6»)-2a5(a + 6). 

Find the H. C. F. and the L. C. M. of the following: 

81. 3a^— 21a»-a + 7, anda*4-6a— 91. 

82. ac + ad — hC'- bd, and a^ — 6ab + 5V. 

33. a* + 6»-c*-f 2a6, ando*-6»-c* + 2i^c. 

34. m' — 4m, m' + 9m* — 22m, 2m* — 4m'— 3m*+6?». 

36. 3a?»-o% + 3a6-6«, 27a«-6»,9a»-6a6 + 6l 

86. 16m* — n*, 16m*-- 8m*n*H-n*, 2?na5 + 2my — TWJ — ny. 

37. a' — a*a?— aaj^ + a?, 3a« — 3a'aj + 5aa? — 5aj*. 
38* ir» + aj — 2, anda^ + oj — 2. 

39.* a^ — ic"— oj— '2, andaj' + a?— 6. 

40. a?4-3aaj' — a'a?— 3a*, and«^ + 2aaj"— a*a? — 2a«. 

Simplify the following fractional expressions : 

* • a?-^f--z' + 2yz ' a*-6^ 

4m*-10m^-6m4-15 .4^ 2ac-2&c-ad + M 

6m»+8m«-9m-12' (P-4c" 
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^g a^4.y«-g« + 2ayy ^ o^- y^4-2.vg- g* 
a^4-^ — 2» — 2ajy a* — ^ — 2y«— «* 

.^ a^ - h^ -^ (^ - 2bc , a - b -^ c 



48. 



ar—aa + br— ba ar -f- as + br + b8 



49. Solve the equation : ic* -f- oa? — 3 a6 — 3 to? = 0. 

SoLUTiow : 1. z^ + ax — Sab — Sbx = 0, 
2. Factoring : x(^x + a) — 3 6{x + a) = 0. 
(a;-86)(a: + a)=0. 
8. .-. aj = 8 6, oraj = -a. (§74) 

Solve the following equations: 

50. aj* + aa? — a6 — 6a? = 0. 52. aa^-^bx^ acx + bc = 0. 

51. a5*-2m7i-w*-n' = 0. 53. aaj»-2da?-6d + 3aaj = 0. 

54. 3 ana?* + 3 mux — opa? — mp = 0. 
56. ada? + cdx + aex + ce = 0. 

95. An equation of the first degree, having one unknown, 
has one root ; an equation of the second degree has two roots. 
In general, an equation of the nth degree, having one un- 
known, has n roots. 

The roots of equations of degree higher than the second are 
not obtained readily, except in particular equations which may 
be solved partially at least by the factoring method. 

Example 1. Find the roots of a?* — 13 a* -f- 36 = 0. 
Solution : 1. Factoring, (x^ — 4) {x^ - 9) = 0. 
2. .-. ai2-4 = 0; r.x^ = i; .-. tc = 2, or a; = - 2. 
Also, aj2-9 = 0; .-. a;2 = 9; .-. a; = 3, or a;=-3. 
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Example 2. Solve the equation ^4-22^ — 4y+l=0. 
Solution: 1. Factoring by the factor theorem, 

(y-i)(s^ + 3y--i) = o. 

2. /. y — 1 = 0, ory = 1. 

Also, ^+8y-l = 0;.-., = ^3±^ = ^lf^. 

... y = -3 ±8.606. y _ g^+^ ^y _ 3,802+. 
2 
Hence, yi = 1 ; y2 = .302+ ; ys = - 8.802+. 

EXERCISE 51 
Solve the equations : 

1. a^-26aj« + 25 = 0. 9* ?/i»-19m-30=a 

2. m*-llm* + 18 = 0. 10* 2»-2«-32f + 2 = 0. 

3. y*-152^-16 = 0. 11* «»-5f-2 = 0. 

4. 4«*-17«« + 4 = 0. 12. aj«-l=0. 

6. 9a?* + 14aj»-8=:0. 13. 2^-8 = 0. 

6* aj»-7a? + 6 = 0. 14. r^-BT^^B-^r. 

7. aj»4-2aj«-9aj-18 = 0. 15. is^-a^ -16a; + 16 = 0. 
8* y»-13y-12 = 0. 16.* a^-iB»-5a?-ic-6=0. 

Solve for x: 

17. a?*-mW-.nV+wtV=0. 19.* 2iB»-3a«aj + a» = 0. 

18. aiB« + 6aj*-ac*ir-6c*=0. 20. a?*-»^ = 0. 

Remark. The graphical solution of equations of higher degree is consid* 
ered in § 267. 



X. QUADRATIC EQUATIONS HAVING TWO 
VARIABLES 

GRAPHICAL SOLUTION 
96. Graph of a Single Equation. 

Example 1. Draw the graph of y — iB"= 0, 
Solution : 1. Solve the equation toryi y = 3fi, 
2. 



When X = 





1 


2 


8 


4 


5 


-1 


-2 


-3 


-4 


-6 


then y = 





1 


4 


9 


16 


25 


+ 1 


+ 4 


+ 9 


+ 16 


+ 26 



8. This curve is a Parabola. 

4. The co&rdinates of any 

point on the parabola satisfy 

the equation. The coordinates 

of J. are : ^ ^ ^ 
aj = — 4.6 

and y = 20+. 

Substituting in y = a^ : does 
20+ =(-4.5)2? 

Does 20+ = 20.25? Yes, 
approximately. The coordi- 
nates should satisfy the equa- 
tion of the graph. Since the 
graph cannot be absolutely ac- 
curate, and since the coordi- 
nates of a point on the graph 
cannot be read exactly from 
the graplf, the co&rdinates de- 
tennmed may not exactly sat- 
isfy the equation. 
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Example 2. Draw the grsiph of aj* + y* = 25. 



Solution : 1. Solve the equation for y : y = ± V26 — x*. 
2. 



When X = 





+ 1 


+ 2 


+ 8 


+ 4 


+ 5 


y = 


±V26 
±6 


±\/24 
±4.8 


±V^ 

±4.6 


±vl6 

±4 


±V9 
±3 


±V0 




8. When x is negative, y has the values given by the corresponding 
positive values of x. Thus, when x\b —S^yia 

:±V25-(-3)a=±V26-9=±Vl6=±4. 

Notice that for each value of x, y has two values ; thus, when aj is + 4, 
y is either +8 or —3. Hence, both (4, 8) and (4, —8} are on the 

graph. 

For X greater than 5, y is 
imaginary ; thus, whenz=6, 

y=± V25-86=±V^ 

This means that there aie 
not any points on the graph 
for values of x greater than 5. 
The square roots required 
in step 2 may be obtained 
either by the method of 
§ 64, or from the table of 
square roots constructed in 
§65. 

4. This curve is a Circle. 
Every equation of the form 
x^ + y^ = r^, is a circle with its center at the origin and its radius eqoal 
to r. 

Example 3. Draw the graph of 9 aj* + 25 y^ = 225. 

225-9x2. ,.,y^^^V 226-9x2. 
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Solution: 1. y^ = ' 



25 



2. When x = 2, y = ± J V226 - 36 = ± J Vl89 = ± J(8 >/5T) = 
±J(3x4.5) = ±K13.5) = ±2.7. 
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Whenx= 





+ 1 


+2 


+8 


+4 


+6 


+8 


theny= 


^ 5 

±v 

±3 


±iV2i6 
±2.9 


±iVl89 

±i(18.6) 

±2.7 


±jVi4i 
±¥ 

±2.4 


±iV8l 
±1.8 






±4V-99 

Imag'y 
imag'y 



For negative values' of x, y has the values given by the corresponding 
positive values of x. (See Example 2, step 3.) 
Notice that for each value of as, there are two values of y. 
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8. This curve is an Ellipse. Every equation of the form ox^ + &2^ = c, 
where a, &. and e are positive, and a not equal to b, has for its graph an 

ellipse. 

Example 4. Draw the graph of 9 a?*— 4 / = 36. 
9a;2-36. 



Solution : 1. y« = - 



:; .•.y=±}Vx2-.4. 



2. When « = !, y=±fVl — 4=±} V— 3 ; /. y is imaginary. 



When a; = 





+ 1 


+2 


+3 


+4 


+6 


+6 


then y — 


±i>/^ 
imag'y 


imag»y 


±^^^ 



±fV5 
±3.3 


±iVl2 
±5,1 


±fV2l 
±6.8 


±J>/32 
±8.4 
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Far negative Tahies of x, y has the valaes given by the coiresp^mding 
positive valaes of x. (See Example 2.) 




8. This carve is a Hyperbola. Every equation of the form ox^ — &^ = e, 
where a, &, and c are positive numbers, is a hyperbola. 



EXERCISE 52 

Draw the graphs for the following equations; name the 
curves obtained ; 



1. iB»+y* = 36. 

2. y = 3aj*. 
8. aj»=6y. 



6. aj«— 4y» = 36. 

6. «y = 4 

7. a* + 3r' = 56. 
a. 4aj« + y* = 16. 



97> Solution of a Pair of Simultaneous Quadratic Equations. 

Example 1. Solve the pair of equations : I +2r = o. (1) j 

la?— y+l=0. (2) 

Solution : 1. The graph of equation (1) was drawn in Example 2 of 
§ ^; it is the circle of radius 5, with center at the origin. 
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4 

2. The graph of equation (2) is found as in § 46. It is a straight 
line (§ 46). When x = 0,y = l; when a; = 2, y = 3. 

3. Since points ^ and £ are on both graphs, their coordinates should 
satisfy both equations. 

A= (3, 4) ; 5 = (— 4, — 8). When the coordinates of A and of £ are 
substituted in the equations, it is found that they satisfy the equations. 

.-. X = 3, y = 4, and «=— 4, y = — 3 are solutions of the pair of 
equations. 
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NoTB. Since the graph of every linear equation having two variables is a 
straight line (§ 47), and since, as the student's subsequent courses in mathe- 
matics will show, the graph of every quadratic equation having two variables 
must be one of the curves discussed in § 96, it is clear that, as a rule, a 
quadratic and a linear equation with two variables will have two common 
solutions, for a straight line will, in general, meet such curves in two points. 

The straight line might touch the curve at only one point, thus giving only 
one solution ; or it might not touch the curve at all, thus not giving any real 
solution. 

Example 2. Solve the pair of equations : I « ?^T „' , rcl 

Solution: 1. The graph of equation (1) is the circle of radius 6 
(see Ex. 2, § 06). The graph of equation (2) is the ellipse of the 
figure. 

2. The points of intersection of the graphs are : 

^: (4,3); B: (-4,3); C: (-4,-3); i); (4,-3). 
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8. Subfititatiiig these values of x and y in equations (1) and (2), it be< 
comes clear that the equations have four common solutions. 
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KoTB. Two quadratic equations, having two variables, will have four 
common solutioDS, in general. This becomes clear when the graphs of § 96, 
which result from such equations, are combined in pairs. For example: 
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However, there are other possibilities. Thus, the ellipse might hitersect 
only one branch of the hyperbola in such manner as to give only two real 
solutions ; or it might not intersect it at all, giving no real solutions. 
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EXERCISE 63 

Solve the following pairs of equations graphically : 
^ faj» + y«=100. g fa« + y' = 50. 

[2x-y = S. * ly« + « = 4. 

fa; + y=-6. r4aj« + y« = 36. 

la^=-7. • la:«-3/* = -16. 

9. Draw the graph of — ■ + ^ = 1. On the same sheet, draw 
64 25 

the three graphs obtained from the equation a? = y + k, when 

A; is made successively 6, 2, and — 6. 

Remark. The four carves studied in this chapter, the circle, the parab- 
ola, the ellipse, and the hyperbola are called conic sectiotis, *for each may be 
derived by intersecting a circular cone of two nappes by a plane. A special 
study of these curves is made in a later course in mathematics, analytic 
geometry. 



4. 



ZI. SIMULTANEOUS EQUATIONS 
INVOLVING QUADRATICS 

98. A set of equations having two or more variables are 
called Simultaneous Equations if each equation is satisfied by 
the same set, or sets^ of values of the variables. 

99. A set of equations that are solved as simultaneous 
equations will be called a system of equations. 

100. A pair of simultaneous linear equations (§ 47) having 
two variables have one common solution (§ 51). The com- 
mon solution is readily obtained by the addition or subtrac- 
tion method (§ 53), or by the substitution method (§ 54) of 
elimination. 

101. Pairs of simultaneous equations occur of which one 
or both are of degree higher than the first. 

Thus, in (a) below, equation (1) is of the first degree and (2) is of 
the second ; in (6), equation (1) is of the second degree and (2) is of the 
third. 

r3x+4y = 5. (1) .^. (x^^2y^ = 6. (1) 

W |2x2-3xy = 7. (2) ^^^ \ofi-\-y^=&. (2) 

Many such combinations, even with two variables, are possi- 
ble. Only in special cases, however, are the common solutions 
readily obtained. A few such cases will be considered. 

102. Case I. One Linear and One Quadratic Equation. 

fa^^y^-\-6x-ie = 0, (1) 
Example. Solve the system - \ii2x — v = (2) 

Solution : 1. From (2), y = 2 a; + 1. W 

2. Substituting in (1), x^-\- (2x+iy + (ix-16=:0. ih 
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(5) 
(0) 



8. Simplifying (4), a;2 + 2x-8 = 0. 

4. Solving for aj, a; = 1, or a; = — 8. 

5. Substitute in (2) : when a; = 1, 1 + 2 — y = ; /. y = 3. 

when x=— 3, 1 — 6 — y = 0; /. y=— 6. 
The solutions are : aj=l,2^ = 3; a;=— 3, y=— 5. 
The solutions may be checked by substitution. 



Note. One linear and one quadratic equation having two variables, have, 
in general, two common solutions. The graphical solution of a particular 
pair of equations of this type is given in Ex. 1, § 97. 



EXERCISE 54 
Solve the following systems of equations : 



1. 



3. 



fa«+y' = 113. 

f6ar^-3y* = -7. 

f2aj2-4ajy4-3y* = ll, 
laj-3y = 5. 

- f m* + mn — n* = — 19. 
I m — 71 = — 7. 

B. f« + y = -3. 

\ iry = — 54. 

g fa^-a^ + 2^ = 63. 
• U-2/ = -3. 



7. 



ix? + f = 101. 
■9. 



8 fa5*-f-a^ + y* = 39. 



f2y 
[2x 



2y+2x = 5i 
+2y = 5. 



10. 



11. 



12. 



13. 



14. 



15. 



16. 



f3c + 2(i = -2. 

|cd + 8c = 4. 

f7a* + 10a6 = -8. 
l5a + 46 = ~8. 

fa?-y = l. 
\xy = a*+a. 

I 



a!» + 3/» = 2(a« + 6«)- 
a; + y = 2 a. 



f3 , 3_4 
a + 6 = 16. 

3 4~ 3* 

5 + ^ = 1. 

as w 



r «_10 
t'^r~ 3' 
3r-2t = -i2. 
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HOMOGENEOUS EQUATIONS 

103. An equation is a Rational Equation if the variable does 
not appear under a radical sign. 

104. A rational and integral (§ 11) equation is Homogeneous 

if all of its terms are of the same degree (§ 44) with respect 
to the variables. 

Thus : x^-^Socy + y> = is a homogeneoos equation ; x^-~xy + y3=5 
is homogeneous except for the constant term ; 3t^ — Sy = 2j^ is not 
homogeneous. 

105. Case II. Quadratic Equations Homogeneous Except for 
the Constant Term. 

Example 1. Solve the system : l^'^^^",^^- . (^^ 

[a? + xy + 2y'=^16. (2) 

Solution : 1. Eliminate the constant terms : 

M4(l):* 4a;2 + 12y2 = 112. (3) 

M7(2): 7 a;2 + 7 acy+ 14^2 = 112. (4) 

(4) -(3): 3a;2+7a;y + 2y2 = 0. (6) 

2. Solve (6) for x in terms of y : 

(3a; + y)(a;4-2y) = 0; .-. «=-|, or«=-2y. 

Substitute - 1 f or x in (1) : . •. ^ + 3 y^ = 28. 
3 ^ ^ 9 

.-. ^2 + 27 2/2 = 9. 28; 28y2 = 9.28; y2=9; y = ±3. 
When y = 3: « = — ^ — — - = — 1. ,\ x = — 1, y = 3 is a solution. 

Wheny = -3: x= — ^ = — f -^ j = 1. .-. a; = l, y i^ — 3 is a solution. 

8. Substitute - 2 y for x in (1). .-. 4 y2 + g ^2 = 28. 

.-. 7y2 = 28; ^ = 4; y=±2. 
Wheny = 2: x=-2y=-2 .2 =-4. .-. x=— 4, y=2 isasolution. 
Wheny=— 2: x=-2y=-2 . — 2=4. .-. x=4, y = -2 isasolutioiL 

*See§53forM4(l). 
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Check : These four solutions are readily checked by substitution in 
equations (1) and (2). 

NoTB 1. In case one equation does not have a constant term, solve it im- 
mediately for one variable in terms of the other as the equation (5) in step 2. 

Note 2. A system consisting of two quadratic equations has, in general, 
four solutions. 

Note 3. The graphical solution of a particular pair of equations of this 
tyi>e is given in Ex. 2, § 97. 

EXERCISE 55 

Solve the following systems : 

f3cd + 2d« = -7. fa*+a6 + 6«=63. 

* lc*-2cd = 30. la*-6« = -27. 

I2a^^xy=2. f a:« + 6iry-3^ = -.7. 

' \4a^ + f^l0. '• la* + 3a^-2y« = -4. 

3 fn«4-3mn = 2. |2«*-ajy=28. 

' l9m«+2n«=:9. [a^ + 2f = lS. 

fr« + r^ = 75. f 2a^-3a;3^ + 5y« = 38. 

• U«4-r* = 125. l3iB« + aj2^-103^ = 0. 

r«*4-a?y = -6. fm«-2wn = 84. 

\xy^y^=:-S5. l2mn-n« = -64. 

106. Equivalent Systems. One system of equations is equiv- 
alent to another when the common solutions of each system 
are the solutions of the other system. 

107. Case III. Systems Reducible by Division. A given 
system may sometimes be reduced by division to an equivalent 
system in which the equations are of lower degree. 

ExAMPLB. Solve theaystem: 1^^^-^:^; g> 

Solution: 1. Dividing (1) by (2): a; — y = 2. (8) 

2. Form the new system: {^ + ^^ + ^" = 28. (2) 

I iB-y = 2. (8) 

3. Solve the new system by the methods of Case I : 

« = 4, y = 2; and as =—2; y = — 4, 
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Check : These two solutions are readily checked by substitution in the 
equations (1) and (2). 

Note 1. Whenever possible, divide one equation of the given system by 
the other, member by member, and form a new system consisting of the quo- 
tient equation and the divisor equation. 

Note 2. The full theory underlying this type of example belongs in a more 
advanced text and ia therefore omitted. 

108. Number of Solutions. In Case I (§ 102) two solutions 
and in Case II (§ 105) four solutions are generally obtained 
The following rule for determining the number of solutions of 
any system of equations having two variables is given without 
proof : 

Rule. — Two integfral equations, having two variables, whose 
degrees are m and n respectively, have in general mn common 
solutions. 

Thus, a cubic (third degree) equation and a quadratic equation would 
have six common solutions. If, however, the system could be reduced to 
a simpler system, as in the example of § 107, then the number of solatioDS 
would be determined by the degrees of the equations forming the new 
system. 

EXERCISE 56 
Solve the following systems of equations : 

ic + y = 14. ' la*- a6 + 6^ = 67. 

faJ*-.v* = 240. « fm»-n8 = -117. 



[27(^ + (P = { 



[x'-y = 7. 

{a?-f = S7. g (a? + f = 9xy. 

\a? + xy + f = 37. ' \x-\-y = 6. 

fa:8 + 3^ = -217. ^^ f aj« + y' = 504. 

laj + y = — 7. ' \a^^xy + f = Si. 
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11. 



12. 



13. 



I sbV - «y* = 30. 



= 54. 
6. 



U-3v = 



fa!»-a!2^ + 3a! = 8. 



14. 



16. 



1^ + ^ = 



'a? + y' = 26of. 
■.2a. 



1/ 9 



y=23. 
y=6. 


(1) 
(2) 
(3) 




(4) 


(§87) 
(§74) 


(6) 



109. Miscellaneoas Types and Methods. Many systems of 
equations which cannot be solved by the methods already 
given may be solved by combining the equations so as to ob- 
tain a linear equation or an equation of the form xy = a, 
constant. 

Example 1. Solve the system: f^+3^+2aj-h22^=23. 

I xy=6. 

Solution: 1. M2 (2) : 2ajy = 12. 

2. Adding (1) and (8) : a^ + 2a^ + y» + 2a; + 2y = 36. 
.-. (« + yy + 2(« + y) - 86 = 0. 
.-. (x + y + 7)Ca; + y-5)=0. 
.«. 05 + y :^ — 7, or X + y = 6. 

'x + y = 6. 
xy = 6. 

4. Solving A: x=— 1, y=— 6; ora; = — 6, y=— 1. 
Solving B: « = 3, y = 2 ; or a; = 2, y = 3. 

Check : The four solutions check when substituted in equations (1) 
and (2). • 

■p o o 1 i.1 i. /m'+mn+n*=7. (1) 

Example 2. Solve the system : 1 . ^ . )c^( 

^ I m+n=5+mn. (2) 

Solution; 1. Square (2) : «|2 + 2 wn + n^ = 26 + 10 wn + w^n^. (3) 

2. Subtract (1) from (3) : i»» = 18 + 10 to» + mH^. (4) 

.-. i»2n? + Own + 18 = 0. (5) 

.-. (mn + 6)(mn 4- 3)= ; .-. inn =— 6, or mn =—3. (§ 74) 

3. Porm the systems: -4; { ^ B: \ T 

[ mn^—Q, [ TOn=— 3. 



3. Form the systems : ^ : \'^^^q'^' B: |* 
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4. Solying ^.* m = 2, n = -8; or ins- 
Solving B: m = 3, n = — 1 ; or m = - 
Check: The four aolutioiis check when 
and (2). 

EXERCISE 67 

Solve the following systems : 



fajy = 12. 

1 



9. 



10. 



11. 



A*B'+2SAB-^8O=0. 
2A + B = 11. 

16 «« + «;»== 24 






I 



f4a^ + t/* = 61. 
l2ar»-f33^ = 93. 

41;* — 5raj = 19. 

f3r»-5r< + 2<«=-3. 
lr-« = l. 

(<? + cd + cP=.97. 
lc-d = 19. 

r«« + y8 = 756. 



0^ + 3/2 = 63, 



fp»-«a = 3. 
lp« = — 2. 

fa' + 26«=:47 + 2a. 
l» + y = 2a. 



13. 



14. 



15. 



16. 



17. 



18. 



-3, 11=2. 
-1,11 = 3. 

Bubstitated in equations (1) 



' m + n . m — n _10 



m* -4- w* == 46. 
a'-y» = 3a»+3a-f-l. 

7t;«-5t?*-3^ = 36. 
x + y 2a? — y _15^ 



iC-2^ a;-t-2y 4 
laj-3y=-2. 

fm-v=— 31. 
[mv= —150. 



19. 



21. 



12. -^ = a-- 



faj2 4.3^=2a*-2a5+6'. 
l2aj«-y«=a«4-2a5-&*. 

raj2 + y» = 5(aH6^ 
l4aj2-3^=:5a(3a-46). 

f8aj2-ll2/> = 8. 
Il2aj« + 13y« = 248. 



24. 
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r — « r-fa [x(y -- b) = 2 ab. 

oi fary--a?=~14:. 



laj* + ay + 3^ = 13. 
Hint : See § 207. ^^ [ mn — (m — n) =s 1. 

2g fa* + aV+&* = 133, 



gg fmn-(m — n) = l. 
ImV-f (m--n)« = ia 



27. 



la«-a6 + 6« = 7. fa«-a5-126» = 



Hint : Clear of fractions ; divide ^ If y 

28. 1^*— ^^ = 27n. ' l^ + 3««;-2w;^=— 4. 

1 mn — w* = 3 m. 

Hint : Ma (2) ; add ; factor. 37. I^ + (^ ""2^) = "" ^• 

[xy(x - y) = — S4:. 



29. J^=«+y- 

Hint: Find (1)- (2). I -Sa;^/ +y* + 3a; = 81. 



[f:==Sy^x. gg f9ar»-ajy-y = 61. 



EXERCISE 58 

1. Find two numbers whose sum is 15 and the sum of 
whose squares is 113. 

2. Find two numbers whose difference is 9 and the sum of 
whose squares is 221. 

3. Find two numbers whose ftifference is 7 and whose sum 
multiplied by the greater gives 400. 

4. The difference of the squares of two numbers is 16 and 
the product of the numbers is 16. Find the numbers. 
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5. The sum of the squares of two numbers is 52; the 
difference of the numbers is one fifth of their sum. Find 
the numbers. 

6. The difference of the cubes of two numbers is 218; the 
sum of the squares of the numbers increased by the product 
of the numbers is 109. Find the numbers. 

7. If the product of two numbers be multiplied by their 
sum^ the result is — 6 ; and the sum of the cubes of the num- 
bers is 19. Find the numbers. 

8. Find two numbers whose difference is 4 and the sum of 
whose reciprocals is f . 

9. The sum of the terms of a fraction is 13. If the numera- 
tor be decreased by 2, and the denominator be increased by 2, 
the product of the resulting fraction and the original fraction 
is ^. Find the fraction. 

10. Find the number of two digits in which the units' digit 
exceeds the tens' digit by 2, and such that the product of the 
number and its tens' digit is 105. (See § 172, First Year Algebra.) 

11. The sum of the squares of the two digits of a number 
is 68. If 36 be subtracted from the number, the digits of the 
remainder are the digits of the original number in reverse 
order. Find the number. 

12. Find the number of two digits such that, if the digits 
be reversed, the difference of the resulting number and the 
original number is 9, and their product is 736. 

13. The area of a rectangular field is 216 square rods, and 
its perimeter is 60 rods. Find the length and width of the 
field. * 

14. The hypotenuse (§ 73) of a certain right triangle is 
10 feet, and the area of the triangle is 24 square feet, find 
the base and altitude of the triangle. 
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15. Find the dimensions of a rectangle whose diagonal is 
2VIO inches and whose area is 12 square inches. 

16. A rectangular field contains 2\ acres. If its length 
were decreased by 10 rods, and its width by 2 rods, its area 
would be less by one acre. Find its length and width. (See 
p. 145, First Year Algebra,) 

17. The altitude of a certain rectangle is 2 feet more than 
the side of a certain squaie ; the perimeter of the rectangle is 
7 times the side of the square, and the area of the rectangle 
exceeds twice the area of the square by 32 square feet. Find 
the side of the square and the base of the rectangle. 

18. If the length of a rectangular field be increased by 2 
rods and its width be diminished by 6 rods, its area becomes 
24 square rods ; if its length be diminished by 4 rods and its 
width be increased by 3 rods, its area becomes 60 square rods. 
Find its length and width. 

19. A man has two square lots of unequal size, together con- 
taining 74 square rods. If the lots were side by side, it would 
require 38 rods of fence to surround them in a single inclosure 
of six sides. Find the length of the side of each. 

20. A and B working together can do a piece of work in 
6 days. It takes B 5 days more than A to do the work. Find 
the number of days it will take each to do the work alone. 

21. Find the sides of a parallelogram if the perimeter is 
24 inches and the sum of the squares of the number of inches 
in the long and short sides is 80. 

22. One of two angles exceeds the other by 6°. If the num- 
ber of degrees in each is multiplied by the number in its 
supplement, the product obtained from the larger of the given 
angles exceeds the other product by the square of the number 
of degrees in the smaller of the given angles. Find the angles. 
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23. Two angles are supplementary. The square of the Dum- 
ber of degrees in the larger angle exceeds by 4400 the prod- 
uct of the number of degrees in one angle by the number Id 
the other angle. Find the number of degrees in each angle. 

24. The difference in the rates of a passenger train and a 
freight train is 10 miles per hour. The passenger train re- 
quires 1 hour more for a trip of 175 miles than the freight 
train requires for a trip of 100 miles. Find the rate of each. 

2B. A crew can row upstream 18 miles in 4 hours more time 
than it takes them to return. If they row at two thirds of 
their usual rate, their rate upstream would be 1 mile an hour. 
Find their rate in still water, and the rate of the stream. 

26. The area of one square field exceeds that of another 
square field by 1008 square yards ; the perimeter of the greater 
exceeds one half of that of the less by 120 yards. Find the 
side of each field. 

27. The tens' digit of a certain number exceeds the units' 
digit by 1. If the square of the given number bfe added to 
the- square of the number with the given digits in reverse order, 
the sum is 585. Find the number. 

28. If the digits of a number of two figures be reversed, the 
quotient of this number by the given number is If, and their 
product is 1008. Find the number. 



Xn. THE THEORY OF QUADRATIC EQUATIONS 

110. The Sum and the Product of the Roots. 

The general quadratic equation is : 

aa^+bx + o^O. (1) 

Divide both members by a : 

a52 4.^.aj + £ = 0. (2) 

a a 

The roots of (1) are : 
n= TTZ ; ^a = nr; • (S ^8) (3) 

^^ + "^ = -2^ = "a- (^>. 



'■^"■" 4a» ~ 4a» 4a« a* ^ '^ 

Rule. — In the general quadratic equation ax* + 5x + c = o : 

1. The sum of the roots is • From (4). 

2. The product of the roots is -• From (5). 

8. If the coefficient of x* is made 1, the coefficient of x is the 
negative of the sum of the roots, and the constant term is the 
product of the roots. From (2), (4), (5). 

Example 1. Find the sum and the product of the roots of 
the equation 2aj^— 9a: — 5 = 0. 

Solution : 1. a = 2; 6=-.9; c=— 5. 

-6- . . ri + r2 = — = — - = + r nra = - = -— • • 

-a 2 2 a 2 

NoTB. The first part of this rule justifies the method of checking solatioiis 
of qoadiatic equations recommended in § 76. 

185 
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EXERCISE 59 

Find by inspection the sum and the product of the roots; 
check examples 1, 2, 3, and 7 by finding the roots : 

1. a^4-7aJ + 6 = 0. 6. 9r-21 r*-h7 = 0. 

2. m»~m + 12 = 0. 6. 4t-y-6f=:0. 

3. 3c«-c-6 = 0. 7. 2a^-{-3px-5p^ = i 

4. 12y«-4y + 3=:0. 8. 14aj2 + 8fcr4-21«2=0. 

9. One root of 405* — a? — 5 = is —1. Find the other 
root. 

Solution : 1. n = — 1. Let r2 be the second root. 
2. ri + r2=+i; .-. -1 4-r2 = J, orr2 = IJ = J. 

Chbok: Doe8ri.r2=^? <.e. does - 1 • 5= =^? Yes. 
4 4 4 

10. One root of3aj*-f7a; — 6 = 0is|. Find the other. 

11. One root of 7 g^ + 20 g -f 12 = is - 2. Find the other. 

12. One root of 15 m* + 28 m = 32 is f Find the other. 

13. One root of 3 aj* — 2 A:a: = 33 ifc* is - 3 A:. Find the other. 

14. One root of 4j>' — 15ajp — 4aj' = 0l is — 4j?. Find the 
other. 

16. Find k so that one root ofoj? — 5a5 + A; = may be 7. 
Solution : 1. n + »'2 = 5 ; /. r2 + 7 = 6, or r2 = — 2. 
2. ifc = n . r2 ; .-. ifc = 7 . - 2 = - 14. 

Chbck: If a;2-.6a;-14 = 0, then*(a;-7)(a; + 2) = 0. .•.a; = 7,or 
-2. 

16. Find k so that one root of2a^ — 3a;— A; = may be 3. 

17. Find A: so that one root of 3iB* — 7 a; — 2A; = majbe 
-2. 

18. Find n so that one root ofa? + 7a; + 4n = may b 5. 

19. Findp so that the roots ofa;* + 3a;+i> = shall be equal 
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20. Find r so that the roots of 3aj* — 5a?4-r = shall be 
equal. 

111. Formation of Equations Haying Given Roots. There are 
two methods of forming a quadratic equation which shall have 
given roots. 

Example 1. Form the equation whose roots shall be ^ and 

-f- 

Solution : 1. Let the coefficient of x^ be 1 ; then by § 228 the equation 
a;2 -(n + r2)a; + ryrz = 0. 

2. r, + r.-- + ^-jj — J, r,r, = -.— =— . 

3. .'. the equation is : 

«'-(-j)»+(-|) = 0, ora« + 2-| = 0. (§228) 

Multiplying both members by 8, 

8a;2 +2x — 3 = 0. 
Check : The given roots, if substituted, will satisfy the equation. 

Example 2. Form the equation whose roots shall be — 9 
and 2. 

Solution : 1. If x = - 9, then a;4-9 = 0; if« = 2, then 05 - 2 = 0. 
2. .-. (x + 9)(a;-2) = 0, or a;2 + 7a;- 18=0. 

It is clear that this equation has the given roots. 

Note. This second method may be used also to form an equation having 
three or more roots. 

EXERCISE 60 
Form the equations whose roots shall be : 

1. 2,3. 4. 12,-5; 7. i,i. 

2. -3, —6. 6. 2, f. 8. 3m, -5m. 

3. 6, -9. 6. 1, -\. 9. 4«, -|«. 

10. -fc, |c. 13. 2a-&,>2a + &. 

11. 2,3,-5. 14. 3+V5, 3-V5. 

12. a + 3m, a-3m. 35. 2 -^ 3V2, 2 - 3V2. 
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DETEBMINATIOK OF THE CHARACTER OF THE ROOTS 

112. Classification of Numbera. The numbers considered in 
this text to this point are : 

(A) Real numbers. 

1. Rational Numbers : (a) integers (positive sCnd negative) ; 
{b) fractions whose terms are integiBrs. 

2. Irrational numbers : (a) quadratic surds (§ 67) ; (6) surd 
expressions, such as 2 -f V3. 

(B) Imaginary Numbers: (a) pure imaginaries (§ 83); 
(6) complex numbers (§ 83). 

113. It is often necessary to determine the character of the 
roots of a quadratic. t 

Thus the roota of2a!»-8a; + 8 = 0are ^^^^ • 

2 

Since 10 is positive, the roots are real numbers. 

Since 10 is not a perfect square, the roots are irrational. 

Since VlO is added in one root and subtracted in the other, the roots 

are unequal. 

Hence the roots are real, irrational, and unequal. 

It is possible to determine the character of the roots how- 
ever without determining the roots themselves. 

For the general quadratic aa^ -f- 6aj + c = 0, the roots are 



""^^ 2^ ' ^» = 2^ ■' 

Rule 1. — 116^ — 4 ac is positive, the roots are real and unequal. 
They are rational if 6^ — 4 ac is a perfect square, and irrational if 
6*— 4 ac is not a perfect square. 

8. If 6^ — 4ac Equals zero, "the roots are real and equaL 

8. If b' — 4 ac is less than zero, the roots are imaginary, 
ft^ — 4 ac is called the Discriminant of the quadratic. 
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Example 1. Determine the character of the roots of 

2aj8-6a?-18 = a 
Solution : 1. 6^ - 4 ac = ( - 6)a-4(2) (- 18) =26 + 144 = 169 = 13». 
2. By Rule 1, the roots are real, rational, and unequal. 

Example 2. Determine the character of the roots of 
3a^ + 2a? + l = 0. 

Solution :1. 6« — 4 oc = 4 — 4.8.1=4 — 12 =— 8. 
2. By Rule 3, the roots are imaginary. 

Example 3. Determine the character of the roots of 

4a*~12a?-f9 = 0. 

Solution: 1. 62-.4ac= 144 - 4 .4 • 9 = 144 - 144 = 0. 
2. By Rule 2, the roots are real and equal. 

Note. This type is most easily understood if the quadratic is solved by 
factoring. This example becomes (2 as — 3) (2 as — 3) = 0. The roots are then 
i and |. It is customary to say that the roots are equal. 

EXERCISE 61 
Determine by inspection the character of the roots of: 

1. 6ix? + 7x-5 = 0, 7. 5m-2 = 4m« 

2. 4a^-20aj4-25 = 0. 8. Af-y^^e. 

3. 32»~8«-f6=0. 9. 5«« + 7 = 8«. 

4. a^~9aj + 15 = 0. 10. 20 a^- 41 a? + 20 = 0. 

5. 5r« + 7r-f3 = 0. 11. 7a^ + 3aj=r0. 

6. 98»-l = 12«. 12. 16m«-9 = 0. 



a (m factors). 


(§1U) 


a (n factors). 


(§114) 


a (m factors)} -{a- a,a •- 


. a (n factors)} 


a {(m + n) factors}. 





Xm. EXPONENTS 

114. In the preceding chapters, only positive integers have 
been used as exponents. The fnndaniental definition when m 
is a positive integer, is : 

a"* = a • a • a ••• a (m factors). (§ 3) 

116. There are five fundamental laws of exponents. When 
m and n are positive integers : 

1. Multiplication Law. Just as a^ y.d! = df^y 

so a'^'Ka*^ a"*"*^. 
Proof : 1. a^^a^ a*a * 

2. a^ = a * a * a - 
8. .\ a'^'a!^=:{a*a'a 

= a- a»a ' 

n. Division Law. Just as a'-^a^ = ci', 

so a* -J- a* = a*~". (m greater than n.) 

PROor : 1. ^ = /'^'^'^-^'«'«-«("»^^<^"), (§ 114) 

a- ^.^./|.>k.../l(iifactor8) ^"^ 

2. = a. a — a {(»-») factors} = «—•. (§11*) 

8. ,\ a* •«- a* = «■-•. 

Ill Power of a Power. Just as (a*)*=ci**, 

so (o")" = a"». 
Pmx>p: 1. 0?'«)« = <i«.(i«. «-...<!• (n factors) (§11*) 

2. =«•+•+•+ — +• <i»tenw), (LawO 

8» A («!")• = a«» {since m + m+ — +m (n terms) = 11111}. 

IV« Power of a Product Just as (a&)'=aV, 

80 (a6)* = a*6» 
liO 
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Proof : 1. (a6)« =(aft) • (aft) • (a6) ... (ab) (n factors) (§ 114) 

2. ={a'a'a'"a(n factors)} - {& * 6 * 6 -.' 6 (n factors)}. 

(§ 114) 
8. .'. (a6)* = a».6*. 



y. Power of a Quotient. Just as 






^ U) =F-- 



^"Mf)"=(f)0(f) •••(!) ("^^^^^ «"*^ 



_ g . g ' g '" o (n factors) 
6 • 6 . 6 ••• 6 (» factors) ' 



8. 



•••(f)"=r:- «"*) 

Inyoltttion is the name given to the process of finding a power 
of a number. (Compare with § 3.) 

EXERCISE 62 
Find the results of the indicated operations in the following 
examples, using the five laws above; the literal exponents 
denote positive integers. 



1. aj>» . a? . • 


13. 


iC«-8-aj». 


26. 


(a^\ 


2. m}^'7n^. 


14. 


a^H-a5». 


26. 


W. 


3. f^r- 


16. 


f^^r- 


27. 


{my. 


4. m** • W. 


16. 


m^ -f- m'. 


28. 


(-a'fty. 


6. c^-a^. 


17. 


a** -J- a*. 


29. 


(y'^'t^)*. 


6. 6'+^ . b\ 


18. 


6'-^*-s-6l 


30. 


(m^nyy. 


7. c*-*.c". 


19. 


c»+«-!-c'. 


31. 


(a»)^ 


8. (P'+^.d'. 


20. 


d^+«-!-(f. 


32. 


(6-)«. 


9. 2^+1.2^-1. 


sn. 


jjr+4^2jr+»^ 


33. 


(-c«d-»)l 


10. r-».r+«. 


22. 


^+6^^-S 


34. 


(a^3^)- 


11. «;"'+•. w--». 


23. 


^••+» _J. t(?"*-*. 


35. 


(1^0*. 


12. sr-'+i.^. 


24. 


g^-r+l^^^ 


36. 


(x^r)'- 
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©'• 


- (^)* 


« m- 


(^'• 


"• (-?)•• 


«•©•• 


©'• 


- (0- 


«• (^T 
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87. 
88. 
39. 



116. Only cube and sqoare roots have been considered in 
the preceding chapters. More general roots occur in mathe- 
matics. 

117. Just as -s/x indicates the cube root of a; (§ 3), so V^ 
indicates the nth root of x. 

n is called the Index of the root. 

The nth root of x is the number whose nth power equals x] 
that is, (^)-=ar. 

Thus, v^ = ie», since (ie»)* = x^. 
y/o^ = jc*, shice (jc*)6 = «». 
</- ajiyi = - xY, since (- ajy )▼ = - x^^. 
The number under the radical sign is called the Radicand. 

Rule. — To find the nth root of a perfect nth power, diyide the 
exponent of each factor of the radicand by n. 

Every number has n nth roots. Unless something is said to 
the contrary, the principal root is denoted by the symbol V' 
If n is even, this root is the positive root ; if n is odd and the 
radicand is negative, this root is negative. 

Eyolation is the name given to the process of finding the 
root of a number. (Compare with § 3.) 

Historical Note. A symbol for extracting a root did not appear 
until the fifteenth century. In Italian mathematics, the first letter of the 
word Radix, meaning the root, was used to indicate the square root : thos, 
R. Presently there were used R.2^ R.S", etc. to indicate the square, 
cube, and other roots. Chuquet, a French mathemaUcian of about 1600, 
used &3, &8, etc. 
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In Gezmany, a point was placed before a number to indicate that its 
square root was to be taken. Two points were used to indicate the fourth 
loot, and tliree the third root. Reise, 1492-1659, replaced the point by 
the symbol, ^, to indicate the square root, and Rudolph, 1616, used the 
symbol, y/y/^ for the fourth root. Stevln, 1548-1620, used the better 
symbols: V@, y/@, etc. Girard, 1590-1632, used: {/, ^, etc. Des- 
cartes used the vinculum to indicate what numbers were affected by the 
root 

EXERCISE 63 



11. -^64 oW 21. V^. 

12. \/625a^. 22. Vo^. 

13. ■>/- 27 mV. 23. </&*?• 

14. •v^-32mW». 24. <^-a*3^. 

15. -v^SiW. 26. -V^f^^. 

16. V-^^¥K 26. -v/oW^. 



10. 



Af 



W „ .'/!= 



1- Al^- 17. -v/g- «■ Vsji- 



- vW- - ^• 



^ 






118. Fractions, zero, and negative numbers are used as ex- 
ponents. Up to this point the symbols a"* and ai do not have 
any meaning, for the base a cannot be used as a factor minus 
three times or two thirds times. (See § 114.) 
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119. Meaning of a Fractional Exponent. If a^ is to obey the 
multiplication law (§ 115), then a* • a* • a' = a* = a\ 

.'. (a*)'=a*, or a^=-\/o?. 

This fact suggests the definition : in a fractionoLl es^ponentj 
the denominator denotes the principal root (§ 117) of the power of 
the base indicated by the numerator. In symbols, 

m 

Thus: x* = v^a?; (-27)*= y^=^ =-3. 

EXERCISE 64 
Express with radical signs and find the values of: 

1. 4*. 4. 32*. 7. (-125)* 10. (af)i 

2. 27*. 6. 81*. 8. 256*. 11. (y^*. 

3. (-8)*. 6. 64*. 9: (-1000)*. 12. (2^^*. 
13. (-64ajy)*. 14. (S2a'b^l 16. (Slajy)^ 

Express with radical signs: 

16. 2*. 18. 5*. 20. 4aj*. 22. 2tt6i 24. mhi 

17. 4*. 19. (4 a;)*. 21. 83/*. 23. (2a6)*. 25. SaM. 

Express with fractional exponents : 

26. Va\ 28. -\/2a. 30. •v^m'. 32. 2\/^. 34. 3y\^. 

27. </?. 29. 2^/a, 31. "v^feV. 33. 4>^p. 36. cfW' 

120. Meaning of a Zero Exponent. If a^ is to obey the multi* 
plication law (§ 115), then a"» • a® = a"*+® = a"*. 

.'. a® = a"* -i- a"* = 1. 
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This partially suggests the definition : the zero power of any 
number, except zero, is 1, 
Thus: 60 = 1; «o = 1 ; (-66)0 = 1. 

121. Meaning^ of a Negative Exponent. If a""* is to obey the 
multiplication law (§ 115), then a~*" • a"* = a"""*""* = a® = 1. 



.=1. 

a- 



This suggests the definition : a 

Thus: 



EXERCISE 66 
Express with positive exponents and find the values of: 

1. 3'\ 6. 3-^2"* 9. 64.4-» 13. 64"* 

2. 2-«. 6. 5'>.4-*. 10. 16"i. 14. (-125)-*- 

3. 3-». 7. 9.6-*. 11. (-27)"i. 16. (-32)"i. 

4. r>. 8. 100.5-2. 12. 81"i. 
Write with positive exponents : 

16. a%-*. 18. 2 a-*. 20. 3a-%*. 

17. (2a)-». 19. (Sa)-^b\ 21. 2-Wn-^. 

22. 4a-«6-». 23. (2 a)» ^ (3 6)-«. 

122. Negative Exponents in Fractions. 

Example 1. ^=.^^i.^^^. 

This example makes it clear that a factor may be trans- 
ferred from one term of a fraction to the other provided the 
sign of its exponent be changed. 
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Example 2. Bjf^^B^^ 
Example 3. 5^ = 3 o^ftc-y-*. 

EXERCISE 66 
Write with positive exponents : 

1. 2:^. s. -^. 6. ^ *"'""'. - 8a»ft-' 

y» 2y-» 7j,-« 7' — ^• 

a ?^. 4 a^ 8 3a-»6» a ^^• 

Write without any denominator : 

9. 3^. 11. 2^ 18. ?:£;:!2. ,, 8a<y. 

2c-'di 



»• c- • i 



16. 



xo.^. 12.??^. "-5^- le-^- 

H18TOBICAL NoTB. In the note following § 14, credit is given to 
Herigone for having grasped the idea of an exponent, and for introducing 
a rather good notation. As early as 1484, another French mathematician, 
Chuquet, had had some idea of an exponent and had written expressions 
involving a form of negative exponent and also the zero exponent. His 
ideas, however, did not spread far. Other attempts to introduce general 
exponents were made between that time and the time of Newton. To 
Newton must be given the credit for having finally fixed the present form 
of writing the various kinds of exponents. 

123. The Fandamental Laws for Any Rational Exponent. 

The symbol «» has been defined now (§§ 114, 119, 120, 121) 
for all rational (§ 112) values of n. The five fundamental laws 
which have been proved for positive integral exponents (§ Ho) 
apply also for other rational exponents. This fact will be 
assumed without proof in this text. 
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EXERCISE 67 
Law I 

Example. qI • a-« • a« • a* = a^"^^"^* = a^. 

1. Express Law I in words. 

2. Multiply each of the following numbers : 

by: (a) r»; (6) r-«; (c) «»j (d) r«5»; (e) r-*«-«. 

3. Multiply each of the following numbers : 

«*; aj*; y*; aV; «"y*; 
by: (a) a*; (&) aj*; (c) y»; (d) ajiy*. 

4. Multiply each of the following numbers : 

m »; n*; m*n"T^; m"*w^; m^vT^. 
by: (a) m; (&) mi; (c) y*"^; (d) m""V. 

Multiply : 

6. a* + a*6* + 6*by a*-&*. 

6. 2a-i-7-3aby4a-i + 6. 

7. aj-* + 2a:-* + 4ic-* + 8byaj-*-2. 

8. aj» + oj^yt -(-yi by oj^ — o^y^ + yi. 

Find: 

9. (a-* + 6*) (a"* -6*). 12. («* - 6) (cc* + 13). 

10. (a;4-y-i)«. 13. (r*~s*)l 

11. (t- -«-)». 14. (a* + 7 6-^)(a*-8&-i> 
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Law II 

Example, m^ -+- m"* = m^*"^"*^ =m^. 
16. Express Law II in words. 

16. Divide each of the following numbers : 

by: (a)«»; (6) «-^; (c) «*; (d) H. 

17. Divide each of the following numbers : 

by: (a) cd; (6) c-«d-\ 

18. Divide a"* + a-' + a"^ by a"*. 

19. Divide 4 «-• + 6 «-* + 12 x'^ by 2 ar«. 

20. Divide a* + a* + a* + a by a*. 

21. Divide a^+Vhj ai + h^. 

22. Divide a — 1 by a* -|- 1. 

23. Dividea — 4ai,+ 6ai — 4ai + l by a* — 2ai + l. 

Law III 
Example, (a?"*)* = o:"^ * * = a?"*. 

24. Indicate and find the values of the following numbers; 

W; (2r'^)"; (^*r; (^"*r; (^'•r; 

when n is: (a) 2; (b) -3; (c) i; (d) -^j (e) -f. 
Laws IV and V 
Example 1. (ar'^*)"* = a?"^ ' " V * = ^"** 



Example 2. ^^-' = ^=^ = r«««. 
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26. Express Law IV in words. 

26. Express Law V in words. 

27. Indicate and find the values of: 

(a%-8)"; (m-«^i)-; (aj-Jy"*)"; (f— O"? 
whennis: (a) 2; (b) -4; (c).|; (d) -^^ 

Find the values of: 

28. (-8)i 

Solution : (- 8)* = [(- 8)*]^ = iV^y = (- 2)« = 4. 

29. 25*. 32. 81*. 36. (4aj*)*. 38. (-32)*. 

30. 9*. 33. 49*. 36. (243aj»)i 39. (64ajy^i 

31. 8*. 84. (-27)*. 37. (16 m*)*. 40. (-126)*. 

41. (-64a«6«)*. 43. (256«*i^\ 

42. (-128m^*. 44. 16^. 

«. Simp,.,, !»^. 

Solution : W-^ x 10» _ iqijh-j-ljs _ io«JB. 

101.2S 

46. Multiply each of the following numbers : 

10"«; 102-»; 10»*'; lO^-a"; 10«-"; 
by (a) 10; (6) 100; (c) 10^-^. 

47. Examine the results of 46 (a) and (b). What is the 
effect upon the exponent of a power of 10 when the power is 
multiplied by 10 ? by 100 ? 

48. Replace the word "multiply" in Example 46 by 
"divide" and solve the resulting exercises. 

Simplify : 

49. ^ -^ . 60. ^ y^ — I . 



XIV. RADICALS 

124. A Radical is a root of a number indicated by a radical 

sign; as, VS, "V^, VaJ + l. 

If the indicated root can be obtained, the radical is a rational 
number; if it cannot be obtained, ^it is an irrcUional number 
(cf. § 112). 

125. The index (§ 117) determines the Order of the radical. 

Thus, Vx + 1 is a radical of the third oi^er. 

126. An introduction to radicals of the second order (square 
roots) has been given in Chapter VII. In § 69, a means of 
simplifying radical expressions in order to find their approxi- 
mate values is illustrated. Some methods of simplifying more 
complicated radical expressions will be given in this chapter. 
These methods, like the one in § 69, lead to more economical 
and often to more accurate methods of finding the approximate 
arithmetical values of the expressions. 

It will be of interest also to find that radicals, like integers 
and fractions, can be added, subtracted, divided, etc. 

127. Eadicals of the second order will be emphasized. 
Where the final expression involves only square roots of arith- 
metical numbers, the approximate arithmetical value should be 
found as in the examples solved in the text. 

128. Two principles are used frequently in this chapters 

(A) (Vi^» = aj (§ 117). Thus, (V2)2 = 2. From this it 
follows that \/22 = 2. Similarly ^/S' = 3. 

(B) Va6 = Va . V6. Thus, ■\/T^= -y/T - ^/9, 

160 
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This principle may be expressed: the nth root of the product 
of two numben i» equal to the product of the nth roots of the 
numbers. 



BBDUCnON OF A RADICAL TO ITS SIMPLEST FORM 

129. Reducing a Radical to a Radical of Lower Order. 

.-. ^M26=V6 = 2.23+ 

.'. ihe ninth root of 64 may be found by obtaining the onbe 
root of 4 In the chapter on logarithms, a method for deter« 
mining a higher root of any number will be given. 

EXERCISE 68 
Beduce to radicals of lower order; see i 127 : 

1. v'lS. 7. -v^. IS. ^/U. 19. •v'125«y. 

2. -^165. . 8. -v^ 14. ^/l. 20. v'32^. 
8. y/8. 9. ^/S2. 15. \^2l6. 21. y/SHF. 
4. v^ 10. -v^. 16. K/lM. 22. y/Sl?^. 
6. ^. 11. ■y/2B. 17. ^243. 23. -^27aW. 
6. ■\/S&. 12. \/9. 18. •v'121o«6». 24. ^266a«a!». 

130. Removing a Factor from the Radicand. 

EiAMPia 1. V76=v^6T3=V25.VS = 6.V3. 

.-. V76 = 6(1.732+) =. 8.66+. (See also § 66.) 

ExAMPia2L -{^96 cfb^tf = ^32 a»6»c» • </W? 
= 2a&*c<'3W. 
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Role. —To simplify a radical by removing factors from the ndi 
cand: 

1. Resolye the radicand into two factors, the second of which 
contains no factor which is a perfect power of degree corresponding 
to the order of the radical. 

S. Find the reqoired root of the first factor; multiply it by the 
indicated root of the second factor. 

EXERCISE 69 
Simplify by removing factors from the radicand ; see § 127 : 
1. V52. 5. V98. 9. VT26. 13. -v/iO?. 

2 V90. e. V96. 10. V99a^. 14. VMm. 

3. V80. 7. Vn2. 11. VeOicV. 15. V^ib^. . 

4. V63. 8. Vi08. 12. V200mV. 16. -^lOSc?. 

17. ■v^l28ajy*. 19. </i62. 21. V^^^. 

18. •v/1125mV. 20. </64a%». 22. ■\/243ny. 

23. -v/lSsSy. 26. V27a%-36a*6«4-12a6». 

24. ^128 a^^. 27. V5 »» + 30 a:^ + 45 «. 



25. V(a2-462)(a-26). 28. V(aj*-aj-6)(aj«4-2ic-15). 

^''- Af8 \28 ^ 2 

30. VfHI. 32. V/I^. 34. ^ . 36. ^^. 
Af27m« \16a* ^32c'^ Af64aJ« 



31. 'M. 33. VP^. 35. ^«/^. 37. \fA^- 
\125 \81aj*. >'ar'3^^ \i28mV* 

131. Changing a Fractional to an Integral Radicand. 
Review § 66 and Exercise 27. The method of § 66 applies 
to radicals of higher order. 



8/27 si 3^-2a^ 3 ^.- 
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Rale. — To change a fractional to an integral radicand : 

1. Multiply both numerator and denominator of the fraction 
by such a number as will make the denominator a perfect power 
of degree corresponding to the order of the radicaL 

2. Simplify the resulting radical as in § ISO. 

EXERCISE 70 
Express with integral radicands ; see § 127 : 

-4 •■4 ''■4- ' 



»/3o 
16' 



»-aS- -€• -^5^- -€5- 

7.^'. I4.<f8^. 21..rfII^. 28.J^r7«?. 

132. To Introdnce the Coefficient of a Radical under the Radical 
Sign. 

Example. 2a-^/3^=-V^a^--VS^=</Sc^'3a?=y/2i^ 

Hnle. — To introdnce a factor under the radical sig;n : 
1. Raise the factor to the poorer denoted by the index, 
i Multiply the radicand by the result of step 1. 
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EXERCISE 71 

Introduoe under the radical sign the coefficients of : 



1. 6V2. 


4. 6v/i. 


7. 4aV8a. 


10. a^-y/^. 


2. 8V3. 


6. 2-s/5. 


8. 7a?V6?. 


11. 3m»-v/2«. 


3. 4</6. 


6. 3<^. 


». Saby/5a*. 


12. 2a-\/7?. 



133. Similar radicals are radicals which, in their simp 
form, do not differ at all or differ only in their coefficients; 
thus, 2-\Jcui? and Z^sfai^ are similar radicals. 

134. Addition and Subtraction of Radicals. Review § 69 and 
Exercise 28. The methods of § 69 apply to radicals of a 
higher order. 

Example. ^ J - ^t/24 + -v^ = ^/| - -v^STa + -</27T2 
= \^2 - 2^3 -h 3-^2 = 3|</2 - 2-v^3. 

Rule. — To add or subtract radicals : 

1. Reduce them to their simplest form. 

8. Combine similar radicals (see § 69) and indicate the addi- 
tion or subtraction of those which are dissimilar. 

EXERCISE 72 

Simplify the following expressions ; see § 127 : 

1. V98-V32. 4. ^/U-^^Vo. 7. SJ^-A/m 

2. 2n/80 + V18O. 5. v^l92m- v^^lw. 8. -v^-^/2. 

3. 3V24- VlM 6. VWq^^V^A^, 9. -v/S + v^m 
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10. »i»-v'32^ + m-v'lOS m* - -^600 m*. 

11. a!»Vi60i + V96^ - V54p - « V24p. 

17. "vm + \/--. 



16 



13. V^+Vf. 

16. V|+Va-V|. "* 



135. Redaction of Radicals of Different Orders to Equivalent 
Radicals of the Same Order. 

Example. Keduce V2, V^, and 4^ to equivalent radicals 
of the same order. Determine which is the greatest number. 

Solution: 1. By § 119, V2 =(2)* = 2* =:^ = ^t/§l. 

2. ^=(8)* = 8^=v^ = v^. 

8. v^=(5)i = 6A=v^ = v^l28. 

4. .*. y/b 1b the greatest number. 

Rule. — To reduce radicals to equiyalent radicals of the same 
order: 

1. Express the radicals with fractional exponents. 

5. Reduce the exponents to a common denominator. 

S. Rewrite the resulting: expressions with radical signs. 
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EXERCISE 73 

Reduce to equivalent radicals of the same order: 

1. VS and -y/K 6. "Vxy, -y/yz, and -y/sa. 

2. V2 and >^3. 7. -V^, v^^, and y/U 
8. ■y/c?bB,nd -y/^K 8. •v/2, <^, and •^. 

4. V^and</i2. • 9. ^/iT^ and -y'TTS. 

6. -^and-v^. 10. •v/a+^ and "v^o^l. 

Arrange in order of magnitude : 

11. \/2and-v^. 14. V3and-v^. 

12. -v/ii and V6. 16. V3, -v/g, and y/l. 
18. >/iOand-v^. 16. -v^n, V6, and \^I75. 

MULTIPLICATION OF RADICALS 
136» Multiplication of Radicals of the Second Order. 

Example. 2V3 • V6=2V3T6=2V^T2=2.3V2=6V5 
.-. 2 V3 . V6 = 6 V2 = 6(1.414+)= 8.484+. 

EXERCISE 74 
Find the products ; see § 127 : 

1. V2.V10. 4. V5.V15. 7. 2VB-3V6. 

2. V3.V12. 6. 2V3.V2i. 8. (3V3)*. 

3. V7.Vi4. 6. 3V20.ViO. 9. (5V2)l 

10. (2V7)». 13. Vm=1-V^^^ 

11. 6V6S.2V3X. 14. (V^^^*. 

12. 3V3^.2Vi5^. 16. (3v^T2)*. 
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16. Multiply 2V54-3V^ by 3 V3-V5. 
Solution : 2 V8 + 3 V2 

8V3-V2 
I8 + 9V6 

-2V5-6 
18 + 7V6-6 = 12 + 7\/5. 
/. (2V5 + 3v^)(3V8 - V2)= 12 + 7(2.44)= 12 + 17.08 = 29.08. 

Find the following products : 

17. (5-V3)(5+V3). 24. (V2-7)(V2 + 7). 

18. (2a-V6)(2a+V6). 26. (2V3 + 5)(2V3-6). 

19. (V3 + 7)(V3-8). 26. (Va-V6)(VH+V6). 



20. (2 + 3V3)(6-VS). 27. (V^H=T+1)» 

21. (V2-4)(3V2-6). 28. (V5"33-.4)«. 

22. (4-hV6)l 29. (V5-VSTB)*. 



23, (2-3V7)«.. 30. (V^& + 1-V«^y. 

137. Multiplication of Radicals of Any Order. 
Example 1. ^(/I^. </8^= \^32^= 2 »■(/».. 

Example 2. y/2a* •v^4^= •v^(2^. ^v^^T^ 

= \/2» . a» . 4« . a*= ^2». 2* -a' 
= 2aA/2^. 

Rule. — To mnltiply monomial radicals : 

1. Reduce the radicals, if necessary, to equivalent radicals of the 
same order. (§185.) 

2. Multiply together the radicands obtained in step 1 for the radi- 
cand of the product ; place it under the common root. (§ 128, B.) 

S. Simplify the result of step 2 as in §§ 180 and 131. 
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EXEBCISB 76 
Find the products : 

1. ■Vi.-V2. 8. V^.Vi. 

2. 2>/^.'&l8. 9. -v^.^. 

5. 5</9^ • -^/Si?. 10. V^'-y/^. 
4. -VQ.-v^.. 11. <^.-v^ 

6. ^.3-^. 12. VlO-</I- 

6. -v/16^ . ■v'i2«'. 13. -^9^*.Vl6a; 

7. eWf'-V^. 14. </I?'-^2l 

16. Sv'^t.^/eOTV. 

DIVISION OF RADICALS 
138. Divirion of Monomial Radicals of the Same Order. 

Example 1. V6 -j- V2 = -y^ = V3. .-. V6+ V2=1.7m 

o 5 

Role. — To divide monomial radicals of the same order. 
1. Divide the radicand of the dividend by the radicand of tbe 
divisor, and write the result under the common radical sign. 
8. Simplify the result as in §§ 180 and 181. 
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EXERCISE 76 
Perform the indicated divisions; see § 127: 

1. V8+V2. 9. 4cVi2?^-»-V5d. 

2. Vi4-»-V7. 10. Vie + Vi. 

3. V12m-»- V4w». 11. 11 Va^ -»- Vfy. 

4. 6Vi5-s-2V5. 12. V6 + V2. 

5. 2a\/72-!-aVi8. 18. Vi0-»-V6. 

6. V2^VJ. 14. Vi2 + V7, 

7. 15Va58-!-6Va6. 16. V§3-»-Vl5. 

8. 6Vi87^-s- 2V6A. 16. (8Vl2-6V3)-»-2V3. 

17. (16V2a+26V6a)-s-5V2^ 

18. (V8 + 2ViO)-!.V3. 

19. (3Vl6-4Vi8)-!.V6: 

20. \^i35'-*--v^5. 25. 2a-y/T2xy^a->/6x^. 

21. V^-^-VT. 26. SabVxfz-^aV^. 

22. \/267-j--v^39^. 27. em^l^/W^2mn^/W. 

23. ■^192m«-»-%/3ml 28. VSW-s-VW. 

24. •v^l25aW-»-v''256^. 29. Vo^+VaiV- 

139. DiYiaion of Monomial Radicals of Any Order. 
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Rule. — To divide one radical by another : 

1. Reduce the radicals, if necessary, to equivalent radicals d 
the same order. 

2. Divide the radicand of the dividend by the radicand of the 
divisor for the radicand of the quotient and write the result under 
the common radical sign. Simplify the result. 

EXERCISE 77 
Find the quotients : 

1. 2-s-\/2. 4. 5-8-^25. 7. V3 -h ^. 

2. 3-s-<^. 6. an-v^. 8. *v^-*-^. 

8. 3-s-</6. 6. V2-»-^. 9. V8a-*-\^32i 

10. v-IJ^-s-V^^ 13. ^/^-»-</|. 

11. <^-!-V|. 14. 'y/26-h-Vl25. 

12. VSU^^-\/9xy. 15. •V2^'i'-\/2x^. 

140. Division by a Binomial Quadratic Surd. 
Example 1. 

1 ^ (2-V3) ^ 2^VS ^ 2^^/3 

2+V3 (24-V3)(2-V3) 4-3 1 

.-. 1 -5- (2 -h V3) = 2 - 1.732+= .267+ 

Note. 2 4- V3 is multiplied by 2 — V3, thus giving the product of the sum 
and the difference of two jiumbers. The product is the difference of their 
squares. 2+^3 and 2— V3 are called Conjugate Surds. 

In general, the product of two conjugate surd expressions is 
a rational number, for (a + VS)(a— V6) equals a* —(^f 

Rule. — To divide a number by a binomial quadratic surd: 
1. Multiply both dividend and divisor by the conjugate 'surd rf 
the divisor, and simplify the result. 
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Example 2. 

3V2-|-1 ^ (3V2+1)(2V2 4-1) ^ 124-5V24-1 
2V2-1 (2V2-1)(2V2 + 1) 8-1 

. 3 V2 4- 1 ^ 13 + 5(1.414+) ^ 20.07^- ^ p g^^. 

" 2V2-1 7 7 ' ' 

NoTB. Since in this method of division the original fraction Is changed 
into an equivalent fraction with a rational (§ 242) denominator, the process is 
referred to as " Rationalizing the Denominator." * 

EXERCISE 78 

Perform the indicated divisions; see § 127: 

1. ^ _.• 4. g . , 3-V2 
3+V6 y3-4 ■ 4+V2 

2. _JL_. ' 6. — ^. 8. ^« + ^ 
V6-2 3+2V5 VH-6 

•8. _*_. «. 2±V3. 9. V^-Vy . 

3-V6 1+V3 Vx+Vy 

10. -v^-^. IS. V^±l. 

V6+V2 VsD-2+2 

,, 2V2 + 3 ,. Va-6+Vo 

IX. — • 14. — ^ — • 

3V2 + 2 Va-b-Va 

12. W2 + 6 j^g vT+^-VT^ 

3V2-6 Vl + o+Vl-a 

141. Involution and Evolation of Radicals is accomplished 
in the case of monomials by the use of exponents. 

ExAMPLK 1. (-v^)" = (12*)» = 12* = 12* = Vl2 = 2 V3. 
.-. (4^)» = 2 (1.732+) = 3.464+. 

IxAMPLE 2. -^(-i/Wi?) = {(27 a^ij* = K3 a!)*| ^ = (3 «)*. 
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EXERCISE 79 

Simplify the following expressions; see § 127: 

1. (^». 6. (2a^/. 11. {^/Si^^y. 

2. (>^/. 7. (^/T^y, 12. (^/48l^)». 
8. {</m)K 8. (</50^y. 13. </(^/S2). 
4.' (-y/ey. 9. (^y. 14. ^(V27). 
5. ("v/Ie/. 10. (6m>/96^«)«. 15. V(\^25). 

16. </(^5^32^. 19. ■v/(v^2^. 

17. V(->/49). 20. ^/(^v^SU?). 

18. <^(VlO). 21. V(-v^«*-6« + 9). 

142. Square Roots of a Binomial Quadratic Surd. It is possible 
to find the square roots of some binomial surds by inspectioiL 

(V2-V3)« = 2-2V6 + 3 = 5-2V6. 

Notice that the square of the binomial sard is a binomial ; that 5 is 
the sum of the two radicands 2 and 8 and that the radicand 6 is the 
product of the radicands of the given binomial. This example suggests 
the 

Rule. —To find the square root of a binomial surd (§ 67) : 

1. Reduce the surd term so that its coefficient is 8. 

8. Separate the rational term into two numbers whose product 
shall be the radiciand obtained in step 1. 

8. Extract the square roots of the two numbers of step 8 and 
connect them by the sign of the surd term (§ 15^ c). 

Example. Find the square roots of 22 — 3 V32. 



Solution: 1. V22 - 3 V32 = V22 - V9 • 8 • 4 = V22 - 2^7^ 
8. 22 = 18 + 4 and 18x4 = 72. 

8. .-. V22-8V32=±(Vi8-\/i)=±(8V2-2). (§69). 
Chbok: (8V2-2)«=18-12V2+4=22-3Vierr2=:22-8>/S 
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EXERCISE 80 
Find the square roots of : 

1. II + 2V28. 4. 8-V60. 7. 9-3V8. 

2. 17-2V72. 5. 6 + V32. 8. 8 + 4V3. 

3. 11-2V30. 6. 6-V2O. 9. 2O-6VIL 

IMAaiKARY NUMBERS 

143. An introduction to imaginary numbers was given in 
Chapter VIII. Review, if necessary, paragraphs 82 to 85 
inclusive. 

144. Powers of the Imaginary Unit L 



By § 82, i is V^^ therefore i^ = -l. (§ 117.) 
i8 = i«.i = (-l)t-==-t. 
i«=t«.i = (-t)» = -»» = -(-l)=l. 

Thus, the first four positive integral powers of i' are i, — 1, 
— t, and 1 ; and for higher powers, these numbers recur in the 
same order. Find, for example, t®, t', and »*. 

145. Multiplication of Imaginary Numbers. 
Example 1. 

V^ . V33 = fV2 . tV3 = t«V6= (- 1) . V6 =- VS. 
Note that each number is expressed in terms of the unit i^ 
and that the fact that t* = — 1 is used. 

Example 2. Find the product (2 - V^^) (5 + V^^^). 
SoLUTiOH : (2 - VCTs) (5 + V^^s) = (2 - tVS) (6 + < VS). 
2-f>/3 

10-6<\/3 

+ 2fV3-<«.8 



10-8iVf3-(-l)3 = 18-.8<v^ 
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EXERCISE 81 
Pind the prodacts : 

1. V^l4.V^. 8. aV^^cV^. 

2. V^- V-12. 9. mV^-nV^s. 

3. V^ • V^. 10. V^^ • - V^. 

4. v^.v^zig. 11. (2-|.v^ri).(2-V^). 

6. V39fl? . V- 16 €?. 12. (3 + V:r5)(3-.V^). 

6. 2V^r3.3V=r3. 18. (7 + V^(7 + 2V^).. 

7. 5V^^-4V^^. 14. (9-V=^)(lH-V^). 

15. (-i+virgx-i-Virs). 16. (4-V:r5)«. 

17. (aj + V^)(«-V^). 19. j^(-.l-V^r3){« 

18. {^(-1+V=1)}«. 20. JK-1-V^I3)}« 

146. Division of Imaginary Numbers. 

Example 1. 2^ = i^^ = :^=Vi=2. 
V-3 tV3 V3 

Example 2. 

10 10 10.fV5 10iV5 



= -6iV§r 



V^=^ »V2 »«.V2.V2 -2 

Example 3. ^ = ^ = ^(^"^'V^) 

1 + yT-^ 1 4- » V3 (1 + » >/3)(l - 1 V3) 

^ 2(1 - tV3) ^ 2(1 - fV3) ^ 1- tV3 
l_i2.3 1 + 3 ^ \ 

NoTB. As in division of real radicals, rationalize the divisor, by multiplf 
ing by t he co njugate imaginary. Thus, to rationalize 3— V^^, multiply tt 
Xsy 3+V^; the product will be 32-(V^)a, or 9-(-6), which is 14. 
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EXERCISE 82 
Find the quotients : 

1. V^^26-i-V^=^. 10. V-40ir»-hV-6a?, 



2. \/^;=32-!-V^^. 



11. 2 



8. V42+V^=^. 1-V^^ 

* 

6. -y/'-ab^-V—bo. 1 — V — 1 



6. V— a-^V— 0*. 



13. 6 + ^V-6. 



7. 2V^=^-J-V^=^. 6-4V^ 

8. 12V^I18-^4V=:2. ^^ 7-6VE1. 

147. Application of Radicals. In Chapters VIII and XI 
irrational (§ 124) roots were found for quadratic equations. 
Checking by substitution in such cases was not recommended 
at that time. 

Example. Solve the equation a?* + a? — 1 = 0. 

SOLUTION! 1. By the formula (§78), a; = ~^ :fcVl + 4 ^ 

2 

2. ...r, = ;rj = 



Check : Does f^U^V + (=1±V6 



(-±^)^(-±^)_: = 



0? 



• Does l-2V6 + 6^ -l+V6 _^^0y 

4 2 

Doe. l-Jt^ + 5-2+^-4^Qj Y^ 

4 
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EXERCISE 83 

1. Check the second root r^ above by substitution. 
Solve and check the foUowing equations : 

2. a?-aj — 1 = 0. 6. a? + a? + l = 0. 

3. aj«-2aj-2 = 0. 6. aj» + l = 0. (See §95.) 

4. 3^-3y + l = 0. 7. a?-8 = 0. 

8. In a higher course in mathematics (trigonometry) certain 
six numbers occur, five of them bearing the following indicated 
relations to the sixth ; calling the numbers «, c, t, S, C, T: 

If » = —=:, find c, t, 5, C, and Tin simplest radical fornL 

9. If « = ^^, find c, t, S, C, and T in simplest radical fomL 

10. When factoring expressions in Chapters II and IX, 
only factors involving rational numbers were permitted. Fac- 
tor the following expressions, using irrational or imaginary 
numbers, if necessary : 

(a) a?-2. (d) a? + 2. (g) 5a?-.9. 

(b) a?^5. (e) a^ + 4. (h) 2a?-5. 

(c) ix? + 9. (f) 3aj«-4. (0 aa?''h. 

IRRATIONAL EQUATIONS , 

148. An Irrational Equation is one in which the unknown 
number appears under a radical sign or with a fractional 
exponent. 
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149 It is agreed that the radical sign or fractional ex- 
ponent shall denote the principal root (§ 117) ; thus the square 
root shall always denote the positive root. 

150. The following examples illustrate the methods of solu- 
tion of irrational equations. 



Example 1. Solve the equation a? — 1 — Va?* — 6 = 0. 

Solution : 1. Transposing, as — 1 = Vo^ — 6. 
2. Squaring both members, o^ — 2x + l=a^-^5. 
8. .'. — 2a;=— 6, oras = 8. 



Chbok: Does8-l=V3a-6? Doe82=Vi? Yes. (See§149.) 

NoTB. When a single radical oocurs in an equation, transpose the terms 
until the radical is on one side by itself and the remaining terms are on the 
other side. Then, if the radical is a square root, square both members of the 
eqaation; if it is a cube root, cube both members. 

Example 2. Solve the equation a? — 1 + Va? — 6 = 0. 



Solution : 1. Transposing, y/x^ — 6 = 1 — as. 

2. Squaring both members, as^ — 6 = a^ — 2a; + l. 

8. .•. 2a; s 6, or as = 8. 

Check: Does8- 1 + V8« - 6 = 0? Does2+\/¥ = 0? No. (§U9.) 

Therefore 3 is not a root of the eqaation. Recall that in solving an 
equation a number is sought which will satisfy the equation. The equa- 
tion may, however, impose an impossible relation upon some numbers, as 
in this case, and then it is impossible to find a solution. 

What is the explanation of the solution a; = 8 ? If the original equa- 
tion is compared with the equation of Example 1, it is noticed that the 
only difference is in the sign of the radical ; also that in step 2, after 
squaring both members in both examples, the resulting equation is the 
same. In each example, if the equation of step 1 has a root, that number 
u a root of the equation of step 2 ; but, since the equation of step 2 is the 
same in each solution, it cannot be asserted in advance whether its root 
or roots are roots of the equation of Example 1 or of Example 2. When 
finally the solution a; = 3 is obtained, the question arises, is 3 a root of 
the eqaation in Example 1 or in Example 2 ? The root a; = 3 satisfies the 
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equation of Example 1 ; it does not satisfy the equation of Example 2 
It is customary to say that, in Example 2, the extraneous root S is intro 
duced by the method of solution. 

This example makes clear the necessity .of checking the solutions ot 
equations. 

Example 3. Solve the equation -y/x— 24-V2a5 + 6 = 3. 
Solution: 1. Transposing, Vx — 2= 8— V2 a; + o". 



2. Squaring, a; -2 = 9- 6V2a;+ 5 + 2aj + 5. 

8. ^ .\ 6V2a; + 5 = a;+16. 

4. Squaring, 36(2 x + 5) = «« + 32 a; + 256. 

6. .-.0^-403; + ^6 = 0. .-. a; = 2, or38. (§110.) 



Chbck: Does y/T^ + V2. 2 + 6 = 8? Does V0 + '\/9 = 8? Teg. 
Does V38^^ + V2.38 + 6 = 8? Does a/36 + VST = 8 ? No. (See 
§149.) 

Therefore x = 2 is the only solution of this equation. 

No te 1. I t wi ll be f oapd that the eztraneoas root 38 will satisfy the eqoar 
tion V2 2 + 5 — V«-2» 3. 

Note 2. When there are two radicals in an equation, arrange the terms so 
that one radical appears alone in one member of the equation. 

EXERCISE 84 
Solve and check the following equations : 



1. V3^:r5-2 = o. 9, V^^r6 + V^= ^ . 

2. ^6^T9 + 8 = 5. ^ ^^-^ 

, -^ V3r-f 1+V3r . 

3. V9^?qr5-3a; = l. 10. — ^^ =4. 

Vt3r-hl— v3r 

6. V«+4+V«"=3. • v^qr^^Vi^^^ 

12. — = — * 

7. V5Tn + VM^=5. V3aj-f2 V6aj4-1 

-, ,- , , 2 13. VioT5--Vio^^=2. 

8. Vm4-Vm4-4 = -^=-- 

Vm 14. V6 + 10a-3a'=2a-3. 
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16. Vc + 2-hV3c + 4=:2. 17. ^aj»+8aj«+16aj-l=a?+3. 
16. Vm?-1+V3u; + 3 = 4. 18. Vy + 3--Vy+8=:--Vy- 

19. Vaj«-V2a+I = aj-1. 

20. V6T«+V5^^ 



21 -v^ _ ViFT2 ^5 

vrF2 V^ 6* 

Solve for 05: 

22. Va?-12a6 = ^^'~^ > 

V5 

23. Va 4- a? — Va — a? = V». 

24. V(a?-2 6)(» + 8 6)=a? + 4ft. 
26. V3a?4-2a— V4a?— 6a = V2a, 

26. Solve the equation « = ir\/-: 

(a) for I; (6) f or gf, 

27* Solve the equation F= V2gf«: 
(a) for g ; (6) for «. 

28. Va + aj — V2« = — ' 

Va + a? 

29. Va;— a4- V2a;+3a= VSol 



30. V(a+26)a; — 2a6 = a: — 4 6. 

31 ^^T4 ./M^_5. 



XV. LOGARTTHHS 



15L Logaritlims are exponents. 

Every positive number may be expressed, exactly or approxi- 
mately, as a power of 10. The exponent corresponding to a 
number so expressed is called its Logarithm to the Base 10. 

Thus, 102 = 100 ; therefore 2 is the logarithm of 100 to the haae 10. 
This is written : logiolOO = 2, or more briefly log 100 = 2. 

Similarly logio35 is read "logarithm of 35 to the base 10" 

152. Much difficult computation may be simplified by the 
use of logarithms. To make this fact clear, the approximate 
values of some powers of 10 will be computed and some ex- 
amples will be solved. 

1. 1(^=1; 10»=:105 lO^rrrlOO; 108=: 1000. 



2. 10-«= 10*= ViO = 3.1623. 

10" = 10^ X 10-* = 10 X 3.1623 = 31.623. 
10" = 10^ X 10"= 10 X 31.623= 316.23. 

8. 10»= (10-«)i = V3.1623 = 1.7782. 

10^25 ^ 10^ ^ ;,^o ^= 10 X 1.7782 = 17.782. 
IV-^ = 10^ X 10^-^= 10 X 17.782 = 177.82. 

4. 10«=(10")i=V3i:623 = 5.6234. 

10^"= 10 X 107^=10 X 5.6234 = 56.234. 
10«-« = 10 X 10i-^«=10 X 56.234=562.34. 
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1.0000 =ir 

1.7782 = ir 
3.1623 = ir 
6.6234= IP 

10.0000 = ir 

17.7820 = 10^ 
31.6230 = 1(P 
56.2340 = ir 

100.0000 =ir 

177.8200 =1(P 
316.2300 =1(P 
562.3400=10^" 

1000.0000 = ir 
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Example 1. Find 3.1623 x 17.782. 

Chsok: 8.1623 

17.782 



Solution: 1. 8.1628x17.782 


68246 


2. = 10^ X l(P-» = lOLM. 


262984 


8. .-. 8.1623 X 17.782 = 66.284. 


221861 


This is approximately correct. 


221861 
81628 




66.282+ 


Example 2. Find 1000 + 66.234 






Check: 17.78 




66.284)1000.00000 


Solution : 1. 1000 -h 66.234 


662 34 
487 660 
898 688 


2. =108+10iJ«=10»-i.w = 10»«. 


8. .% 1000+66.284 = 17.782. 
The solution is correct. 


44 0220 
89 8638 




4 66820 




4 49872 



Example 3. Find (6.6234)« x 316.23 + 177.82. 

Solution: 1. (6.6284)2x816.28 + 177.82 

2. =(10W)»xl02-» + 102^ 

8. = lOl^+WO-2.25 = 1(JL75, 

4. .% (6.6234)2 X 816.28 + 177.82 = 66.284. 

This example also may be checked by ordinary computation. 

153. From the examples of § 152 it is clear that a more 
complete list of exponents (logarithms) and ability to use 
them must be of great advantage, for in each case the solution 
by exponents is the simpler. The following paragraphs teach 
the methods of using logarithms. 

154. Logarithms of numbers to the base 10 are called 
Common Logarithms, and form, collectively, the Common System 
of Logaritluns. 
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156. If a number is not an exact power of 10, its logarithm 
can be given only approximately; a four-place logarithm is 
one given correct to four decimal places. 

Thus the logarithm of 13 is 1.1139 ; i,e. 13 = lO^-™, approximately. 

The integral part of the logarithm is called the Characteristic 
and the decimal part, the Mantissa. 

The characteristic of log 13 is 1 and the mantissa is .1139. 

NoTS 1. The plaral of mantissa is mantissa. 

KoTS 2. A negative number does not have a logarithm. 

156. The Characteristic of the Logarithm of a Number Greater 
than 1. It is known that 3.53 = 10 "^«, or log 3.53 = .5478. 

Multiplying both members of 3.53 = 10^» by 10, 

35.3 = 10 «^» X 10* = 10^"^«, or log 35.3 = 1.5478. 

Similarly, 353 = 10^ X W-^'^ = lO^-^*, or log 353 = 2.5478. 

The numbers 3.53, 35.3, and 353 have the same significant 
figures; they differ only in the location of the decimal point. 
Their logarithms differ only in the characteristics. These two 
facts indicate a connection between the location of the decimal 
point and the characteristic. 

8.53 has one figure to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 1, or 0. 

86.8 has two figures to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 2, or 1. 

853 has three figures to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 3, or 2. 

Rule. — The characteristic of the common logarithm of a number 
greater than l is one less than the number of significant figures to 
the left of the decimal pomt. 

Thus, the characteristic of log 367.83 is 2 ; of log 70390.5 is 4. 
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EXERCISE 86 
What are the characteristics of the logarithms of: 

1. 366. 4. 7. 7. 6.35. 10. 300606.7. 

2. 2000. 5. 16.1. 8. 60907.03. 11. 300.606. 

3. 60698. 6. 123.05. 9. 600.005. 12. 1000000. 

Tell the number of significant figures preceding the decimal 
point when the characteristic of the logarithm is : 

13. 4. 14. 2. 16. 0. 16. 1. 17. 3. 18. 6. 

157. The Characteristic of the Logarithm of a Number less than 1. 
Dividing both members of 3.53 = 10^^« (§ 156) by 10, 
.353 = 10-«-'« -s- 10^ = 10-««-*. .-. log .353 = .5478 - 1. 

Dividing both members of .353 = 10-^^^S by 10, 

.0353 = 10-«^«-i -J- 10^ = 10-«78-*. .-. log .0353 = .5478 - 2. 

Similarly, .00353 = 10-**«-«. .-. log .00353 = .5478 - 3. 

Between the decimal point and the first significant figure of : 

.353 there are no zeros ; the characteristic of log .363 is — 1. 

.0353 there is one zero ; the characteristic of log .0363 is —2. 

.00353 there are two zeros ; the characteristic of log .00363 is 
-3. 

Rule.— The characteristic of the common logarithm of a number 
less than 1 is negative ; numerically it is one more than the number 
of zeros between the decimal point and the first significant figure. 

Thus, the characteristic of log .0045 is — 3 ; of log .00027, is — 4. 

EXERCISE 86 
What are the characteristics of the logarithms of : 

1. .05. 3. .00064. 5. .00007. 7. .3. 

2. .0032. 4. .0586. 6. .08376. 8. .33759. 

Tell the number of zeros preceding the first significant figure 
when the characteristic of the logarithm is : 

9. -3. 10. -1. 11. -6. 12. -2. 13. -4. 
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158. Method of Writing a Negative Characteristic. In § 157 
log .353 = .5478 - 1. ActuaUy, therefore, log .353 is - .4522, a 
negative number. For many reasons, however, the positive 
mantissa and the negative characteristic are retained. 

.5478 — 1 is written : 9.5478 — 10. Numerically the two ex- 
pressions have equal value. Note that 9 — 10 = — 1. 

The process in general is to decide upon the characteristic 
by the rule in § 157 ; then, if it is — 1, write it 9 — 10 ; if - 2, 
write it 8 — 10; etc. 

Thus, log .02 is 3010 - 2, or 8.3010 - 10. 

NoTB. The negative characteristic is often written thus: lo^ .02=2.3010; 
again, log .353 = 1.5478. The minus sign is written over the characteristic to 
indicate that it alone is negative, the mantissa being positive. 

EXERCISE 87 

1-12. Tell how each of the characteristics of the examples 
of Exercise 86 should be written. 

159. Mantissa of a Logarithm. From §§ 156 and 157 : 

log 3.53 = .5478 ; log .353 = 9.5478 - 10 ; 
log 35.3 = 1.5478; log .00353 = 7.5478 - 10. 

The numbers 3.53, 35.3, .353, and .00353 have the same 
significant figures. Their common logarithms have the same 
mantissas. This is an example of the 

Rule. — The common logarithms of all numbers having the 
same significant figures have the same mantisss. 

Thus, the logarithms of 2606, 2.506, 250.6, etc., all have the same 
mantissse. 

160. A Table of Logarithms consists of the mantissas of the 
logarithms of certain numbers. The characteristics of the 
logarithms may be determined by the rules given in §§ 156 
and 157. The table given on pages 176 and 177 gives the 
mantissas of all integers from 100 to 999 inclusive, calculated 
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to four decimal places. The decimal point is omitted. Such 
a table is called a four-place table. While a five or six place 
table would be more accurate^ this table is sufficiently ac- 
curate for all ordinary purposes. 

161. To find the Logarithm of a Number of Three Significant 
Figures. 

Example 1. Find the logarithm of 16.8. 

Solution : 1. In the column headed **No.*^ find 16. On the hori- 
zontal line opposite 16, pass over to the column headed by the figure 8. 
The mantissa .2253 found there, is the required mantissa. 

2. The characteristic is 1, by the rule in § 156. 

3. /.logmS is 1.2253. 

Rule. — To find the logarithm of a number of three figures: 

1. Look in the column headed ^' No.'' for the fif st two figures of 
the given number. The mantissa will be found on the horizontal 
line opposite these two figures and in the column headed by the 
third figure of the given number. 

2. Prefix the characteristic according to §§ 156 and 157. 

Example 2. Find log .304. 

Solution : 1. Opposite 30 in the column headed by 4 is the mantissa 
.4829. The characteristic is - 1 or 9 - 10. (§§ 157 and 158.) 
2. .-. log .304 = 9.4829 - IQ. 

NoTB. The logarithm of a numher of one or two significant figures may 
be found by using the column headed 0. Thus the mautissa of log 8.3 is the 
same as the niantissa of log 8.30 ; of log 9, the same as of log 900. 

EXERCISE 88 
"Find the logarithms of : 

1. 236. 5. 72. 9. 56.2. 13. .00465. 

2. 769. 6. 8. 10. 7.83. 14. 8690. 
8. 843. 7. 3.2. 11. .924. 15. 24700. 

4. 90a 8. 620. 12. .0326. 16. 60.7. 
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9S77 


9881 


9886 


9890 


9894 


9899 


9903 
9948 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9952 


99 


9956 


9961 


9965 


9969 


9974 


99^8 


9983 


9987 


9991 


9996 


No. 





r 


2 


3 


4 


6 


6 


7 


8 


9 



Difference 
=.0014. 
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162. To find the Logarithm of a Number of More than Three 
Significant Figures. 

Example 1. Find log 327.6. 

Solution: 1. From the table : log 327 =2.6145 

log 827 .5= ? 
log 328 =2.5169 

2. Since 327.5 is between 827 and 828, its logarithm must be between 
their logarithms. An increase of one unit in the number (from 827 to 
828) produces an increase of .0014 in the mantissa. It is assumed there- 
fore that an increase of .6 in the number (from 327 to 827.6) produces an 
increase of .5 of .0014, or of .0007, in the mantissa. 

8. .-. log 327.5 = 2.5145 + .5 x .0014 

= 2.6145 + .0007 =2.5162. 

This result is obtained in practice as follows. The difference between 
any mantissa and the next higher mantissa as written in the table (neglect- 
ing the decimal point) is called the tabular difference. The tabular dif- 
ference for this example is 14(6159-5146). .6 of the tabular difference is 
7. Adding this to 5145 gives 5162, the required mantissa of log 827.6. 

Similarly to find log 327.26, the tabular difference is 14. .25 x 14=3.5. 
Hence the mantissa of log 327.25 is 6145 + 8.5 or 6148.5. .-. log 327.25 
= 2.6149. 

Note 1. The process of determing a mantissa which is between two 
mantissas of the table is called Interpolation. 

Note 2. The assumption made in step 2 is not warranted by the facts. 
Nevertheless, for ordinary purposes, the results obtained in this manner an 
sufficiently correct. This is the common method of interpolating. 

Note 3. When interpolating, it is customary to cat down all decimals so 
that the mantissa will again be a four-place decimal. Thus 3.5 is called 4. 
3.4 would be called 3. 

Rule. — To find the logarithm of a number of more than three 
significant figures : 

1. Find the mantissa for the first three figures, and the tabular 
difference for that mantissa. 

2. Multiply the tabular difference by the remaining figures of 
the given number, preceded by a decimal point. 

8. Add the result of step 8 to the mantissa obtained in step 1. 
4. Prefix the proper characteristic by §§ 156 and 167. 
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Example 2. Find log 34.652. 
SoLUTiOK : 1. Mantissa of log 346 = 6S91. 
Mantissa of log 347 r= 6403. 

2. Tabular difference = 12. .52 x 12 = 6.24 s 6. 

3. .-. Mantissa for log 34662 = 6391 + 6 = 6897. 

4. .-.log 34.652 = 1.5397. 

Example 3. Find log .021608. 
Solution : 1. Mantissa of log 216 = 3324. 
Mantissa of log 216 = 3345. 
2. Tabular difference = 21. .06 x 21 = 1.68 = 2. 
8. . •. mantissa of log 21508 = 3324 + 2 = 3326. 
4. .•. log .021508 = .3326 - 2, or 8.3326 - 10. 

EXERCISE 89 
Find the tabular difference for the mantissaB: 

1. 3222. 3. 6590. 5. 8982. 7. 7076. 

2. 4166. 4. 7364. 6. 5340. 8. 8692- 
Find the logarithms of : 



11. 325.5. 

12. 263.1. 

13. 786.3. 

14. 492.2. 

15. 703.4. 



16. 32.16. 

17. 1.608. 

18. 7.961. 

19. .8462. 

20. .05375. 



21. 327.11. 

22. 243.25. 

23. 62.721. 

24. 803.76. 

25. 6.2534. 



9. 4728. 
10. 7436. 

26. 3.1416. 

27. 1.0453, 

28. .22736. 

29. .063457. 

30. .004062. 



163. To find the Number Corresponding to a (Hven Logarithm. 

Example 1. Find the number whose logarithm is 1.6571. 

Solution : 1. Find the mantissa 6571 in the tahle. 

2. In the column headed •• No." on the line with 6571 is 45. These 
are the first two figures of the number. At the head of the column con- 
tainiog 6571 is 4, the third figure of the number. Hence the number 
sought has the figures 454. 
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8. The characteristic being 1, the number most have two figoies to 
the left of the decimal point (§ 156.) 
.-. the number is 45.4. 

Rule. — To find the number corresponding to a given logarithm 
when the mantissa appears in the table : 

1. Find the three figures corresponding to this mantissa^ as in 
the example. 

8. Place the decimal point according to the rules in §§ 156 and 
167. 

EXERCISE 90 

Find the numbers whose logarithms are : 

1. 2.6138. 4. 2.9642. 7. 1.7404. 10. 9.8000 -10. 

2. 1.3366. 5. 3.9289. 8. 4.7024. 11. 8.6378-10. 

3. 3.6972. 6. 0.8162. 9. 0.8893. 12. 7.4133-10. 

Example 2. Find the number whose logarithm is 1.3934 
Solution : 1. The mantissa 3934 does not appear in the table. 
The next less mantissa is 3927, and the next greater is 3945. 
The corresponding numbers are 247 and 248. That is : 
mantissa of log 247 = 8927 | Diff . | Tabular 
mantissa of log x = 3934 J = 7. difference 
mantissa of log 248 = 3945 J = 18. 

2. Since an increase of 18 in the mantissa produces an increase of 1 
in the number, it is assumed that an increase of 7 in the mantissa most 
produce an increase of -^^ or .38 in the number. Hence the number has 
the figures 247.38. 

8. Since the characteristic is 1, the number jnust be 24.738. 

Rule.— To find the number corresponding to a given logarithm 
when the mantissa does not appear in the table : 

1. Find in the table the next less mantissa. Find the correspond- 
ing number of three figures, and the tabular difference. 

8. Subtract the next less mantissa from the given mantissa and 
divide the remainder by the tabular difference. 



LOGARITHMS 181 

3. Annex the quotient to the nomber of three figures ohtained in 
step !• 

4. Place the decimal point according to the rules in §§ 156 and 

157. 

EXERCISE 91 
Find the numbers whose logarithms are : 

1. 1.8079. 6. 0.8744, 11. 2.5369. 

2. 3.3565. 7. 9.9108-10. 12. 9.7022-10. 

3. 2.6639. 8. 8.8077-10. 13. 2.4644. 

4. 0.7043. 9. 7.5862-10. 14. 3.1634. 
6. 2.5524. 10. 8.2998-10. 16. 2.9310. 

* PROPERTIES OF LOGARITHMS 

164. The preceding discussion relates entirely to the Com- 
mon System of Logarithms. (§ 154.) Certain properties of 
logarithms to any base will be considered now. 

KoTB^ The base may be any positive number different from 1. 

185. Just as logio3.053 = .4847 means that 10-^ = 3.053, 
so log.^=a? means that N=a*. 
Log. N is read " the logarithm of ^ to the base a." 



166. Logarithm of a Product. 

'«' = ^l;then p = ^og.^» 



Assume that a* = Jf | . ^^^^^ f x = log. M^ 
and 

Also of . a'-MNy or a'+^^MK .'. log„ MN^x+y. (§ 165) 
Therefore log. MN=^ log^ M+ log. N, 

Role. — In any system, the logarithm of a product is equal to the 
sum of the logarithms of its factors. 

Example 1. Given log 2 = .3010, and log 3 = .4771, find 

log 72. 
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SoLUTioir : 1. log72 = log2 • 2 • 2 • 3 . 3. 
2. =:log2 + log2 + log2 + log8+log8, 

8. .-. log 72 = 8 log 2 + 2 log 8 = 3(.3010) + 2(.4771) 
s .9030 + .9542 = 1.8672. 
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Given log 2 = .3010, log 3 = .4771, and log 7 = .8461. Find 
the following logarithms as in Example 1 ; cheek the solutions 
by finding the same logarithms in the table : 

1. log 21. 4. log 126. 7. log 324 



2. log 42. 
8. log 36. 



6. log 128. 
6. log 252. 



8. log 378. 

9. log 168. 



10. Mnd by logarithms the value of 36.2 X 2.35 x 6.43. 

log36.2 = 1.5465 

log 2.35 = 0.3711 

log 6.43 = 08082 

2.7258 



Solution : 1. Let v = 36.2 x 2.35 x 6.43. 
2. . *. log V = log 35.2 + log 2.35 + log 6.43. 
8. .-. log « = 2.7258. 
4. .-. « = 531.87. (§163.) 



Find by logarithms the values of: 

11. 32.5x27.8. 14. 34.65x29.9. 17. 3.142 x( 

12. 2.49x65.7. 15. 678.1x37. 18. 541.2x1.523. 

13. .289 X 365. 16. 1.732 x 580. 19. 43.65 x 865.25. 
20. Find by logarithms the value of .0631 x 7.208 x .61272. 

Solution i 1. log© = log .0631 + log 7.208 + log .51272. 

2. log .0631= 8.8000-10 

log 7.208= 0.8578 

log .61272 = 9.7099 - 10 

19.3677-20 = 9.3677-10 

3. .-. log V = 9.3677 - 10. .'. v = .2332. (§ 163.) 

lYoTB. If the sum of the logarithms is a negative number, the nsiilt 
should be written so that the negative part of the characteristic is— 10. 
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Find by logarithms the values of: 

21. .0235 X 3.14. 24. 84.76 x .00368. 

22. .6638 X. 0246. 25. .0273 x .00669 x .684. 

23. .7783x6.282. 26. .2908 X .0306 x .0062. 



167. Logarithm of a Quotient. 

Assume that a* = M 
and a* 






Also, • a*->-a«' = 3f->.^, or a^-^^M-k-N. 

.-. log.(Jf-*-i^) = aj-y. 
Therefore, log. (Jf -?- IT) = log^ Jf - log. N. 

Rule. — In any system, the logarithm of the quotient of two num- 
bers is equal to the logarithm of the dividend minus the logarithm 
of the divisor. 

Example 1. Given log 2 = .3010 and log 3 =.4771, find 

log|. 

Solution : 1. log }= log 8 - log 2 = .4771 - .3010 = .1761. 

Example 2. Find logf. 
Solution : 1. log % = log 
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2, =(log2 +log2 + log2)-(log8 +log3). 
8. = 3 (.3010) - 2 (.4771) = .9030 - .9642. 
4. .-. log 4 = 9.9488-10. 



.OaSO = 10.9030 - 10 
.9542 = .9642 

9.9488 - 10 



KoTE 1. To find the logarithm of a fraction, add the logarithms of the 
factors of the numerator, and from the result subtract the sum of the loga- 
rithms of the factors of the denominator. 

KoTB 2. To subtract a greater logarithm from a less, or to subtract a 
negatiye logarithm from a positive, increase the characteristic of the minuend 
by 10, writing ~ 10 after the mantissa to compensate. Thus, in this example, 
•9542 is greater than .«030 ; therefore, .9030 is written 10.9030 — 10, after which 
tbe sabtraction is performed. 
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EXERCISE 93 
Given log 2 = .3010, log 3 = .4771, and log 7 = .8451, findr 

1. logf 3. logf 5. logf^. 7. logf 

2. logV- 4- logJ^. 6. log^. 8. logli. 

Find by logarithms the values of : 



9. 


255 + 48. 


12. 


630.5 + 402. 


15. 


2865 + 1.045. 


10. 


376 H- 83. 


13. 


300.26+3.14. 


16. 


7.836+23.75. 


11. 


299 + 99. 


14. 


230.56+1.06. 


17. 


9.462+86.64 



-- 3.14 X 25 -- .0036 x 2.36 
365 .0084 

23.6 X 1.06 23 287.5 x .096 

3786 ■ * 3.1416 

„ 24 .75 X .0058 „. 25.6 x .738 x .0635 

20. - • 554. -• 

1.41 265 X 432 

16.08 X 256 1.405 x 207 x .00392 

17 ' ' 508 X. 6354 

168. The Logarithm of a Power of a Number. 

Assume that a* = M', then x = log^ M. 

Also, {a*y = M'', or a^ = M^. .-. log M'=px. 
Therefore, log M^=zp log^ M. 

Rule. — In any system, the logarithm of any power of a number 
is equal to the logarithm of the number multiplied by the exponent 
indicating the power. 

Example 1. Given log 7 = .8451, find' log 1\ 

Solution : log 7^ = 6 log 7 = 6 x .8461 = 4.2265. 

Example 2. Find by logarithms 1.04^. 

Solution : 1. log 1.04io = 10 log 1.04 = 10 x .0170 = .1700. 

2. The number whose logarithm is .1700 is 1.479. (§ 163) 

8. /. 1.0410 = 1.479. 
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Example 3. Find by logarithms ^365. 
Solution : 1. log v^^ = log 865^ = } log 806. 
2. .-. log ^366 = J X 2.6623 = 0.8641. 

5. The number whose logarithm is 0.8641 is 7.146. (§ 163) 
4. /. v^366 = 7.146. 

When finding a cube root, the logarithm of the radicand is 
divided by 3 ; when finding a square root, the logarithm of the 
radicand is divided by 2. This suggests the 

Rule. — In any system, the logarithm of a root of a number is 
the logarithm of the radicand divided by the index of the root. 

Example 4. Find by logarithms ^^.0359. 

Solution : J. log VM^ = \ log .0369 = J (8.5661 - 10). 

2. .-. log v^:0369 = J (38.5661 - 40). (See note.) 

8. .-. log v^:0369 =9.6387 - 10. 

4. The number whose logarithm is 9.6387 - 10 is .4352. (§ 163) 

6. .-. v'::0359 = .4362. 

Note. To divide a negative logarithm, write it in snch form that the 
negative part, of the characteristic may be divided exactly by the divisor, and 
give — 10 as quotient. 

Thus 8i»551 - 10 is changed to 38JBB61—40 since the divisor is 4. If the 
divisor were 3, it would be changed to 28.5551 - 30. 

EXERCISE 94 
Given log 2 =s .3010, log 3 = .4771, and log 7 = .8461 ; find : 

1. log y. 3. log 7\ 5. log (21)i. 7. log v/6. 

2. log 2». 4. log 27«. 6. log ■\/7. 8. log "v^n. 

Find by logarithms the values of the followljig: 
9. 236«. 13. 3.1416 x 181 17. V^^. 



10. 2.045'. 14. 7.795*. ' 18. V25 x 19.6 x 17.3, 

11. -s/eM. 15. 12«. 19. VS X ^/5. 

12. -V^MS. 16. 1x3.1416x58. 20. (||^)^ 
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21. The volume of a right circular cylinder is given by the 
formula V=irB?H. 

Find the volume (by logarithms); 
(a) if i2 = 10.5 and jff= 26.5. 
(6) ifi2 = 8.2andjff=33.1. 

22. The volume of a sphere is given by the formula 7*= } irl?. 
Find the volume : 

(a) if 12 = 12; (6) ifi2 = 6.2. 

23. The interest on P dollars at r % for t years is given by 

the formula J= ^ • Find J: 
100 

(a) if P= $765, r = 5, and e = 6.5 years. 

(6) if P=: $ 1250, r = 4.5, and e = 8 years and 3 months. 

24. The amount to which P dollars will accumulate at r^i 
compound interest in n years is given by the formula, 

(a) if P=$250,r=»4, andn = 10. 

(b) if P=$75,r = 3.5,andn = 15. 

25. A cylindrical cistern has for its diameter 6 feet Find 
the number of barrels of water this cistern has in it when the 
water is 9 feet deep. (One cubic foot of water is about 7^ 
gallons ; one barrel contains 31^ gallons.) 

Historical Note. Logarithms were introduced by John Napier (15G0- 
1617), a Scotch gentleman who studied mathematics and science as a pastime. 
The Napier logarithms were not the common logarithms. Briggs (1556-1631) , 
an English mathematician, computed the first table of Ck>mmon Logarithms. 



XVI. PROGRESSIONS 

AKITHMETIC PBOGRESSION 

169. An Arithmetic Progression (A. P.) is a Sequence of 
numbers, called terms, each of which after the first is derived 
from the preceding by adding to it a fixed number^ called the 
Common Difference. 

Thas, 1, 3, 5, 7, ••• is an A. P. Each term is derived from the preced- 
ing by adding 2. The next two terms are 9 and 11. 2 is the common 
difference. 

Again, 9, 6, 3, ••• is an A. P. The common difference is — 3. The 
next two terms are and — 3. 

Note. The common difference may be fomid by subtracting any term 
from the one following it. 

EXERCISE 95 

Determine which of the following are arithmetic progres- 
sions; determine the common difference and the next two 
terms of the arithmetic progressions : 

1. 4, 7, 10, 13, ••.. 6. 5 m, 7.5 m, 10m, —. 

2. 1, 3, 7, 9, 15, -.. 7. 4:p, 1.5p, — p, .... 

3. 10, 7, 4, 1, .... 8. 1.06, 1.12, 1.18, .... 

4. 25, 20, 15, 10, .... 9. a-f &, a + 26, a + Sb, .... 
6. 2^, 3J, 4, 4f, .... 10. 5r+6«,6r+4s,7r+2«,.... 
Write the first five terms of the A. P. in which : 



the first term is 

the common difference is 


11 


IS 


18 


14 


16 


15 
6 


25 
-8 


7.5 
3.5 


X 

-4 


a 
d 
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170. The nth Term of an Arithmetic Progression. It is possi- 
ble to determine a particular term of an arithmetic progressioii 
without finding all of the preceding terms. 

Given the first term a, the difference d, and the number of 
the term n, of an arithmetic progression, find the nth term I 

The progression is a, a + c?, a + 2 d, a + 3 d, • • •. The coeffi- 
cient of d ii^ each term is 1 less than the number of the term. 
Thus, the 10th term would be a + 9 d. Therefore the coeffi- 
cient of d in the nth term must be (n — 1). 

.-. /=a+(n— i)A 

Example. Find the 10th term of 8, 6, 2, •••. 

Solution : 1. a = 8;<J=— 3;n = 10;?=? 

2. J = a+(»-l)(f. .•.J = 8+(10-l)(-3)=8-27=-19. 

EXERCISE 96 

Find: 

1. The 12th term of 3, 9, 15, -. ; also the 20th. 

2. The 15th term of 16, 12, 8, .- ; also the 25th. 

3. The 13th term of - 7, - 12, - 17, ... ; also the 3l8t 

4. The 16th term of 2, 2J, 3, ... ; also the 51st. 

6. The nth term of 1.05, 1.10, 1.15, ... ; also the 26tL 

6. What term of the progression 5, 8, 11, .•• is 86 ? 
Solution :1. a = 6;(f = 3;? = 86; find n. 

2. ? = a+(n-l)(f. .•.86 = 5+(n-l)3. 

3. Solving for n^ n = 28. .«. 86 is the 28th term. 

7. What term of the progression 8, 5, 2, ••• is —70? 

8. What term of the progression ^, f, |, >*. is 20^? 

9. What term of the progression — 75, — 67, — 59, ••• iB 
197? 

10. What term of the progression 1, 1.05, 1.10, ... is 2? 
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11. If the first term of an A. P. is 15, and the 11th term is 
35, what is the common difference ? 

Hnrr: 36 = 15 +(11 - 1)<J. 

Find the common difference : 

12. If the first term is 5 and the 22d term is 173. 

13. If the first term is — 20 and the 33d term is — 4 

14. If the first term is 325 and the 31st term is 25. 

16. Find the 10th term of the arithmetic progression whose 
first term is 7 and whose 16th t^rm is 97. 

16. A man is paying for a lot on the installment plan. 
His payments the first three months are $10.00, $10.05, and 
$10.10. What will his 20th and 25th payments be ? 

171. The terms of an arithmetic progression between any 
two other terms are called the Arithmetic Means* of those two 

terms. 

Thus, the three arithmetic means of 2 and 14 are 5, 8, 11, since 2, 6, 
8, 11, 14 form an arithmetic progression. 

A single arithmetic mean of two numbers is particularly im- 
portant. It is called The Arithmetic Mean of the numbers. 

When two numbers are given, any specified number of 
arithmetic means may be inserted between them. 

Example. Insert five arithmetic means between 13 and 

Solution : 1. There results an arithmetic progression of 7 terms, in 
which a = 13, ? = — 11, and n = 7. Find d. 

2. ? = a+(»-l)d. .•.-ll = 18 + 6(Z,or<J = -4. 

3. The progi-ession is : 13, 9, 5, 1, - 3, — 7, — 11. 

Chbok ; There is an A. F. with five terms between 13 and — U, 
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EXERCISE 97 

1. Insert three arithmetic means between 3 and 19. 

2. Insert four arithmetic means between — 10 and 20. 

3. Insert nine arithmetic means between 3 and 28. 

4. Insert five arithmetic means between ^ and 5. 

6. Insert five arithmetic means between — ^ and —6. 

6. Find the arithmetic mean of 7 and 15. 

7. Find the arithmetic mean of V2 and VTS. 

8. Find the arithmetic mean of a; + 7 and a; — 7. 

9. Find the arithmetic mean of a and &. From the result, 
make a rule for finding the arithmetic mean of any two 
numbers. 

NoTB. The arithmetic mean of two numbers Is commonly called their 
average. 

10. Find the common difference if two arithmetic means are 
inserted between r and s. 

11. Find the common difference if k arithmetic means are 
inserted between m and p. 

172. The Sum of the First n Terms of an Arithmetic Pro- 
gression. 

Given the first terra a, the nth term I, and the number of 
terras w; find the sura of the terras S. 

Solution: 1. S=a+(a+d) + (a+2d)+ -" +(l-2d) + (l-^d)-\-l 0) 

2. Writing the terms in reverse order, 

^=2+(2_d) + G-2d)+...+(a + 2(Z) + (a + d)+a. (2) 

8. Adding the equations (1) and (2), term for term, 

2i8' = (a+0 + Ca+0 + (a+0+ - +(a+O + (a+O + (a+0- (8) 
4. There were n terms in the right member of (1) ; from each, there 
results a sum (a + I) in (3). 

.•.2iSf=»(a + 0, orS = ^(a + /). (« 

40 
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5. In § 288, • = a + (n — 1)(2 ; Bubstituting this yalue of I in (4), 

^= f {« + (a + (n - l)(f)}, or S = ?{2 a + (« - l)d}. (5) 

Example 1. Find the sum of the first 15 terms of the 
arithmetic progression, of which the first term is 5 and the 
15th term is 45. 

Solution : 1. a = 5 ; 2 = 46 ; n = 16. 

2. fi' = 5(o + 0. .-.6^ = ^^(6 + 46)= 16. 26 = 376. 

Example 2. Find the sum of the first 12 terms of the pro- 
gression 8, 5, 2, —. 
Solution : 1. a = 8 ; d =— 3 ; n = 12. 

2. i8f = ^{2a + (n-l)(f}. .-. /S' = 6{16 + 11 . (-3)}=6{16-88}. 
.•.^ = 6(-17) = -102. 

EXERCISE 98 
Find the sum of: 

1. 12 terms of 3, 9, 15, .... 

2. 16 terms of — 7, —12, — 17, .-. 

3. 16 terms of - 69, - 62, - 55, .... 

4. 10 terms of $1.06, $1.12, $1.18, .... 

Find the sum of the terms of an arithmetic progression if : 

5. The number is 12, the first is 5, and the last is 50. 

6. The number is 31, the first is 40, and the last is 0. 

7. The number is 18, the first is — 18, and the last is 22. 

8. The number is 8, the first is — f , and the last is ^ 

9. Find the sum of the numbers 1, 2, 3, •••, 100. 

10. Find the sum of the even numbers from 2 to 100. 

11. Find the sum of the odd numbers from 1 to 99. 
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12. Find the sum of all even integers, beginning with 2 and 
ending with 260. • 

13. If a boy earns $360 during his first year of work, and 
is given an increase of $ 50 per year for each succeeding year, 
what is his salary during his 10th year, and how much has he 
earned altogether during the 10 years ? 

14. If at the beginning of each of 10 years a man invests 
$100 at 6% simple interest, to what does the principal and 
interest amount at the end of the 10th year ? 

15. How many poles will there be in a pile of telegraph 
poles if there are 25 in the first layer, 24 in the second, etc., 
and 1 in the last ? 

16. A man has a debt of $3000, upon which he is paying 
6% interest. At the end of each year he plans to pay $300 
and the interest on the debt which has accrued during the 
year. How much interest will he have paid when he has 
freed himself of the debt ? 

17. A man is paying for a $300 piano at the rate of $10 
per month with interest at 6 %. Each month he pays the total 
interest which hxis accrued on thai month^a payment. How much 
money, including principal and interest, will he have paid 
when he has freed himself from the debt ? 

18. It has been learned that, if a marble, placed in a groove 
on, an inclined plane, passes over a distance D in one second, 
then in the second second it will pass over the distance 3 1>, in 
the third, over the distance 5 Z>, etc. Over what distance will 
it pass in the 10th second ? in the tth second. 

19. Through what total distance does it pass in 6 seconds? 
in 10 seconds ? int seconds ? 
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4 

20. Experiment has shown that an object will fall during 
successive seconds the following distances : 

Ist second, 16.08 ft. j 3d second, 80.40 ft. ; 

2d second, 48.32 ft. ; 4th second, 112.56 ft. 

Find the distance through which the object will fall during 
the 7th second ; the rth second. 

21. Find the total distance through which the object falls in 
5 seconds ; in t seconds. 

22. Substitute g for 32.16 in the final result of Example 21 
and simplify the result. 

173. In an arithmetic progression, there are five elements, 
a, d, Z, 71, S, Two independent formulae connect these ele- 
ments, the formula for the sum and the formula for the term I. 
Hence if any three of the elements are known, the other two 
may be found. 

NoTB. Remember that the formula for the sum is given in two ways. 

Example 1. Given a = — |, n = 20, ^=— ^; find d and I, 

Solution: 1. 8 = ^(fl-\-V). .-. -5=lo/-5+A; whence ?=?. 
2 3 \ o / 2 

2. Z = a + (n- l)(i .-. f=-f +(19).<J; whence(f=J. 

Example 2. Given a = 7, (1 = 4, 5 = 403 ; find n and I. 

Solution : 1. iS' = ^{2 a + (n - l)(f}. .-. 403 = ^{14 + (n - 1) • 4}. 
2 2 

2. .-. 806 = n{4n + 10}; 4n«+ lOn - 806 =0 ; 2n2 + 6n - 405 = 0. 



.^ ^ - b± V26 + 3224 _ - 6 J:\/3249 _ - 5 ±VJ _ 62 ^p . ^3 

4 4 4 4 

Since n is the number of terms, n must be 13. 
8. ? = a + (n-l)(f. .•.2 = 7 + 12.4 = 66. 

Note. A negative or a fractional value of n is inapplicable, and most be 
rejected together with aU other values depending upon it. 
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ExAMPLB 3. The sixth term of an arithmetic progression 
is 10 and the 16th term is 40. Find the 10th term. 

Solution : 1. By the formula I = a -h{n— l)d : 
a + 5(1= 10. 
a+16d=40. 
2. Solving the system of equations in step 1, ^ = 3 and a = — 6. 
8. The 10th term : 1 = ^ 6 + 9.8 =— 6 +27 = 22. 

EXERCISE 99 

1. Given (1 = 5, 1=71, n = 16; find a and 5. 

2. Given a = -9, n = 2S, Z=57; find (Z and /S. 

3. Given a = J, 1==^, ^ =^P; find d and n. 

4. Given a = ^, Z = — 3^, c? = — ^; find w and ySl 
6. Given d = ^, n = 17, /S = 17 ; find a and ?. 

6. Given a = |, 11 = 15, /S' = ^f&; find d and Z. 

7. Given a = -|, i = --^, /S'=-.91; find d and w. 

8. Given = ^, d = -|» ^ = ^f^; find n and Z. 

9. Given a, Z, and n ; derive a formula for d, 

10. Given a, d, and Z; derive a formula for n. 

11. Given a, n, and aS; derive a formula for Z. 

12. Given d, n, and /S' ; derive a formula for a. 

13. Given d, Z, and n ; derive formulae for a and aS. 

14. The 8th term of an arithmetic progression is 10, and the 
14th term is — 14. Find the 23d term. 

15. The 7th term of an arithmetic progression is — J, the 
16th term is -J, and the last term is ^. Find the number of terms. 

16. The sum of the 2d and 6th terms of an arithmetic pro- 
gression is — I, and the sum of the 5th and 9th terms is — 10. 
Find the first term. 

17. Find four numbers in arithmetic progression such that 
the sum of the first two shall be 12, and the sum of the last 
two - 20. 
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18. Find five numbers in arithmetic progression such that 
the sum of the second, third, and fifth shall be 10, and the 
product of the first and fourth — 36. 

19. Find three numbers in arithmetic progression such that 
the sum of their squares is 347, and one half the third number 
exceeds the sum of the first and second by 4^. 

2f>. Find three integers in arithmetic progression such that 
their sum shall be 12, and their product — 260. 

GEOMETRIG PROGRESSION 

174. A Geometric Progression (G. P.) is a sequence of num- 
bers, called terms, each of which, after the first, is derived by 
multiplying the preceding term by a fixed number called the 
Ratio. 

Thus, 2, 6, 18, 54, •••is a geometric progression. Each term is ob- 
tained by multiplying the preceding term by 8. The ratio is 3. 

Again, 16, - 5, + J, — J, ... is a G. P. The ratio is — J. The next 
two terms are + ^ and — /x* 

Note. The ratio may be found by dividing any term by the one preced- 
ing it. 

EXERCISE 100 

Determine which of the following are geometric progres- 
sions ; determine the ratio and also the next two terms of the 
geometric progressions : 

1. 4, 8, 16, 32, .... 6. 3aj, 6aj2, 12 a?, ... 

2. 200, 50, 25, 10, .... 7. 2, -4, - 8, 16, - 32, 



8. (1+r), (H-r)^ (l+r)«, 
4. -2, +6, -18, -1.54, .... »• -' -2' —8^ ••'• 



3. 81, 27, 9, 



K_ 5m 5m m 10 2 2 
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Write the first five terms of the G. P. in which : 





11 


IS 


It 


14 


16 


The first term is : 
The ratio is : 


-6 
-2 


100 
i 


i 

2 


i 


a 

T 



175. The nth Term of a Geometric Progression. It is possiole 
to determine a particular term of a geometric progression 
without finding all of the preceding terms. 

Given the first term a, the ratio r, and the number of terms 
n, of a geometric progression, determine the nth term { 

The progression is a, ar, ar^^ ai^y •••. 

The exponent of r in each term is 1 less than the number of 
the term. Hence the 10th term would be ai^. Therefore the 
exponent of r in the nth term must be (n — 1). 

Example. What is the 7th term of 9, 3, 1, ••• ? 
SoLUTioir :1. a = 9;r = J;n = 7;f=? 

'— ■••■•'-'(l)*=-l=4-^- 

EXERCISE 101 

1. Find the 6th term of 1, 3, 9, .... 

2. Find the 7th term of 6, 4, f, —. 

3. Find the 5th term of - 2, 10, - 60, •••. 

4. Find the 9th term of 3, f, f, ... 

6. Find the 10th term of -f, +5, -10, -h 

6. Find the 8th term of ^, ^, ^, .... 

oz Id o 

7. Indicate the 11th term of 1, (1 + ^), (1 + r)\ ..^ 
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8. Indicate the 15th term of 1, j^, \f \, •••; also the kOi 

term. 

9. Indicate the 13th term of m, ^, ^', ^, ... ; also the 
{n + l)th term. 

10. What term of the progression 3, 6, 12, 24, ... is 384? 

11. What term of the progression 5, 10, 20, ••. is 160 ? 

12. What term of the progression 18, 6, 2, ••• is ^? 

13. If the first term of a geometric progression is 5, and 
the 6th term is -^j, what is the ratio ? 

Find the ratio of the geometric progression if: 

14. The first term is -j^ and the 5th term is ^ 

15. The first term is f , and the 7th term 24 

176. The terms of a geometric progression between any two 
other terms are called the Geometric Means of those two terms. 

Thus, the three geometric means of 2 and 162 are 6, 18, and 64, since 
2, 6, 18, 64, 162, form a geometric progression. 

A single geometric mean of two numbers is particularly 
important. It is called The Geometric Mean of the numbers. 

When two numbers are given, any specified number of geo- 
metric means may be inserted between them. 

Example. Insert three geometric means between 9 and ^. 

Solution : 1. There results a geometric progression of 6 terms, in 
which a = 9, 1 = ^g^i, and n = 6. Find r. 

8. The progression is : 9, 6, 4, }, V-, or 9, — 6, 4, - |, y. 
Check : There is a G. F. with three terms between 9 and J^. 
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EXERCISE 102 

1. Insert 4 geometrio means between 3 and 729. 

2. Insert 5 geometric means between 2 and 128. 

3. Insert 2 geometric means between ^ and 3. 

4. Find the geometric mean of 8 and 32. 

6. Find the geometric mean of 3 ^ and tjt-^ 

6. Find the geometric mean between 2 x and 8 sf. 

7. Find the geometric mean between — and — • 

X m 

8. Find the geometric mean between a and b. 

9. Insert 3 geometric means between 3 and 12. 
10. Insert 2 geometric means between a and b. 

177. The Sum of the First r Terms of a Geometric Progression. 

Given the first term a, the ratio r, and the number of terms 
n, of a geometric progression^ find the sum of the terms S, 
Solution : 1. 8 = a + ar + af^ + »" + ar*-^ + ar^'K (1) 

2. Multiplying both members of (1) by r, 

rS =ar-^ar^-\-ar*-\--" + ar*-^ *+ ar^. (2) 

8. Sabtracting equation (2) from equation (1), 

i8f-r^ = a-ar», or /S'(l- r) = a- ar». (8) 

4. ... s = 5pJEr!l. (4) 

1 — r 

6. Since I = ar^-\ then rl = ar*. Substituting rl for ar* in equation 

^*^' S = ^^^. (6) 

1 — r 

Example. Find the sum of the first 6 terms of 2, 6, 18 -. 
Solution : 1. a = 2, r = 3, n = 6. Find S. 
2 ff - q - ffyn . ^ _ 2 - 2 . y _ 2 - 1458 _ -- 1466 _ -t^Q 
1-3 ' ' 1-3 -2 -2 
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EXERCISE 103 
Find the sum of the first : 

1. Eight terms of the progression 6, 10, 20, — • 

2. Six terms of the progression 24, 12, 6, ••% 

3. Seven terms of the progression 5, — 15, + 46, •••• 

4. Seven terms of the progression ^, — i> i> •••• 

6. Five terms of the progression —2, 10, — 50, •••. 

6. Fifteen terms of the progression 3 m, 3 m\ 3 m*, •••• 

7. Ten terms of the progression 1, m", m*, m*, •••. 

8. Find the sum of 15 terms of 1, (1 -h r), (1 + r)*, .... 

9. Find the sum of the first 10 powers of 2. 

10. Find the sum of the first 10 powers of 3. 

11. Each year a man saves half as much again as he saved 
the preceding year. If he saved $ 128 the first year, to what 
sum will his savings amount at the end of seven years ? 

12. Find the sum of the terms from the 11th to the 15th 
inclusive in the progression ^^y, ^, J, •••. 

13. A father agrees to give his son 5 ^ on his fifth birthday, 
10^ on his sixth, and each year up to the 21st inclusive to 
double the gift of the preceding year. How much will he 
liave given him altogether after his 21st birthday? 

178. Infinite Geometric Progression. By an infinite geo* 
metric progression is meant one the number of whose terms 
increases indefinitely. If the ratio is greater than one, the 
terms become larger and larger. For example, the progression 
3, 6, 12, 24, •••. If 8^ represents the sum of the first n terms 
of a progression, then, when r is greater than 1, S^ increases in- 
definitely as n increases indefinitely. 

Thus, in the progression 3, 6, 12, •••, as n increases indefinitely^ 
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8^ increases indefinitely. Hence the sum of an infinite mm- 
ber of terms of the progression must be an indefinitely large 
number. 

When the numerical value of the ratio is less than 1, the 
progression has special interest 

Example 1. Consider the progression 5, f, |, •••. 
Solution : 1. The ratio r is J. 



When 
nis: 


is: 


is: 


4t 


Ki)» = A 


1-i 1-i 


10 


6G)» = TrfTT 


1-i 1-i 



8. Clearly, as n increases, I decreases ; also the term rl of Sn decreases. 
If n increases indefinitely, I will become approximately zero, the term rl 
will become approximately zero, and Sn will become approximately 

6 5_15 

Consider now any geometric progression in which r is less 
than 1 in absolute value (§ 21). The sum of the first n terms 



is: 



Sn= 



a — ar^ 



Now as n increases indefinitely, r* decreases indefinitely, 
becoming approximately zero. Hence the term a • r" becomes 
approximately zero, a, and 1 — r remain the same. 

.% S^ becomes approximately ?Lz_2 or — ^ . 

1 — r 1 — r 

Hence, the sum of an infinite number of terms of a geo- 
metric progression in which r is numerically less than 1, is 

given by the formula S = ^ . 

1 — r 
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Example. Find the stun to infinity of the progression 

Solution : 1. a = 4 ; r = — j. 

2. Since r is namerically less than Ij S= ^ • 

1+1 i 6 

EXERCISE 104 
Find the snms to infinity of: 
1. 6, 2, i, .... 4» ^ » » 

3. 16, 4, 1, .... ^' "' 10' 100' 

6. 1, .1, .01, .001, .... 10. i, -A, + A, -. 

11. Find the value of the repeating decimal .8181 .... 
Solution: 1. .8181 ... = ^^^^ + yj^ji^ + etc. .... 

2. This is a G. P. in which a = f^; r = j^jf. The value of the 
decimal if an infinite number of decimal places is considered is given by 
the formula 

/8^=-~- (§296). 

....5 = -JiL=8L^100^81^9. 
1-^ 100 99 99 11 

Find the values of the following repeating decimals : 

12. .3333 .... 14. .5333 .... 16. .212121 .... 

13. .7777.... 15. .6444.... 17. .151516.... 



XVn. THE BINOMUL THEOREM 

179. The Binomial Theorem is a formula for determlDing by 
inspection the expansion of any power of a binomiaL 

By actual multiplication : 

(a-f aj)2=:a«-f 2aaj-f a^. (1) 

(a + aj)8 = a8 + 3a*aj + 3aaj'-f ac?. (2) 

(a + aj)* = a*-f 4a»a?-f 6aW4-4aaj8 + /^. (3) 

Rule. — To expand any power of a binomial, like (a + x)*: 

1. The exponent of a in the first term is n and decreases by 1 in 
each succeeding term until it becomes 1. The last term does not 
contain a. 

2. The first term does not contain x. The exponent of x in the 
second term is 1 and increases by 1 in each succeeding term until it 
is R in the last term. 

8. The coefficient of the first term is 1 ; of the second is n. 

4. If the coefficient of any term be multiplied by the exponent of 
a in that term, and the product be divided by the number of the 
term, the quotient is the coefficient of the next term. 

Note 1. The number of terms is n + 1. 

Note 2. The coefficients of terms "equidistant from the ends" are the 
same ; for example, the second and the next to the last. 

Example 1. Expand (a + «)*. 

Solution : 1. The exponents of a are 5, 4, 3, 2, 1. The exponents of 
X, starting with 1 in the second term, are 1, 2, 3, 4, and 6. Writing the 
terms without the coefficients gives : 

2. The coefficient of the first term is 1, and of the second term is 5 
(Rule 3). Multiplying 6, the coefficient of the second term, by 4, the 

202 
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exponent of a in the second term, and dividing by 2, the number of the 
term, gives 10, the coefficient of the third term ; and so on. 
Filling in the coefficients in this manner gives : 

(a + a;)8 = a^ + 5a*x + 10 a*z^ + 10 a^x* + 5 ox* + aj». 
Example 2. Expand f^-^Y- 
Solution : 1. In this example, a is 2 and a; is [ — ^ | • 

3. = 64 - 6 . 82 . ^+ 15 . 16 . ^- 20 . 8 • ^+ 16 • 4 • ^ 

-12. ^ + J^. 
243 ^ 729 

4. =64-64m+jm«- — m« + -m*-^m« + — . 

Note 1. When the second term of the binomial is negative, the terms of 
the expansion are alternately positive and negative. 

Note 2. When the terms of the binomial are complicated monomials, 
place each in parentheses, and afterwards simplify as in steps 3 and 4. 

EXERCISE 105 
Expand the following: 

1. (x + yy. 6. (a> -&»)*. 11. (a-i)» 

2. (m-n/. 7. (2a-f 1)«. 12. (i + xy. 

3. (c + l)*. 8. (a -3 6)*. 13. (2m>~l)«. 

4. (r-2)'. 9. (l + icO«. 14. (a^ + b'cy. 
6. {m + ny. 10. (l-xy. 15. {S + a^\ 

rind the first three terms of: 

16. (a -3)". 18. (a-|y«. 20. (a^-f-Sj^'*. 

17. {m^ + 27if. 19. (a^ -&»)«>. 21. (m»-4w')^. 
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23. (^-aY- 26. (ar^ + b-y. 27. (V2-V3)*. 

28. Write the first 4 terms of (a -f- a?)*. 

180. The rth or General Term of (a + x)^ Following the 
rules of § 297, 

1 • 2 

Note the fourth term. The exponent of a; is 1 less than the 
number of the term ; the exponent of a is n minus the expo- 
nent of X ; the last factor of the denominator equals the expo- 
nent of a; ; in the numerator there are as many factors as there 
are factors in the denominator. Hence, 

Rule. — In the rth term of (a + x)": 

1. The exponent of oris r-l. 

2. The exponent of a is n — the exponent of x, i.e., n — r + 1. 

8. The denominator of the coefficient is 1 .2.8 ••• (r-1), the 
last factor being the same as the exponent of x 

4. The numerator of the coefficient is ii(ii— 1) ..• etc., until there 
are as many factors as in the denominator. 

.-. The ith term is >'(''~1) - ("- ^^+8) . ^.-r+i . j^i, 
1.2... (r-1) 

Example. Find the 8th term of (3 a* - b)^. 

2. Solution : 1. (3 a* - b)^^ = {(8 a*) + (- 6)}". 

In the 8th term, the exponent of (—6) will be 7 (Rule 1); the ex- 
ponent of (3 a^) will be 11 — 7, or 4 ; the last factor of the denominator 
will be 7, and there will be 7 factors in the numerator startmg with 
11 . 10, etc. 
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8 

8. .-. The 8th term is ^! ' ^^ / '/ //'/ • (8 «*)*(- W 

or 830(81 a^) ( - ftT) = « 26730 a^h\ 

Note. If the second term of the binomial is negative, it should be in- 
closed, sign and all, in parentheses, before applying the rales. Also, if either 
term has an exponent or coefficient other than 1, the term should be inclosed 
in parentheses before applying the rules. 

EXERCISE 106 

Find the: 

1. 4th term of (a + x)\ 8. 5th term of (2 aj« - 3)*^ 

2. 9th term of (»» — w)X 9. gth term of (af — y")". 

3. 5th term of (gr-f-2)». 

10. 7th term 

4. 10th term of (g — xy\ 

6. 8th term of (m>-n»)". ^^ ^^^ ^^ ^^ (t^tf. 

6. 6th term of (a» + 3 oTf. ^^ ^/ 

7. 7th term of (c- J)". 12. 8th term of (ar^ - 2 yi)»«. 

181. The Binomial Formula has not been proved in this 
chapter; it has been written down from observation of the 
results in certain special cases. The formula has been ap- 
plied only for positive integral values of n. 

The proof of the formula for positive integral exponents will 
be found in § 219. 

In more advanced courses in mathematics, the formula is 
proved to be correct (with certain limitations) not only for 
positive integral values of n but also for negative and frac- 
tional values. 

H18TOBICAI1 NoTB. The binomial theorem was formulated by Newton. 
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XVm. RATIO, PROPORTION, AND VARIATION 

182. The Ratio of one number to another is the quotient of 
the first divided by the second. 

Thus, the ratio of a to 6 is f; it is also written a : b. The 



numerator is called the Antecedent and the denominator is 
called the Consequent 

All ratios are fractions and are subject to the usual rules for 
operations with fractions. 

183. The ratio of two concrete quantities may be found if 
they are of the same kind and are measured in terms of the 
same unit. 

Thus, the ratio of 3 lb. to 2 lb. is } ; and the ratio of 850 lb. to 2 tons is 

EXERCISE 107 
Express the following ratios and simplify them : 

1. 3 to 9. 3. 5xto2x. B. fto^. 7. 25 to 375. 

2. 12 to 2. 4. 6anol5a*. 6. ^^ to J. 8. a«-^toa«-&«. 

9. A line 15 inches long is divided into two parts which 
have the ratio 2 : 3. Find the parts. 
Solution: 1. Let » = the short part 
2. Then 15 — a; = the long part. 

»• "^^ T^A 

Complete the solution. 

10. Divide a line 63 inches long into two parts whose ratio 

is 3: 4. 

206 
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11. Divide 36 into two parts such that the ratio of the 
greater diminished by 4 to the less increased by 3 shall be 3 : 2. 

12. The ratio of the height of atree to the length of its shadow 
on the ground is 17 : 20. Find the height of the tree if the 
length of the shadow is 110 feet. 

13. Divide 99 into three parts which are as 2 : 3 : 4. 
Hdtt : Let the parts be 2 as, 3 2, and 4 a;. 

14. Divide a farm consisting of 720 acres into parts which 
are as 3 : 5. 

15. Divide $ 1000 into 3 parts which are as 5 : 3 : 2. 

184. A Proportion is a statement that two ratios are equal. 
The statement that the ratio of a to 6 is equal to the ratio of 
c to d is written either 

a C r J 

- = -, OT a:0 = c:a. 
a 

This proportion is read " a is to 5 as c is to dJ^ 

Thus 3, 9, 6 and 16 form a proportion since J = A* 

Historical Note. Leibnitz, 1640-1716, was instrumental in estab- 
lishing the use of the form a:b = c:d. 

185. The first and fourth terms of a proportion are called 
the Extremes^ and the second and third the Means. 

In the proportion a:b = c:d, a and d are the extremes, and 
h and c are the means ; a and c are the antecedents^ and b and 
d are the consequents. 

EXERCISE 108 

Find the value of the literal number in the first six of the 
following exercises and of a? in the remaining ones : 

^ X 5 o^c -2 — a?6 



3 27 16 5 3 2 

« 2 3 ^93 . 3-^ 5 

y 10 24 a 4 + t 2 



9. 


9X 


t 


10. 


tn 


___c 
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— 


X 


a 




X 




b 




a 




n 


X 


— 


m 


X 
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7. ? = ?. 9. - = -. 11. 
he 

8. ;^ = ™ 10. — = -. 12. 
2& 3c np nx 

186. A Mean Proportional between two numbers a and 5 is 
the number x in the proportion a : x == a? : &. 

A mean proportional between 2 and 3 is x in : - = ^* 

X 8 

.-. aj« = 6 ; X = ± VS. 

Thus, there are two mean proportionals between any nmnben. Gener- 
ally the positive one is used. 

187. The Third Proportional to two numbers a and b is the 
number x in the proportion a:b = b:x, 

2 S 

Thus, the third proportional to 2 and 8 is x in : ~ = -; 

8 X 
.'. 2 X = 9 and x = 4.6. 

188. The Fourth Proportional to three numbers a, b, and c is 
the number x in the proportion a:b =ic:x. 

Thus, the fourth proportional to 2, 3, and 4 is the number x in : - = - 

.% 2 X = 12 and x = 6. 

NoTB. The namhers mast he placed in the proportion in the order in whicb 
they are given, as in the illustrative examples. 



EXERCISE 109 
Find the fourth proportional to: 

1. 2, 6, and 4. 4. 35, 20, and 14 

2. 5, 4, and 2. 5. 6 a, 2 b, and c. 
8. 7, 3, and 14. 6. x, y, and xy. 

Find the mean proportionals b^ween ; 

7. 18 and 50. 9. 2 a and a. 

8. 2^and|. 10. 12 m'n and 3 mn^. ' 
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11. — r— and ^ , , — • 12. aj" — y*and ^^^ » 

a-f-4 a + 2 ^ « — y 

13-16. Find the third proportional to the numbers in ex- 
amples 7, 8, 9, and 10. 

17. Find the third proportional to a' — 9 and a — 3. 

18. Find the third proportional to iOx and 3 y. 

19. Find the fourth proportional to : 

2a?'— 2y* q^-^'j^ , aa; — &y -f ay — 6a? 
a + 6 * a«-6«' ^"^ aj^ + ay + y^ 

20. Find the mean proportionals between : 

ga?— ay~6a; + 6y . a?^ — y* 
«S^«y+y (a — by' 

PROPERTIES OF PROPORTIONS 

189. Jn a proportion, the product of the means is equal to the 
product of the extremes. 

This property of a proportion is proved as follows : 

If - = -, then ad = be, by clearing of fractions. 
b d 

Example. Since } = f , 2 • 9 should equal 8 • 6. Does it ? 

190. * If the product of two numbers is equal to the product of 
two other numbers, one pair mxiy be m>ade tJie m^ans and the other 
the extremes of a proportion. 

If mn — xy, then — =* 2^. 

X n 

Proye this by dividing both members of the given equation 

by naj. 

Prove that the following proportions also are true : 

(«) ^ = 5 (divide by ny). (h) £=2. (c) 2=i. 

y n my x m 

Example 1. Since 3 . 8 = 6 • 4, | should equal }. Does it ? 
Example 2. Write three other proportions which should be true ac- 
cording to the property given in this paragraph. 
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191. In any proportion, the terms are in proportion hy Alter- 
nation ; that is, the Jirst term is to the third as the second is to the 
fourth, 

T« a c a b 

SuGOESTioK. Use § 189 and then divide both memben of the eqaadoD 
by ed, 

ExAKPLB. Since } = ^, then } should equal /^ . Does it ? 

192. In any proportion, the terms are in proportion by Inyer- 
sion; that is, the second term is to the first as the fourth is to the 
third. 

Ka c ^,^„^ b d 

- = -, prove - = -• 

b a a c 

Suooestiok: Use § 189, and then divide both members of the equation 

by ac. 

Example. Since { = ]^, then j should equal ^. Does it ? 

193. In any proportion, the terms are in proportion by Compo- 
sition ; tMt is, the sum of the first two terms is to the second as 
tlie sum of the last two terms is to the fourth. 

If -=-, prove -r=-r' 

Suggestion. Add 1 to both members of the given equation. 

Example. Since ^ = — , then 2-±5 should equal i±i?. Does it? 
6 12' .6 ^12 

194. In a/ny proportion, the terms are in proportion by Divi- 
sion ; that is, the difference of the first two terms is to the seoofnd, 
as the difference of the last two is to the fourth. 

— = -;> prove = • 

b d'^ b d 

Suggestion. Subtract 1 from both members of the equation. 

Example. Since — = ~, then i^:=^ shouldequal l^r±. Doesit? 
2 8 2 ^8 
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195. In any proportion^ the terms are in proportion by Compo- 
sition and Division ; that is, the sum of the first two terms is to 
their difference as the sum of the last two terms is to their 

difference, 

a a — o c — a 

Proop. 1. Since ?=-, then 5L±^=:l±i. (Composition) 

d h d 

2. Since ^ = ^, then 2JI_5 = ^JzA . (Division) 

h d b d 

3. Divide the members of the equation in step 1 by those of the eqna- 
tioninstep2: g^h g^h ^c + d ^ c^d 

b b d d 

4 SimplifyingstepS: a+^^cj^.. 

i g — 6 c — a 

Example. Since i? = ^, then, i^±^ should equal 15jL?. Does it? 
2 3 '10-2 16-8 

196. In a series of equal ratios^ the sum of the antecedents is to 
the sum of the consequents as any antecedeivt is to its co7isequent. 

rf a c e .^ ^^^^^ a + 4- « + etc. a 
It -. = - = -^, etc., prove - — ' ' ' = - • 

h d f ' ^ 6 + d+/+etc. h 

"BwiOF. 1. Let « = the common value of the equal ratios ^ , -, | , etc. 

o d J 

2. Then since f = v* a = &t7. 



£ = r, = do. 
d 

3. Then (a + c + e)= 6o + do +fv = o(6 + d + /). 

^*^^ b + d+f ••ft + d+z b d f 

Example. SinceU| = A, iJ:A±A should equal |. Does it? 

EisTOBiCAL NoTB. All of those properties of a proportion were known 
to Euclid, 300 b.c. 
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197. There are several other properties of a proportion 
which follow directly from properties of an equation or of a 
fraction. 

(a) If - = - then — = — - Raise both members to the third 

6 d' &• d* power. 

(b^ If-=- then-^ = -^. Extract the cube root of both 

6 d' y/b y/d' members. 

a c ma nc Multiply numerator and denomi- 

(c) If T = ;:» then — = — -• nator of the first ratio by m, and 



b d mb nd 



Cd) If - = -, then !i=i = I^. 
W " 2> d' nb nd equation by ^ 

n 



of the second by n. 

Multiply both members of the 
m 



198. In the preceding paragraphs, some of the simple prop- 
eiiiies of a proportion have been given. There are many others 
which may be derived by means of these simple properties. 

JiiXAMPLB. It T = tj prove - — —- — = • 

b d' ^ 2c + 3d 2c-3d 

Pboof. 1. Sfaice ^ = J, then ll = ||. (§ 197. d) 

EXERCISE 110 

1. Write by inversion : 

(«) 4 = 20' ^^> 5-7' ('> 6 = y- 

2. Write these same three proportions by alternation, 

3. Write these same three proportioDs by composition. 

4. Write these same three proportions by division. 

5. Write the proportioD (c) in Example 1 : 

(a) by inversion and the result by composition ; 
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(b) by alternation and the result by division ; 

(c) by composition and the result by alternation ; 
(c^ by division and the result by inversion- 

6. If — = -, prove that — ■ — = - • 

n y x+y y 

7. If ^=^, prove that t±J:^tt^. 

8 b r a 

8. If 5 = f, prove that ?^^ = ^. 

b d e—d d 

9. If ? = ??, prove that ^±ii' = !^. 

10. If T=-T> prove that = — • 

a b d 



i EXERCISE 111 

Proportion in Oeometry 

1. In a triangle in which DE is parallel to BC, mir^nia. 

To test this truth : (a) measure m, n, r, and A 

8 ; (&) find the value of the ratio m : r and of 
n : s ; (c) compare these two ratios. 

This truth may be tested in any triangle. It 
may be expressed thus: the upper segment on 
one side is to the lovoer segment on tJuit side as 
the upper segment on the ot?ier is to the lower 
segmefU on the other. 

2. Write the proportion — = - by alternation. Express 

the resulting proportion in words as in Example 1. 

3. Write the proportion of Example 1 by composition and 
express it in words. 

4. Write the proportion of Example 1 by inversion and 
express it in words. 

6. UAD = T,DB = 4, and ^IE; = 8, find JSC. 
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HiMT. Let AE = a;, and CE = 14 — a;. 

7. If AD = DB, how does AE compare with EO? 

8. If AD = 20, DB = 8, and A0= 30, find AE and ^G 

9. If two perpendicular lines J50and 
DJS^ are drawn from one side of an angle 
to the other, then BO: AC=DE : AE. 

Test this statement by measuring the lines 
in the figure and finding the value of the ratios. 

10. Draw any other perpendicular, as XT. Find the ratio 
of XFto ^Fand compare the ratio with those found in 
Example 9. What do you conclude 
about all ratios obtained by dividing 
the length of the perpendicular by the 
distance from A to the foot of the per- 
pendicular (like AT) ? 

• 

11. Using the fact stated in Ex- ^s, 

ample 9, tell how to find the height » . • 

of the tree in the figure, if the 

height of the rod and the lengths on the shadows of the 
tree and the rod are as indicated. 

12. Suppose that EF and AC are 
perpendicular to OC in the adjoining 
figure. Suppose that EF= 10 feet, 
OF =12 feet, 0(7=150 feet, aijfl 
BO = 20 feet Determine AB. 

13. Suppose that OD and AB are 
perpendicular to AE in the adjoining 
figure; that AX =5 feet, ZB = 8 
feet, AE=750 feet, (7^ = 25 feet, 
and OD = 30 feet. Find XT. 
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VARIATION 

199. Some quantities change or yary and are called Variable 
Quantities. 

Thus, the distance between a moving train and its destination varies, ^ 
that is, it decreases ; the age of an individual varies from moment to 
moment, — that is, it increases. 

200. A quantity which is fixed in any given problem is called 
a Constant. 

Thus, if a workman receives a fixed sum per day, the total wages due 
him changes from day to day if he works and remains unpaid. His daily 
wage is a coAStant ; his total wages is a variable. 

201. A change or Variation in one quantity usually produces 
a variation in one or more other quantities. Such variables 
are called Related Variables. For each value of one variable 
there is a corresponding value of tne other variable, or variables. 

Thus, if the side of a square is increased, the perimeter and the area of 
the squarQ are also increased. 

202. Variation is the study of some of the laws connecting 
related variables. Instead of the quantities themselves, their 
measures in terms of certain units of measure are used. 

Thus, distance is expressed as a number of miles, rods, or other units 
of length ; weight is expressed as a number of units of weight ; area is 
expressed as a number of units of area. 

203L One quantity varies directly as another when the ratio 
(rf any value of the one to the corresponding value of the other 
is constant. 

Thus, the ratio of the perimeter of a square to the side of the square is 
always 4, because the perimeter is 4 times the length of the side ; there- 
fore the perimeter varies directly as the side of the square. 

204. The symbol, oc, is read " varies as " ; thus, a oc & is read 
"avarxesasfc." 
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!£ xccy, then -sm, where m is a constant, expresses the 

relation between any two corresponding yalues of x and y. 
(See § 203.) 

Since - = m, then 05 = my. 

y 

Either equation may be used to express direct variation. 

205. One quantity is said to vary inversely as another when 
the product of any value of the one and the corresponding 
value of the other is constant. 

Thus, the time and rate of a train going a distance d are connected by 
the equation ri = d. If the distance remains ^ed, then the time varies 
inversely as the rate ; for example, if the rate is doubled, the time is halved. 

If X varies inversely as y, then xy = m, where m is a con- 
stant, expresses the relation between them. 

m 
If xy^m, then also aj=— . Either equation may be used 

to express inverse variation. 

206. One quantity is said to vary Jointly as two others 
when it varies directly as their product. If x varies jointly 

X 

as y and z, then — = m, where m is a constant, expresses the 
relation between the variables. 

Thus, the wages of a workman varies jointly as the amount he receives 
per day and the number of days he works ; for, letting W equal his total 
wages, V) his daily pay, and n the number of days he works, then W=hw. 
Here m = l. 

Again, the formula for the area of a triangle is 
A = i ah. 

This shows that the area of a triangle varies jointly as the base and 
altitude. (Here m = J.) 
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207. One quantity may vary directly as a second and inversely 
as a third. Let x yary directly as y and inversely as z; then 

z 

expresses the relation between the variables. Notice that this 
combines the equation for direct variation of y and inverse 
variation of z. 

208. Variation of more complicated related variables needs 
to be expressed sometimes. 

Example 1. a? oc y* may be written x = my*. 

Example 2. aj* ocy* may be written a^ = my*. 

Example 3. The volume of a circular cylinder varies jointly 
as the altitude and as the square of the radius. This may be 
expressed : v oc ar^, or v = Arar". 

Example 4. a varies directly as q, and inversely as (P. 

This may be expressed: a=-^. 

EXERCISE 112 

Eapress the following relations both by means of the symbol oc 
avd by an equation : 

1. The area of a rectangle varies jointly as the base and 
altitude. 

2. The area of a circle varies as the square of the diameter. 

3. The volume of a rectangular prism varies jointly as the 
length, width, and height. 

4. The distance a body falls from a position of rest varies 
as the square of the number of seconds in which it falls. 

6. The interest varies jointly as the principal, the rate, and 

the time. 
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Express tJie foUowing relations by means of equations: 

6. The rate of a train varies inyerselj as the time^ if tlu 
distance is constant. 

7. The rate of gain varies inversely as the capital invested 
if the total gain is constant. 

8. The weight of an object above the surface of the eartli 
varies inversely as the square of the distance from the centei 
of the earth. 

9. The per capita cost of instruction for pupils in a school 
room varies directly as the salary of the teacher and inversely 
as the number of the pupils. 

10. The volume of a circular cone varies jointly as the alti- 
tude and the square of the radius. 

11. If z varies jointly as x and y, and equals } when y = \ 
and a? = f, find z when y =f and »=f. 

SoLUTioK. 1. According to the conditions z = mxy. 

2. .'.- = »»•-• |, or »»=-, since « = I when 05 = }and y = |. 

6 ^ o o 

3. .*.£ = ) xy, substituting } for m. \ 

4. .'.« = }. J .{ = J^, when » = } and y = J. 

Note. In such problems, first find the constant, as In step 2. I 

12. liy OCX and is equal to 40 when op = 5, what is its value I 
when JB = 9 ? 

13. Ji ycca^ and is equal to 40 when xss^ what is thej 
equation for y in terms of a;? 

14. If X varies inversely as y and is equal to J when y = |, I 
what is the value of y when a? is f ? 

16. If (5a; + 8)a:(6y — 1) and ic = 6 when y = — 3, what is 
the value of x when y = 7 ? 

16. The distance fallen by a body, from a position of resl^ 
varies as the square of the number of seconds in which tba 
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body falls. If it falls 266 feet in 4 seconds^ how far will it 
fall in 6 seconds 7 

17. The interest on a sum of money varies jointly as the 
rate of interest and the principal. If the interest is $375 
when the rate is 5 % and the principal is $3000, what is the 
interest when the rate is 6% and the principal is $2500 ? 

18. The principal varies directly as the interest and inversely 
as the rate. If the principal, $4000, produces $250 interest 
at 4 %, what principal must be invested for the same time to 
yield$«00at5%? 

19. The number of tiles required to cover a given area 
varies inversely as the length and width of the tile. If it takes 
270 tiles 2 inches by 5 inches in size to cover a certain area, 
how many tile 3 inches by 6 inches will be required for the 
same area ? 

20. The number of posts required for a fence varies inversely 
as the distance between them. If it takes 80 posts when 
they are placed 12 feet apart, how many will be required 
when they are placed 15 feet apart ? 



ZIX. GRAPHICAL REPRESENTATION OF COMPLEX 

NUMBERS 

209. Representation of Real Numbers. Mark any point, 0, 
on a straight line X'X by the number 0, and any other point, 

^. — ^^ ?7, to the right of O by the num- 

^•^ ''^s ber +1. Let OCT be considered 

,' \ the unit length. 

x' . /. t S V ■ i '^. X -^^y ^®^ positive numl)er, + a, 

-3.a-2 -I +1 +2ta43 j^ represented by the point A, 

a units to the right of 0, and any real negative number, — a, 
by the point A\ a units to the left of 0. 

210. The representation of —a (the point J!) may be 
located by turning the representation of +a (the point A) 
about the point as center, through two right angles in the 
direction opposite to the motion of the hands of a clock. 

— a = (+a)x(— 1), hence the multiplier —l may be re- 
garded an operator which turns the representation of -fa 
through two right angles in the counter-clockwise direction, 
about point as center. 

211. Graphical Representation of Pore Imaginaries. By 

definition (§ 82), t x t = — 1. Since multiplication of + a by 
— 1 turns the representation of 
-h a through two right angles in 
the counter-clockwise direction, 
i may be regarded an operator 
which turns the representation 
of +a through one right angle 
in the counter-clockwise direc- 
tion. This suggests represent- 
ing -|- ai by the point B, a units 
above on TT. 
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In general, pure imaginaries are represented by points on 
the line YT^. ai is represented by the point a units above 0, 
and — ai by the point a units below 0. TT' is called the 
axis ofpvre imaginariea. 



212. Graphical Repre- 
sentation of Complex Num- 
bers. To represent a +6i: 

Let A represent the 
number a, and B the x ' • » 
number bi. Draw AC 
equal and parallel to OB. 
Then it is agreed to con- 
sider point C the repre- 
sentation of a+bi. Thus 
Z> represents — 4 — 3t. 



Y 

4i 



I'fB 



-3 -2 -I 



D* 



fC 



♦! +2 -i-a +4 +5 



EXERCISE 113 
Represent on a diagram the numbers : 

1. 2 + i. 3. -4-f2i. B. -S + 2i. 7. 2.5 + i. 

2. 2-3i. 4. -3-2i. 6. S-5i. 8. 4-2.5i. 
9. Represent a -}- 6i and — (a -f W). 

213. Graphical Represen- 
tation of Addition of Complex 
Numbers. 

(a) To represent graphi- 
cally the sum of a -|- M and 
c + di. 

Let M represent a -|- 6i 
and N, c + di. 

Construct OM and 02^, 
and then construct the par- 
allelogram OMPN, thus 
locating point P. 






/i- 



I 



— X 
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Point P represents (a -f 6/)-f (c -h di), 

Poipt P may be determined readily without constructing the 
complete parallelogram, by drawing from M the line MI^ equal 
and parallel to ON, thus adding (c -f di) to (a + 6i). 

Note. The correctness of the construction is readily proved by plane 
geometry. The proof is omitted from the text. 

EXERCISE 114 

Represent graphically the sum of : 

1. 3-fiand2 + 5i. 5. 3 and 4 — t. 

2. 2 — 3iand l-|-4i. 6. — 5iand6 + 2t. 

3. 2-f4tand5-t. 7. — 3-h4tand+5. 

4. -6 + 2iand -4- 7t. 8. +5-3iand-4i. 

214. Graphical Represen- 
tation of Subtraction of 
Complex Numbers. In the 
adjoining diagram, if 3f 
represents the number 
a + biy then Jbf' represents 
— (a + bi), for M' repre- 
sents the number — a — W. 
To subtract (a -f bi) from (c -f di), one may add — (a + bi) to 
(c 4- di). To represent this difference graphically : 

1. Locate Jf representing a + bi 
and M^ representing — a — bi, 

2. Locate N representing 
c + di. 

3. Draw from N a line 
equal and parallel to OM', 
thus locating B. This con- 
struction represents adding 
-{a+bi) to (c+di), (§213.) 

4. iJ represents i^c + di) 
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EXERCISE 116 

1-8. Represent graphically the result of subtracting the 
second number from the first number in Examples 1-8 of 
Exercise 114. 

- 215. It is possible to represent graphically other operations 
with complex numbers, but such topics are beyond the scope 
of this text. 



m THE QUADRATIC FORM 
S1€L ^-g eriiiiciiia is in. zht quadratic form : 

:!l i5 Tvo •:^ liie ^i^nns contain the unknown number ; 
X zf zhts- cxTtanoi* of die unknown number in one of these 
7v^ 3^rai:» i:^ sw^ce iss expcnsit in the other. 

: wsmb^T Bay be mn algebrmic expression. 

1. Scire the equation 16 x"* — 22 a?"* - 3 = 0. 

1- Let F = '~^ «Mi thneioie y< = x'i. 
fee cqaa» \rr \mt\\ l«y< — 22jr — 3 = 0. 

.-. C8jr-rl)(2jr-S)=0. I 




CTibe rooc (§ 117) of — ) is taken, z =— J-^ = l = 16. 

*■«« «re «¥k3 two tm^ginmr y roots, obtained by taking the fourth powers 
oftkervo fnBBn iii.i-r cube roots of (-i). (§ »5.) 



A^^L^^ ^^'^^^ ^^^ *"^ ^^^ imaginary values. 
^^^V^^ «»««« are 6 roots for the equation : the principal roots are 
iesad(v^>«. 

224 
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EXERCISE 116 

Solve the equations : 

1. «*-29a* = -100. 6. 2«-8-368-* + 48 = 0. 

2. 27aJ« + 46a;8-16 = 0. . 7. 6h-2 = lWh. 

3. 16a^-33iB*-243 = 0. 8. a;*+33ic* = ~32. 

4. 161ic« + 5 + 32a^<> = 0. 9. a*- 10ic* + 9 = 0. 
6. 3aj-^ + 14ic-i = 5. 10. 2aj + 3V» = 27. 

217. An equation may sometimes be solved with reference 
to an expression, by regarding the expression as the unknown 
number. 

Example 1. Solve the equation 



a^ - 6 ic + 5Va^- 6 a? + 20 = 46. 

Solution: 1. Let y = y/x^ — 6 a; + 20, 

and therefore y^ — jgs _ g 3p ^_ 20. 

2. The equation becomes 

ya + 6 y = 66, or y^ .j. 5 y _ ee = 0. 

3. .-. (y + ll)(y-6) = 0, or y = -ll ^d y = 6. 

4. When y = ^, Vx^ - 6 a: + 20 = 6. 

.-. x2 . 6 a; + 20 = 36, a;^ - 6 x — 16 = 0. 
.-. (x — 8)(x + 2)=0, or x = 8 and x=-2. 



6. When y =-11, Vx2-6x-f20 =- 11. 

.-. x2-6x + 20= 121, or x2_6a.- 101 =0. 

. ^ ^ 6 i: V36 +404 ^ 6 i: VJiO ^ 6 ± 2Vno ^ 3 /^ 
2 2 2 



Note. If y, or Vx^ — 6 x + 20, is restricted to the principal root, 
these last two values are not admissible. 
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EXERCISE 117 

Solve the following equations : 
1. (2aj«-3a;)*-.8(2a«~3aj) = 9. 
(Hint : Let y = 2 a;^ - 8 x.) 



2. 5aj-f 12 + 5V5ic + 12 = -4. 



(Lety=V6a;+ 12.) 

a^-S . 2a; ^ 17 
' 2ic "^a*-3 4* 



4. 3a* + « + 5V3ar*-|-a;-|-6 = 30. 

g (P + 2 2d-5 ^35 
2d-5 cP + 2 6 ' 



6. iB« + 7Var^~4a; + ll=4a?-23. 

7. Vm«-3m-3 = m«— 3 711-23. 
^8-5^ + 1 t^~2t-\-2 ^ 8 



9. 2r» + 4r + Vr2 4-2r-3 = 9. 



10. c» + l+Vc*-8c + 37 = 8(c + 12). 

11. 25(a? + l)-'-15(a? + l)"* = -2. 



^ 2^ V + 3 



XXI. THE BINOMIAL THEOREM (Continued) 

218. The Binomial Theorem was formulated in general 
form (for positive integral exponents), in § 179, after special 
cases of the general theorem were exhibited. The theorem 
was not proved; it was arrived at by the process of pure 
indiiction, 

219. Proof of the Binomial Theorem for Positive Integral 

Powers. Assume, as in paragraph 179, that 

1 • 2 1 • 2 • 8 

Multiply both members of (1) by a+x. Then 

(a+x)»+i=a"^-i+na"a;+ ''(f"^^ a^iga+ "^'*ryr^V ~«g«+ •■• 
1*2 1 • 2 • 3 

1 1 • 2 

.-. (a+a)»+i=a»+i+(»+l)a"a;+nr^|^ +lla»-ixa 

= a»+i+ (n+ l)a"a; -hn,^ a^^x^ + "(f~^) . !!±la''-^-\- ... 

2 1 • 2 3 

= a.+i+(n+l)a"x+ ("+^) " '' o»-'a»+ ("+\) '" ' (''-l) a..-ia*+ .... 
1.2 l*2*o 

It will be observed that the expansion on the right is in 
accordance with the rules of § 179. This proves that if the 
rules of § 179 are assumed for any particular positive integer, 
w, they hold true, also, for the next greater integer, n + 1. 

227 



228 ALGEBRA 

But the niles are known to be satisfactory in the case of 
(a 4-0?)*; hence they hold for (a+sc)'. Since they hold for 
(a + x)\ then they hold also for (a -f-a?)' ; and so on. 

Therefore the binomial theorem is true for any positive 
integer. 

Note. The ahove method of proof is known as mathematical induction. 

220. Fractional and Negatiye Exponents. In the expan- 
sion of § 219, if n is a positive integer, there is ultimately 
a term (the (n + 2)nd), for and after which the coeflBcient 
n(n--l)(n-2)...^^^ 
1 • 2 • 3 ••• 

When n is a negative integer or a fraction, there is no term 
for which the coeflBcient is zero. Hence the terms continue 
indefinitely. The resulting expansion has an infinite number 
of terms. 

In this case also, the expansion on the right in § 219 has 
a sum, and this sum is (a -f x)* for any rational (§ 112) value 
of n, provided the absolute value of a is greater than the 
absolute value of x. This theorem is proved in a more ad- 
vanced course in mathematics. 

Assuming the theorem, the following examples may be 
solved : 

Example 1. Expand (a + x)^ to four terms. 
Solution : 1. Substitute ) for n in the formula. 
2. .-. («+x)» = a*+|a*-Wia^«i-V+ Ki-l)(f-2) aH^+... 

o 2 1 • 2 • o 

Example 2. Find the 7th term of (a — 3 a"')"*. 

Solution: 1. The 7th term may be fouDd by applying the rale in 
§180. 
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2. Substitute (— 8 x^) for x, and (- }) for n. 

The exponent of (— 8 »"') is 7 — 1 or 6. 
The exponent of a is — J — 6 or — -»^. 
The denominator of the coefficient is l>2«d-4*6>6. 
The numerator of the coefficient is (— i)('-i — l)*** until there are 
six factors. 

Hence the seventh term is : 

1 • 2 • 8 • 4 • 6 -6 
8» 9 



EXERCISE 118 

Find the first four terms of : 

3. (l-x)-i. ^ (o»-4«i)i 

4. ^^^^16. g 1^ 



(a + a;)* 



Find the 

9. 6th term of (o + «)*. 18. 9th term of (o -»)-». 

10. 6th term of (a - 6)~*. 14. 11th term of ^/(m + ny. 

11. 7th term of (1 + «)-'. is. 7th term of (a""- 2 6*)-* 

-i • 

12. 8th term of (1 - a)*. 16. 8th term of i— — . 

221. Extraction of Roots. The Binomial Theorem may some- 
times be used to find the approximate root of a number which 
is not a perfect power of the same degree as the index of the 
root. 

Example. Find \/25 approximately to five decimal places. 

Solution : 1. The nearest perfect cube to 26 is 27. 
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2. .-. \^ = v^2r=^=[(38) + (-2)]i 

= (38)*+J(38^J(-2)-^(38)-4(-2)2+A(3»)^(-2)». 
=3. 2 4 40 



i . 32 9 . 86 81 . 3« 
= 3 - .07407 - .00183 - .00008 ... = 2.92402. 

Rule. — Separate the giyen number into two parts, the first of 
which is the nearest perfect power of the same degree as the 
required root, and expand the result by the Binomial Theorem. 

EXERCISE 119 

Find the approximate values of the following to five decimal 
places : 

1. Vi7. 2. V5i. 3. -v^. 4. -s/li. 6. </Si. 6. ^/^5, 



XXII. PERMUTATIONS AND COMBINATIONS 

222. The letters a and h may be arranged thns : ah or ha. 

• The letters a, 6, and c may be arranged two at a time thus ; 
a6, 6a, aCy ca, he, and c6. 

The different orders in which things can be arranged are 
called their Permutations. 

223. General Principle. If a certain thing can be done in m 
different ways, and, after it is done, if a second thing can be 
done in n different Ways, then the two things can be done in 
order in mn different ways. 

Example 1. One may go from a certain city to another by two dif- 
ferent railroads, and can go from the second city to a third by any one of 
three different railroads. Hence one can go from the first to the third 
city by 2 X 8 or 6 different routes. . 

(Having made the first part of the trip in one of the two ways, the 
trip can be completed in any one of three ways, making three different 
complete routes ; similarly for the second way of making the first part of 
the trip. This makes altogether the six different complete routes.) 

224. The Permutations of n Different Things Two at a Time. 

Consider the n letters a, h, €,*••, These are to bie used to fill 
two places, a first place and a second place ; as ca, where c 
occupies the first place and a the second place. 

The first place can be filled by any one of the n letters; 
hence, in n different ways. Then, having filled the first place, 
the second place can be filled by any one of the remaining 
(n — 1) letters ; hence, in (n — 1) different ways. 

Hence, the two places can be filled in ?i(n — 1) different 
ways, according to the principle of paragraph 223. 

225. The Permutations of n Different Things r at a Time. 
Consider again the n letters a, 6, c, •••. These are to be used 
to fill r different places. 

231 
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The first place can be filled by any one of the n letters; 
hence, in n different ways. 

The second place can then be filled by any one of the re- 
maining (n — 1) letters ; hence, in (n — 1) different ways. 

Similarly the third place can be filled in (n — 2) different 
ways. 

Finally the rth place can be filled in n —(r — 1) or (n—r+1) 
different ways. 

Then, according to the general principle of paragraph 223, 
the whole number of the permutations of the n letters taken 
r at a time is: 

n(n - l)(n - 2)(n- 3) ...(n-r 4-1). 

The number of permutations of n things taken r at a time is 
denoted by nPr- Hence, 

„P, = n(n-l)(n-2)(n-3)...(n-r + l). 

Note. The product consists of factors starting with the namber n 
and decreasing by 1 each time until the number of factors is r. 

Example. How many numbers of three figures each can be 
made by using the nine digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if no digit 
is used twice in the same number ? 

Solution : Each arrangement of the nine digits three at a time will be 
a different number. Hence, the whole number of numbers which can be 
formed is gPj, or 9 . 8 • 7 ; that is, 504. 

226. Clearly „P„ = n(n - l)(n - 2)(n - 3) ... (n - n + 1), for 

Hence „P^==ri(n--l)(n-2)(n-3) ...3.2. 1. 

The product 1 . 2 • 3 ... (n — l)(n) is denoted by the symbol 
n !, and is called '* factorial n." 

Hence the number of permutations of ?i different things 
taken n at a time is n factorial. 

Example. The permutations a, b, and c taken all at a time is 3 • 2 . 1 
or 6. The permutations are abc, acb, bac, bca^ cab, and cba. 
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EXERCISE 120 

1. How many permutations can be formed with 14 letters, 
taken 4 at a time ? 

2. In how many different orders can the letters of the word 
triangle be written, taken altogether ? 

3. A certain play has five parts, to be taken by a company 
consisting of 12 persons. In how many different ways can 
they be assigned ? 

4. How many different numbers of 4 different figures each 
can be formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 if no digit 
occurs twice in the same number ? 

6. Solve the example formed by adding to the statement of 
Example 4 the words "and if each number is to begin with 1/' 

6. How many different numbers of 6 different figures can 
be formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if each num- 
ber is to begin with 2 and is to end with 9 ? 

7. How many of the numbers found in Example 6 have the 
digit 5 as one of their digits ? 

8. How many even numbers of five different figures each 
can be formed from the digits 4, 5, 6, 7, 8 ? 

9. How many different words of 8 letters each can be 
formed from the letters of the word ploughed^ if the third 
letter must be o, the fourth w, and the seventh e ? 

10. In how many ways can a teacher arrange 6 boys in the 
6 front seats of a class room ? 

227. The Permutations of n Things taken all at a Time if the 
Things are not all Different 

Special Case, Consider the distinguishable permutations of 
a, a, and 6, taken all at a time. They are aab, aba, baa. If 
now the two a's are replaced by Oi and aj respectively, the 



234 ALGEBRA. 

distinguishable permutations are: a^ajb^ a^fi, afia^ ajba^^ 
hdiO^, and ba^. From each of the original permutations, two 
new permutations are obtained. The result is the same as the 
permutations of 3 letters, all taken together. 

OenercU Case. Let there be n letters, of which p are a\ q 
are Vs, and r are c's, the rest being all different. Let N be 
the number of different permutations of these letters taken 
all together. 

Suppose that, in any particular permutation of the n letters, 
the p a's are replaced by p new letters all different, and differ- 
ing also from the remaining letters. Then by permuting these 
p letters in all possible ways, without changing the positions 
of the remaining letters, p I permutations are formed from the 
original particular permutation. (§ 226.) 

If this is done in the case of each of the N original permuta- 
tions, the whole number of permutations will he Nxpl 

Again, it, in any one of these Nxpl permutations, the q &'s 
are replaced by q letters all differing from each other and dif- 
fering also from all of the remaining letters, then by permut- 
ing the q 6's in all possible ways, without changing the order 
of the remaining letters, q ! permutations are formed from the 
original permutation. If this is done in the case of each of 
the Nxpl permutations, the whole number of permutations 
resulting is Nxpl xql 

In like manner, if, in each of the Nxplxql permutations 
the r &s are replaced by r new letters, all different and differ- 
ing from the remaining n letters, then, by permuting them iu 
all possible ways, r I new permutations are formed from eacL 
The total number of permutations is -^xp! X g! X r!. 

The original n letters have now been replaced by n letters 
all different The resulting permutations are the permutations 
of n different letters n at a time ; this is n !. 

Hence Nxpl xg! X r! = n!, 

or -^="1 ; ;• 

p\ xqlxrl 
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Example. How many permutations can be made from the 
letters in the word Tennessee, taken all together ? 



Solution : 1. There are 4 e's, 2 n's, 2 «'8, and 1 1 

9! _ 1. 2. 8-4. 6. 6. 7-8. 
'41212! 1.2.3.4.1.2.1.2 



^^^ 9! ^l-2.8.4.6.6.7.8.9^g,g,^,g.g^3^gQ^ 



EXERCISE 121 

1. In how many different orders can the letters of the word 
denomination be written ? 

2. There are 4 white billiard balls exactly alike, and 3 red 
balls, also alike. In how many different orders can they be 
arranged ? 

3. In how many different orders can the letters of the word 
independence be written ? 

4. How many different signals can be made with 7 flags, of 
which 2 are blue, 3 red, and 2 white, if all are hoisted for each 
signal ? 

6. How many different numbers of 8 digits can be formed 
from the digits 4, 4, 3, 3, 3, 2, 2, 1 ? 

228. The ComMnations of things are the different collections 
which can be formed from them without regard to the order 
in which they are placed. 

Thus, the combinations of the letters a, &, c, taken two at a time, are 
ahj &c, ca ; for though ab and ba are different permutations, they form 
the same combination. 

The number of combinations of n different things taken r at a time is 
usually denoted by the symbol „Cr. 

229. The number of combinations of n different things taken r 
at a time. 

The number of permutations of n different things taken r at 
atime is n{n^l)(n-'2) ... (n-r + l) (§ 225). 
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But, by § 226y each combination of r different things may 
have r! permutations. 

Hence, the number of combinations of n different things taken 
r at a time equals the number of permutations divided bj r!. 

That is, ^c,^ ri(n-l)(n-2)...{n-r + l) ^ ^3^ 

r I 

230. Multiply both terms of the fraction (3) by the product 
of the natural numbers from 1 to n ~ r inclusive ; then 

ri _ n(n — 1) ••' (n — r + 1) » (n — r) "«2'1 _ n! 
" '"' r!xl.2...(n-r) ~rl(n^r)\' 

which is another form of the result. 

231. The number of combinations of n different things taken r 
at a time equals the number of combinations taken n — rata, time. 

For, for every selection of r things out of n, we leave a selec- 
tion of w — r things. 

The theorem may also be proved by substituting n — r f or r, in the 
result of § 230. 

Example 1. How many different combinations can be 
formed with 16 letters, taking 12 at a time ? 

Solution : By § 281, the number of combinations of 16 different things, 
taken 12 at a time, equals the number of combinations of 16 different 
things, taken 4 at a time. 

Putting n = 16, r = 4, in (8), § 229, 

16 . 16 . 14 . 13 



5C4=- 



1.2.3.4 



Example 2. How many different words, each consisting of 
4 consonants and 2 vowels, can be formed from 8 consonants 
and 4 vowels ? 

The number of combinations of the 8 consonants, taken 4 at a time, is 
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The Dumber of combinations of the 4 vowels, taken 2 at a time, is 

Any one of the 70 sets of consonants may be associated with any one. 
of the 6 sets of vowels ; hence, there are in all 70 x 6, or 420 sets, each 
containing 4 consonants and 2 vowels. 

Bat each set of 6 letters may have 6 1, or 720 different permatations 
(§ 226). 

Therefore, the whole number of different words is 

420 X 720, or 802400. 

EXERCISE 122 

1. How many combinations can be formed from 15 things, 
taken 5 at a time ? 

2. How many combinations can be formed from 17 things, 
taken 11 at a time ? 

3. How many different committees, of 8 persons each, can 
be selected from 14 persons ? 

4. There are 5 points in a plane, no 3 being in the same 
straight line. How many straight lines are determined by 
them? 

6. How many different words, each having 6 consonants 
and 1 vowel, can be formed from 13 consonants and 4 vowels ? 

EXERCISE 123 
Miscellaneous Examples 

1. There are 11 points in a plane, no 3 in the same straight 
line. How many different quadrilaterals can be formed, hav- 
ing 4 of the points for vertices ? 

2. From a pack of 52 cards, how many different hands 
of 6 cards each can be dealt ? 

3. How many different numbers of 7 figures each can be 
■formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if the first, 
fourth, and last digits must be odd numbers ? 
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4. Out of 10 soldiers and 15 sailors, how many different 
parties can be formed, each consisting of 3 soldiers and 3 
sailors ? 

5. Out of 3 capitals, 6 consonants, and 4 vowels, how many 
different words of 6 letters each can be formed, each beginning 
with a capital, and having 3 consonants and 2 vowels ? 

6. How many points of intersection are determined by 6 
straight lines if no 3 of the lines pass through the same point, 
and if no 2 are parallel ? 

7. How many different words of 8 letters each can be 
formed from 8 letters, if 4 of the letters cannot be separated ? 

8. In how many ways can a committee of 2 teachers and 
3 students be selected from 6 teachers and 10 students ? 

9. In how many different ways may 10 students be seated 
in 15 seats ? (Leave result in factored form.) 

10. How many games will be played in a baseball league 
of 8 teams if each team plays 10 games with each of the other^ 
teams ? 

11. How many signals can be made with 1 red, 1 white, 
and 1 blue flag, using them either 1 at a time, 2 at a time, 
or all together, if the order in which the flags are shown con- 
stitutes a part of the signal ? 

12. In how many different ways can a captain of a baseball 
team arrange his batting list of 9 men if he wishes certiain 
3 men to bat in the order 1, 4, and 7 ? 

13. How many different multiplication facts are involved 
in the multiplication table from 1 x 1 up to 9 X 9, if (for 
example) 5x4 and 4x5 are considered one fact ? 
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232. The symbol 



3 4 

2 7 



is called a determinatit. Its value 



is defined to be 3 • 7 — 2 • 4, which equals 21 — 8, or 13. 
a c 



In general 

b d 

and is defined thus 



is called a Determinant of the Second Order 



a c 
h d 



= ad— he. 



The numbers a, h, c, and d are called the elements of the de- 
terminant. 

Clearly, any difference such as r» — mn may be arranged as 

r n 
a determinant : thus rs — mn = 

m 8 

= 2.8- 4(- 5) = 6 -I- 20 = 26. 

2 61 



Example 1. 
Example 2. 



2 -5 
4 +3 



1-15 = 2. 18 -8. 6 = 



3 13 



EXERCISE 124 



Find the values of : 



1 


6 5 


• 3. 


4 -2 


4 
• 6. 


-5 3 


• 7. 


2 m — jj 


X. 


4 2 


6 9 


2 6 


2m r 


2. 


5 3 

2 -7 


• 4. 


3 -4 
-2 7 


. 6. 


3a 4 
2« 1 


8. 


3a 4d 
2c 6e 



Express as determinants : 

9. mn — ajy. 11. 33 — 14. 

10. 2a5-cd. 12. 6c -5 d. 
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13. cd+P^- 

14. Smn + 2'i 
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233. Determinants make it possible to solve simultaneous 
linear equations by inspection. Solving the following pair of 
equations, 

ax'{-by = c] 



dx+ ey: 



«= r^ and y == -^^^ — 



cd 



ae — bd 



ae — bd 



.« = 



c b 




a e 


f e 


■ aiifi 1/ — ' 


d f 


a b 


OkUU. y — 


a b 


d e 




d e 



Notice that the two solutions may be expressed as the quo- 
tients of determinants whose terms are the coefficients of the 
equations. 

Rule. — To solve two simultaneous linear equations having^ two 
unknowns by determinants : 

1. Arrange the equations in the form : | fl' + / — ^• 

2. The value of x is a fraction : its denominator is the deter- 
minant formed hy the coefficients of x and / J ^ ; its numera- 

tor is the determinant obtained by replacing the coefficients of jr in 
the denominator determinant by the corresponding absolute terms, 

f 6 

3. The value of/ is a fraction with the same denominator as jr ; 
its numerator is the determinant obtained by replacing the coeffi- 
cients of / in the denominator determinant by the absolute terms, 

a G 
d f' 

Example. Solve the ^air of fimiations ! J'2aj-5y = -16. 

3a: + 7y = 6. 



Solve the pair of equations : 



DETERMINANTS 



241 





-16-5 


Solution: a;= 


7 


2-6 


3 7l 


2 -16 1 


y = 


3 6 


2 -6 




8 7 



-16 . 7-5(-6) ^ -112-}- 26 ^ -87 . 
2.7-8(-5) 14-hl6 29" 



^ 10--3£-16i ^ 10+48 _ 58 _ 2 
2.7-8(-6) 14-1-15 29 ' 



CHBCfc: In(l): Does2(-8)-6(2)=-16? Does - 6- 10 =-16? 
Yes. In(2): Does8(-8)-|-7(2) = 6? Does - 9 -H 14 = 5? Yes. 



EXiSlCISE 126 

Solve the following equations by determinants : 



1. 



2. 



r6a?-f 6y = 28. 
t4a?4- y = 14. 

r 7aj-9y = 15. 

t - 5a; -f 8 y = -17. 

{ 
I 



r5p-f 2r = — 4. 
161) -11 r = - 46. 

|7r-38 = -18. 

l4r-5a=-7. 



5 a; — 6y = — 9. 
3aj-5y = -4. 

8m-15v = 18. 
12m+ 6v=:-ll. 



f3a!- 


4y = -ll. 


2 


- ^ -0 


.a! + 5 


y+1 


f mo; — 


ny = mn. 


n'y = m'n'. 



234. Determinants are especially useful in solving simul- 
taneous linear equations with more than two unknowns. 

^1 ^2 ^s 
&1 &2 ^3 
Cj C2 Cj 

is called a determinant of the third order. Its value is defined 
to be: 
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The adjoining diagram aids in recalling this 
value. Take the prodact 0162^8 along the di- 
agonal and add to it the two products formed 
by starting with 02 and as respectively and fol- 
lowing the arrows which point in the direction 
of this diagonal ; then subtract the product 
CibiGz along the other diagonal, and also sub- 
tract the two other products formed by starting 
with &i and ai respectively and following the 
arrows which point in the direction of this 
second diagonal. 



Example. 



1 


6 


2 


4 


7 


3 


2 


-3 


6 



= 1.7.6 + 5.3.2 + 2(-3).4 

-2.7-2-4-6.6-1.3.(-3) 
= 42+30-24-28-120+9 
= -91. 



Find the values of : 

12 3 

2 12 

3 3 1 



EXERCISE 126 



2 4 6 
3-2 3 
16 4 



2 2 3 




_2 -4 -11 


, 


6-6 2 





4. Solve the equations : 






Solution : A rule similar to that of § 345 applies for linear equations 
with more than two unknowns. Hence : 



14 


1 


-1 


16 


3 


-1 


-10 


1 


-8 


3 


1 


-1 


1 


3 


-1 


1 


1 


-3 



- 126 + 10 - 16 - 30 -}- 48 4- 14 ^ - lOO ^g^ 
-27-1-1-1-3-1-3+3 -20 
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y = 



3 


14 


-1 


1 


16 


-1 


1 ■ 


-10 


-3 


3 


1 


-1 


1 


3 


-1 


1 


1 


-3 



-120 



=6. 



3 


1 14 




1 


3 16 




1 


1 -10 


-140 


3 


1 -1 


-20 


1 


3 -1 




1 


1 -3 





^ = 7. 



Check : The solation checks when substituted in the three equations. 

Note. The equations must be arranged first in the form ax-\-by-\-C2=zd, 
Thus the equation 2 x — 3^; = 7 would be written 2x -{-Oy — S z = 1, 

Solve the following equations by determinants : 



6. 



6. 



7. , 



aj+ y- 21 = 24. 




4a;-3y=:l. 


4:x + 3y- z = ei. 


8. 


4y-32; = -15. 


6aj-5y- «.=:11. 




42;-3a? = 10. 


5iF— y4-4« = — 6. 




9a?4-5« = -7. 


3a; + 5i/+ 6« = -20. 


9. 


3aj4-5.y = l. 


a + 32/ -82; = -27. 




9 2/ + 3 2; = 2. 


4a-56-6c= 22. 




2x-\-5y-\-3z=^7, 


a- 64- c = -. 6. 


10. 


2y-4« = 2--3a?. 


9 a -1- c= 22. 




5a4-9y = 54-72;. 



DETERMINANTS OF ANT ORDER 

235. If the numbers 1, 2, 3, 4, 5, ••• n are arranged in any 
other order, each instance when a greater number precedes a 
less is called an Inversion. 

ThuSf for the numbers 1, 2, 3, 4, 6, the arrangement 51432 has 7 inver- 
sions : 5 before 1, before 2, before 3, and before 4 ; 4 before 3, and before 
2 ; and 3 before 2. 

Oil Oia ai8 ... ai„ 

Oa Oa aj8 ••• Oj, 



236. The symbol 



a»i a«a ««« 



having n rows of 
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elements, each row consisting of n elements is a Determinant 
of the nth Order. 

NoTB 1. The first number of the subscript of an element denotes the 
row in which the element lies, and the second denotes the column. Thus, 
ai«, read ** a-three-five/* is in the third row and fifth column. 

237. Definition of the Value of a Determinant. 

1. Form all possible products of the elements of the deter- 
minant, such that each product shall have as factors one and 
only one element from each row, and one and only one from 
each column. 

2. Arrange the elements in each product so that the first 
subscripts are in the order 1, 2, 3, ••• w. 

3. Make the product positive or negative according as the 
number of inversions in the second subscripts is even or odd. 



Thus, 



an ai2 aiz 
an an an 
azi an an 



+ aizdndzt — aizattazi' 



Note 1. This value agrees with that found as in § 2S4. 

Note 2. The elements lying in the diagonal joining the upper left 
hand element with the lower right hand element form the principal diag- 
onal. The product of these elements is always positive. 

238. Consider any term of a determinant of the fourth 
order, as aii(0LfiOt3<^4a' The number of inversions in the second 
subscripts is 4, an even number. Consider any other arrange- 
ment of these factors ; as, a^4^^a3i- The total number of in- 
versions among the first and the second subscripts is 8, again an 
even number. 

In general, if the number of inversions for any arrangement 
of the elements in a term of an expanded determinant is even, the 
number of inversions remains even for any other arrangemetit of 
the elements in that term; similarly, if the number of inversions 
is odd, it remains odd. 
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(a) As a consequence of this fact, the expansion of a deter- 
minant may have the elements of each product arranged so 
that the second subscHpta are in the order, 1, 2, 3, •••, n, giving 
each product the plus or minus sign according as the number 
of inversions in the first subscripts is even or odd. 

Thua, 
may Toe written 

QiiaiiQzZ — aiia»2a23 — a2iai20«8 + «81«12028 + 021«82«18 — «8l022<»18» 

. Examination will show that the signs are correct. 

(b) A second immediate consequence is that the elements 
of each product may be arranged in any manner, provided the 
sign of each term is determined by the total number of inver- 
sions among both the first subscripts and the second subscripts 
of the term. 

PROPERTIES OF A DETERMINANT 

239. A determinant is not altered in value if its rows are 
changed to columns, and its columns to rows. 

Thus, it will be proved that 



«11 


an 


an 




an 


an 


azi 


an 


an 


028 


= 


an 


022 


azi 


azi 


att 


^88 




an 


an 


an 



Pboop. The second subscripts of the first determinant are 
the same as the first subscripts of the second determinant. 
The number of rows and columns in each is the same. If 
the first determinant is expanded by the rule in § 237 and 
the second by the remark (a) in § 238, the results are the 
same. 

Thus, the determinants are respectively : 

011022^88 — 011028^82 + 012028081 — 012021088 + ^18021032 — O18O22OSI 
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and 

These are equal except for the arrangement of the elements in the 
terms. 

240. A detenninant is changed in sign if any two consecu- 
tive rows, or any two consecutive columns, are interchanged. 

Thus, it will be proved that 



ail 


an 


an 




ail 


an 


ait 


021 


an 


an 


= — 


asi 


azi 


azz 


azi 


azt 


azt 




an 


ajj 


an 



Proof. Consider any term of the first determinant; as, 
012021088. The sign of this term in the first determinant is 
minus^ as there is ^ne inversion. 

This same term occurs in the expansion of the second de- 
terminant, as the term has one and only one element from each 
row and each column, and the rows and columns of the second 
determinant are the same, except for order, as those of the 
first determinant. In fact, this term is the product of the ele- 
ments printed in black type. 

OisOaOssy considered a term of the second determinant ex- 
panded according to the remark (6) of § 238, has the same 
inversions among its second subscripts (^ia) as when it is 
considered a term of the first determinant. Its first sub- 
scripts (i28) show one inversion, namely 2 before 3, as the 
proper order of the rows in the second determinant is 132. 
Hence there is one more inversion among the subscripts in 
this case, making two, and hence the sign is plus. 

In a similar manner, it may be proved that every term of 
each of the determinants is also a term of the other determi- 
nant if the sign of the term is changed. This proves the the- 
orem stated. 

241. A determinant is changed in sign if any two rows, or 
any two columns, are interchanged. 
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Thus, it will be proved that 



On 


ai2 


Oil 




021 


022 


023 


= — 


asi 


as2 


oss 





Oai Oss 088 

021 022 02J 
On 012 O18 



Proof. To change the first determinant into the second, 
interchange the first row and second row of the first determi- 

Oji 022 028' 



nant, getting the determinant 



and then inter- 



Oii 012 Oij 

<hl «32 0,3 

change the second row of this new determinant with the third 

<hl <*22 ^28 

row, getting a,i a^ a^ . Now interchange the first and 

ttji 0x2 ciia • 
second rows of the last determinant, and the desired determi- 

Oai «32 «83 

nant Ofi 022 (hs ^^ obtained. 
Oil ai2 ai8 

All together three interchanges of consecutive rows have been 
made. Each causes a change in the sign of the determinant. 
The resulting determinant is the negative of the given deter- 
minant. 

A similar proof may be given for a determinant of any 
order. 

242. Cyclical Interchange of Rows or Columns. It will be 
proved that 

(hi «22 ••• <hn 



a,2 
022 



On 

«nl «»2 



(hn 
<hn 



a., 



= (_l)(n-l) 



(hn 



Oi, ai; 



(hn 



Proof. The first row has been made to occupy the position 
of the Tith row. This may be accomplished by interchanging 
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the first row with the second, then with the third, and so on 
up to the nth inclusive. This makes all together (n— 1) inter- 
changes of adjacent rows, and causes (n—1) changes in sign of 
the determinant. Hence the fact stated above is true. 

243. If two rows, or two columns, of a determinant are 
identical, the value of the determinant is zero. 

Fkoof. Let D be the value of the original determinant hav- 
ing two rows identical. 

If these two rows are interchanged, the value of the result- 
ing determinant is — D (§ 241). But the two determinants 
are actually identical, since the rows that were interchanged 
are identical. 

Hence D = -D, or 2D = 0. Therefore D = 0. 

244. K each element of one row, or of one column, is a bi- 
nomial, the determinant can be expressed as the sum of two 
determinants. 



Thus, it will be proved that 
&i4-ci ai2 Ois 

62 + C2 O22 028 

63 + C3 an ass 



&1 


ai2 


ais 




&2 


an 


a2s 


+ 


bs 


az2 


ass 





Ci ai2 aij 
cj a22 a2j 
Cs a28 ass 



Pboof. Each term of the first determinant is the product 
of a binomial from column one and a monopial from each of 
the other columns. 

Consider (5i-f Ci)a22a„. This equals hiaj^a^+CiOi^n' The 
result is obviously the sum of the two corresponding terms of 
the other two determinants. 

In a similar manner, it may be proved that each term of the 
first determinant is the sum of the two corresponding terms of 
the other two determinants. Hence, the first determinant is 
the sum of the other two. 

NoTB. If any column, or any row, consists of the sum of n terms, 
then the determinant may be expressed as the sum of » determinants. 
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anr 


ai2 


018 




02ir 


022 


028 


= r 


osir 


082 


088 





245. If all of the elements in one row, or in one column, 
are multiplied by the same number, the determinant is multi- 
plied by that number. 

ThriA, it will be proved that 

Oil On Oi8 

021 022 028 

O8I 082 088 

Proof. Since each term of the expanded determinant on 
the left contains one and only one factor from the first column, 
each term must have one and only one factor r. Hence r is a 
common factor of the terms of the determinant. This proves 
the theorem. 

246. If all of the elements of one column, or of one row, of a 
determinant be multiplied by the same number, and either added 
to or subtrjsicted from the corresponding elements of another 
column, or row, the value of the determinant is not changed. 

Thus, it will be proved that 





Oii+A;ai, 


I O12 O18 




Ol] 


I O12 


018 






O2I+AO28 O22 028 


= 


021 022 028 


• 




081 + A;a88 082 088 




081 O32 088 




Proof. 




(hi+^(hz «i2 ai8 




an ^12 


«« 




ka^z (h2 <hz 


aai+AJOj, aja o^ 


= 


On On 


023 


+ 


ka^ O22 Ojs 


an+ka„ On (h» 




On a^ 


088 




fcOas a32 Osa 




Oil Oij 


ai8 




Oia 012 Oi3 


^^ 


Oa 022 


023 


^k 


Oaa 022 023 




0,1 a^ 


083 




O38 032 033 




Oil ai2 < 


3tl8 




*= 


On aja ( 


X23 


+ k'0. 








081 a, 


12 (■ 


^83 









(§ 244) 



(§ 245) 



(§243) 



This clearly proves the theorem. 
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247. BOnora. If the elements of the row and of the column 
of a determinant, in which any particular element lies, are 
omitted from the determinant, the resulting determinant is 
called the Complementary Minor of that particular element. 



Thus, in 



an 






is the complementary minor of a^a. 
asi fss dss 

For brevity, the complementary minor of 022 is denoted by 
Afi ; in general, of a^j^, by A^^. 

NoTB. If the given determinant is of order n. the complementary 
minor of one of its terms is of order (n — 1). 



248. The coefficient of an in the expansion of 



On 



«12 



«2n 



is ^^11 } t'aC. 



Ob 

<h2 



028 
«38 






Pboof. The absolute value of the terms which have the 
element o^ as a factor are obtained by forming in all possible 
ways the products of a^ by the other elements of the deter- 
minant, subject only to the restriction that there shall be one 
and only one element from each row except the first, and one 
and only one element from each column except the first. 
From this, it is evident that, except possibly for their signs, 
the coefficient of Ou may be obtained by forming all possible 
products of the following elements taken (n — 1) at a time, 

Ob Oj, ... o^ 



a«2 a«8 - a 

subject to the restriction that each product shall have one and 
only one element from each row and each column. 

The sign of any term of the original determinant containing 
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Ou, is determined by the inversions of the remaining factors 
of the term, if the term a^ appears as the first factor of the 
term. (§ 237.) But this sign will be exactly the sign of the 
corresponding term of the determinant A^. Hence the coefd- 
cient of Qu is A^. 

249. Coefficient of Any Element of a Determinant The co- 

<hi (h2 (hz 
efficient of a^ of the determinant 






(hi 
<hi 






is (- ly-^'A^ 



Proof. 1. By two interchanges of consecutive rows, the 
last row of the given determinant may be made the first ; then 



(§240) 



2. By interchanging the first two columns of the last deter- 
minant, the second column may be made the first ; then. 



Oil 


(hi 


ail 




(hi 


ass (hi 


On 


(hi 


(h» 


= (-!)» 


(hi 


Ou a^ 


Oa 


(hi 


a» 




(hi 


022 (hi 



Oil <hi 


<ht 




0(2 (hi a,3 


Oja Os, 


a» 


= (-!)• 


(hi (hi Oil 


On an 


a» 




(hi (hi (hi 



(§ 240) 



3. HcDce the expansion of the first determinant may be ob- 
tained by considering the expansion of the second determinant 
of step 2. 

(§ 248) 



.-. the coefficient of a^is (— 1)' 
4. But 



«ii ais 
<hi (hz 
is the minor A^i of the given determinant. 



(hi ais 

(hi (^t» 

Note also that (— 1)' is the same as (— 1)'+*. 
{(- 1)8+3 jg uged as a matter of convenience in this case}. 
Then the coefficient of 0,2 = (— If'^^A^. 
Note that the exponent of (— 1) is the sum of the subscripts 
of the element. 
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This fact is a special case of the general theorem: in a 
determinant of the nth order, the coefficient of a,y is (— iy^%f 

Proof. 1. By (t — 1) interchanges of adjacent rows, the 
tth row may be made the first row. 

2. Then the original determinant D = (— ly-^jy, where U 
is the new determinant obtained in step 1. (§ 240) 

3. By (j — 1) interchanges of adjacent columns, the ;tli 
column can be made the first. 

4. Then D = (— l)*-*+'-*2>", where I>" is the new determinant 
obtained in step 3. (§ 240) 



That 18 



Oil On ' 






a„i a,^ ... a,. 



= (_ l)<+i-2 



«</ 


Oil 


an- 


.. * .. 


•«.« 


«ll 


an 


an- 


.. * .. 


• au 


Cray 


an 


022 


* .. 


.02. 


« 


« 


« . 


.. * .. 


. » 


««y 


Onl 


0«2' 


.. * 


0„n 



Note. The *'8 indicate the places formerly occupied by the ith row 
and jth colanin. 



5. .-. the coefficient of a..,= (-iy+'-* 



an 


(hi 


... 


* 


-0,. 


Oji 


(hi 


. . . 


* 


- Ou 


« 


* 


• . . 


* 


... * 


Onl 


a«2 


... 


* 


- (^.n 



Note. (-.!)<+/ = (-l)»+i-2. 



250. A determinant of the fourth order may be written : 



Oil ai2 Ou ai4 

.021 ^22 (hi (hi 

a^l «32 (hi «84 

^41 CI42 O43 CZ44 



= a,, A. + (- l)'+'ai2^u + (- l)>+'a„4. 
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Notice that the elements of the first row are multiplied by 
their respective minors and that the products have alternately 
the signs -\- and — . 

Similar expansions may be given for determinants of any 
order. 

251. Evaluation of Determinants. The theorems proved in 
§§ 239 to 250 make it possible to shorten the process of 
evaluating a determinant, especially of order higher than the 
third. 

5 7 8 6 

1? -. T^ 1 . 11 16 13 11 

Example 1. Evaluate ^. ^. 2o 23 * 

7 13 12 2 



Solution : 1. Subtracting the first row from the last, twice the first 
row from the second, and three times the first row from the third, the 
determinant becomes by § 246, 



6 7 


8 


6 




1 2 
1 3 


-3 
-4 


- 1 
6 


= 2 


2 6 


4 


-4 





5 7 8 6 
12-3-1 
13-4 5 
13 2-2 



, by § 246. 



2. Subtracting five times the second row from the first, adding the 
second row to the third, and subtracting the second row from the fourth, 
the last determinant becomes 






-8 


23 


11 


1 


2 


-3 


-1 





5 


-7 


4 





1 


5 


- 1 



= 2 io.^ii -1^21 +0^81-0^1 I 



(§260) 



= -2^8i=-.2 



3 23 11 
5-7 4 
1 6-1 



The object of all these changes is to put the given determinant into 
such form that all but one of the elements in one column (or one row) 
are zero, :_ _ 
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In the last determinant, subtract five times the first column from the 
second, and add the first column to the last. Then 



-2 



-3 


23 


11 




5 


-7 


4 


= -2 


1 


6 


-1 





-(■■I- 



38 8 
32 9 



-3 38 8 
6 -82 9 
1 



-o.^, + o.^, 



= - 2(342 + 266) =- 1196. 
Another method of solution is illustrated in 



Example 2. Evaluate 



f 
^ 



7^ 



two rows are identical, and 
(§243) 



Solution: 1. If x is set equal to y^ 
therefore the determinant vanishes. 

Hence (x — y) is a factor of the determinant. 

2. Similarly {y — z) and z — xBxe factors. 

3. X is a factor, since it is a factor of the first row. (§ 245) 
Similarly y and z are factors. 

4. . *. the determinant = cxyz(x — y){y — z) («— x) . 

The determinant is of the sixth degree in x, y, and z. (§ 18) 

The factors found give an expression of the sixth degree, provided c is 
a constant. 

5. The leading term is xi/^z^. This term will appear in the product of 
step 4, if c = 1. 

. •. the determinant = xyz(x — y) (y — z) (« — x). 
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Evaluate the following : 


• 


7 8 9 
28 36 40 
21 26 3Q 


8. 


25 23 19 
14 11 9 
21 17 14 


6. 


1 1 1 

a^ y' ^ 
a^ f 7^ 


' 


!. 


9 13 17 
11 15 19 
17 21 26 


4. 


1 a a* 
1 6 6» 
1 c c» 


• 


6. 


a 5 a4 
6 c 64 
c a c-i 


b 
-c 
-a 
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7. 



9. 



10. 



11. 



12. 



1 1 


1 


1 






6 11 


26 


7 






8 7 


1 


3 






1 6 


6 


6 






3 1 


6 


2 






4 10 


14 


6 






8 9 


1 


4 






6 16 


21 


9 






6 16 


11 


IC 


> 




6 16 


12 


S 


1 




7 14 


10 


11 


• 




3 18 


9 


12 


1 




2 3 


6 


9 






3 7 


8 : 


11 






6 10. 


4 


2 


• 




8 4 


6 


10 






— o 


b 


c 





b - 


-a 





c 


c 





— o 


& 





c 


6 


— a 


X X X X 






X y X X 






X X y X 






X X X y 









13. 



14. 



15. 



16. 



17. 



18. 



a a 


b a 








b b 


b a 






b a 


a a 


• 




b a 


b b 






1 


1 1 






1 


a* 6« 






1 a* 


c» 


• 




1 6» 


c* 






7 10 13 3 




14 19 27 6 




24 33 41 10 


. 


31 47 64 16 




; 6 


-3 -2 





4 


1 -6 


2 


-1 


4 3 


-6 





6 -4 


2 


m y 


n a; 






X y 


n m 






X n 


y m 






m n 


y « 






1 1 


1 1 






a b 


c d 






a» ¥ 


c» cP 


• 




c? 6» 


c» 


(P 







XXIV. SUPPLEMENTARY TOPICS 
CUBE ROOT 

252. Cube Root of a Polynomial. By the binomial formula 
(§ 179), (a-f6)»=a«-|-3 a*b+S a5«H-6«. Any polynomial which 
may be put in this form is a perfect cube. Its cube root may 
be found by inspection. 

Example. Find </8 r» -f 36 r» + 54 r + 27. 

Solution: 1. 8r8+36r2-f 64r+27=(2r)»+3(2r)2.8+3(2f) -S^+S". 

2. .-. \^8r«H-36r2 + 64r + 27 = 2r+3. 

Notice that »' o " is 2 r and " 6 " is 3. 

Note. If 6 is negative, the form is a* — 3 a^b + 3 afr^ — &8, 

EXERCISE 128 
Find by inspection the cube roots of : 
1. 8aj» + 12a^-|-6ajH-l. 4. 8^-60«*-126 + 160^. 

8. 27m«H-H-27m* + 9ml '8 4 "*" 6 27* 

253. The cube root, exact or approximate, of a polynomial 
may be found by a division process. 

The perfect cube polynomial a* -f 3 a^5 -|- 3 oft* + 6' may be 
put in the form a" -|- 6 (3 a* + 3 a5 -|- 6^. This expression sug- 
gests the 

Rule. — To find the cube root of a polynomial : 
1. Arrange the polynomial according to the powers of some 
letter (§ 4, /). 

256 



SUPPLEMENTARY TOPICS 257 

8. Write the cube root of the first term as the first term of the 
root. Cube the first term of the root and subtract it from the 
^yen expression. 

8. For the trial divisor, take three times the square of the first 
term of the root. Divide the first term of the remainder (step 2) 
by the trial divisor. Write the quotient as the next term of the 
root 

4. For the complete divisor, add to the trial divisor three times 
the product of the new term of the root by the part obtained previ- 
ously, and also the square of the new term of the root. 

6. Multiply the complete divisor by the new term of the root 
and subtract the result from the remainder (step 2). 

6. Continue in this manner until the cube root or the desired 
number of terms has been obtained : (a) for the trial divisor, take 
three times the square of the part of the root already found; 
(b) divide the first term of the last remainder by the first term 
of the trial divisor for the new term of the root ; (c) form the 
complete divisor as in step 4 ; (d) multiply and subtract as in 
steps. 

Example 1. Knd V^S a^ - 36 a?*y + 54 aV - 27 y». 



Solution: 1. a = v^Sl? = 2 a^. 
2. a« = 8a^; subtract. 
8. Trial divisor : 3 a« = 12 x*. 
6=-86x*yH-12«* = -3y. 
Complete divisor ; 3 a* = 12 «* 

3a6 = -18a;2y 

ft2 = 0t/2 



2g2--3y 



8a^-36a^y + 64xV-27j/« 



4. Multiply by - 8 y. Subtract. 



-36a:*y + 64a;V-27y» 



--86g*y + 64a;V-27y« 
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Example 2. Find \^28aj»-64a?+a^+3a?*-9a^-27-6a?^. 



Solution: 1. a=y/3fi=3A 
2. a» = a^ ; sabtract. 
8. Trial divisor: 3a«=8a5*. 
Ck>mplete divisor s 



aj«-.2a;-8 



as»-6aj64-8ir*H-28aJ»-9a;2-642 



— 6aB'^-i-8x*=— 2 a; 
8aa=8aj* 
8a6=-6jr« 
6»=4a:» 



-6«6+3ar*+28x» 



8aa + 8a& + 6« = 8aj*-ejB«H-4aJ» 
4. Multiply by -2 «. Subtract 
6. Trial divisor: 3aa=8(a;2«2a:)« = 8aj*-12a»H-12a^ 
5=-9aj*+3x*=-.3. 

3a6=3(aJ»-2aj)(- 8) = -9xa+18aj 

y= (-8)« + 9 

Complete divisor: 8aj*— 12x^+8a!«H-18xH-9 

6. Multiply by —8. Subtract 



-6a:g+12ig*-8a;« 



-9 a:* +86 x«-9ai»-Ma:- 



-9g*4-36a;«~9a^-64zj 



EXERCISE 129 
Find the cube roots of: 

1. <?+S(^d + SccP + cP. 

2. r*-3A + 3r«* — «». 

8. a!' + 12 a'b + AS a?b^ + UV. 

4. 27m»H-135m2n + 225mn2 + 125n« 

6. ai* — 6aj» + 9iC* + 4aj»-9ir*-6a?-l. 

6. 8a« + 36a* + 66a* + 63a»H-33a2 + 9a + l. 

7. 30y«+273/» + 12y-45y*-8-35y» + 27/. 

8. 9a»-36a + a« + 21a*-9a»-8-42a«. 

254. Cube Root of an Arithmetical Number. The cube root of 
1000 is 10; of 1,000,000 is 100; etc. Hence the cube root of 
a number between 1 and 1000 is between 1 and 10 ; the cube 
root of a number between 1000 and 1,000,000 is between 10 
and 100; eta 
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That is, the integral part of the cube root of a number of 
one, two, or three figures contains one figure ; of a number of 
four, five, or six figures, contains two figures ; and so on. 

Hence if the given number is divided into periods (§ 62) of 
three figures each, beginning with the units' figure, for each 
period in the number there will be one figure in the cube root* 

255. The first figure of the cube root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the cube root of a polynomial. 

Example 1. Find the cube root of 157464. 

SoLUTiow : 1. 167464 has two periods : 157 464. There are In the 
cube root two figures, a tens' and a units* figure. 60 + 4 

2. 126000 is the largest cube in 167000. 
fl = v^l26000 = 60. Place 60 in the root. 
Subtract. 

8. Trial divisor: 8a« = 8(60)a = 7600 

5 = 324 -i- 75 = 4+. Place 4 in the root 

4. Complete divisor : 8a& = 8* 50*4 ss 600 

62 = 43 = 16 

5. Multiply by 4. Sa^ + Sab + b^zzSll6 32464 



167 464 
125 000 



32 464 



Rule. — To find the cube root of an arithmetical number : 

1. Separate the number into periods (§ 62) of three figures each. 

8. Find the greatest cube number in the left hand period ; write 
its cube root as the first figure of the root ; subtract the cube of the 
first root figure from the left hand period, and to the result annex 
the next period. 

8. Form the trial divisor by taking three times the square of 
the part of the root already found and annexing two zeros. 

4. Divide the remainder (step 8) by the trial divisor and annex 
the integral part of the quotient to the root already found. 

5. Form the complete divisor by adding to the trial divisor three 
times the product of the new root figure by the part of the root 
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Already found, with one zero annexed, and also the square of the 
new root figure 

e. Multiply the complete divisor by the new root figure and 
subtract the product from the remainder. 

7. Continue in this manner until the cube root or the desired 
number of decimal places for the root has been obtained. 

NoTB 1. Note 1, p. 68, applies with equal force to the above rule. 
NoTB 2. If any root figure is zero, annex two zeros to the trial divisor 
and annex the next period to the remainder. 

ExAMPLB 2. Find the cube root of 8144.865728. 
The Bolation may be arranged as follows : 

20.12 



8144.805 728 
8 



120000 

600 

1 

120001 
12120300 

12000 
4 



144 805 



120 001 



12132304 



24 204728 



24 204 728 



8!noe 1200 is not contained in 144, the second root figure is zero ; we 
then annex two zeros to the trial divisor 1200, and annex to the remaindei 
the next period. 

EXERCISE 130 

Pind the cube roots of the following numbers : 

1. 19683. 4. 2515456. 7. 187149.248. 

2. 148877. 6. 857.375. 8. 444.194947. 
8. 69.319. 6. 46.268279. 9. 788889.024 
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DETACHED COEFFICIENTS 

256. Detached Coefficients. Solutions of examples in ^< long " 
multiplication and division may be abbreviated as in the fol- 
lowing examples. 

Example 1. Multiply 3«8 + 2aj-4by3aj-2. 

Solution: (a) Solution : (6) 

3a:» + 0.»a + 2» -4 8x» + 0.»2 + 2»-4 

8g —2 Sx —2 

9ac* + 0ic8-f6x2-12a; 9 +0 +6-12 

_6a:8 -O-gg- 4x + S ^6 -0-4 ^8 

9«*-6a;8 +60;'-' -16x + 8 9 -6 +6 -16 +8 

.•. Re8ult=9 a:*-6 a:»+6 x«- 16 x+S, 

Note that in solution (6) only the coefficients are written 
in the partial and total products; that the multiplier and 
multiplicand are arranged in the same order of powers of x; 
that is supplied for the missing powers. 
Solution (6) is by " detached coefficients." 
Example 2. Divide 12 a» - 25 a - 3 by 2 a - 3. 



Solution : (a) 


Solution : (6) 


6 a2 + 9 a +1 


6+9+1 


2a-3|12«» + 0.a2-26a-8 


2a-3|12a8+ 0-25a-8 


12 a* - 18 a2 


12 -18 


18a2-25a 


18-26 


18a2.-27a 


18-27 


2a-8 


2 -8 


2a-3 


2 -8 



.-. Result = 6 a2 + 9 a + 1. 
Solution (6) is by " detached coefficients." 

EXERCISE 131 

Solve by detached coefficients : 

1-5. Examples 21-25 on page 12. 

6-10. Examples 16-20 on page 13. 

Note. The same device may be used to abbreviate addition and subtrac- 
tion exercises. 
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PROOFS OF THE RULES FOR THE DIVISIBILITY OF a»±6« 

257. In § 91, the rules for the divisibility of a* ± 6" were 
determined by inspection. These rules may be proved by 
means of the factor theorem. 

Proof of I, 1. If 6 be substituted for a in a" — 6», the 
result is 6" — 6", or 0. Then, by § 94, a* — 6* has a — 6 as a 
factor. 

Proof of I, 2. If — 6 be substituted for a in a" — 6", the 
result is (— 6)" — b\ When n is even, (— by — 6» = 6* — 6* = 0. 
Then, by § 94, a" — 6" has a — ( — 6) or a + 6 as a factor, when 
n is even. 

Proof of I, 3. If b be substituted for a in a*-f-6», the 
result is 6"-|-6", or 2 b\ This result is not zero unless b is 
zero. Then, by § 94, a" -\- b* never has a — 6 as a factor. 

Proof of I, 4. If — 6 be substituted for a in a" -h 6", the 
result is (- 6)" + b\ When n is odd, (— 6)"-|-6«= — 6"-h6»=0. 
Then, by § 94, a* -f- b* has a — ( — 6) or a -h 6 as a factor, when 
n is odd. 

258. The Highest Common Factor of Polynomials which can- 
not be Readily Factored. The rule in arithmetic for finding 
the H. C. F. of two numbers is : 

1. Divide the greater number by the less. 

2. If there is a remainder, divide the divisor by it. Continue 
thus to make the remainder the divisor and the preceding divisor i 
the dividend, until there is no remainder. 

3. The last divisor is the H. C. F. required. I 
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Example. Find the H. C. F. of 169 and 646. 

169)546(3 
507 

^^^15?^ •"• *® ^' ^- ^- °^ ^^^ ^* ^^ ^^ ^^• 

"13)39(3 
39 

A similar process serves for polynomials. 
Let A and B be two polynomials, the degree (§ 18) of A 
being equal to or greater than that of B. 



Suppose that B is contained iuAp times, 
with a remainder C; that C is contained in 
B q times, with a remainder D ; and that D 
is contained in G exactly r times. 



B)A{p 
SB 
C)B(q 
20 

D) C(r 
rD 




Then 2> is a common factor of A and B, 
Proof. Since dividend = divisor x quotient + rcmae*n<f€r ; 

A=^pB+G, (1) -B=gC+Z). (2) C = rD. 

SnT3Stitute the value ol C in (2) ; then, 

B = qrD + D = D{qr + 1). (8) 

Substitute the values of B and C in (1) ; then, 

A =pD{qr + 1) + r2> = D(pqr +p + r). (4) 

From (3) and (4), 2> is a common factor of A and B, 
Further, every common factor of A and 5 is a factor of 2>. 
Proof. Let F be any common factor of A and B ; and let 

A = mF and B = nF, 
Then : from (1) C = A -pB = mF—pnF^ (5) 

from (2) D^B-- qC. (6) 
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Subfititating in (6) the yalues of B and (7, , 

D=:nF-' q{mF — pnF) = F(n — gm + qpn). (1) 

Hence F is a factor of 2>. 

Then, since every common factor of A and J5 is a factor of 
D, and since D itself is a common factor of A and B, it follows 
that D is the highest common factor of A and B. 

In applying the process to polynomials the following notes 
should be observed. 

NoTB 1. Each diyision shoald be continued nntil the remainder is of a 
lower degree than that of the divisor. 

Note 2. If the terms of one expression have a common factor which is 
not a common factor of the terms of the other expression, the factor may be 
removed, for it evidently cannot form part of the common factor of the two 
expressions. In like manner, any remainder may be divided by a factor 
which is not a factor of the preceding divisor. 

Note 3. If the given expressions have a common factor which may be 
seen by Inspection, remove it and find the H. C. F. of the resulting expres- 
sions. The result multiplied by the common factor that has been removed is 
the H. C. F. of the given expressions. 

Note 4. If the first term of the dividend, or of any remainder, is not 
divisible by the first term of the divisor, it may be made so by multiplying 
the dividend by any number which is not a factor of the divisor. 

Example 1. Find the H. C. F. of 

6ic8-25aj2 4-14aj and 6 oa? + 11 oo? - 10 a. 

Solution : 1. Remove x from the first expression and a from the 
second. (See Note 2.) Then continue as below. 

6 gg ~ 25 X 4- 14 1 6 yg + 1 1 a; ~ 10 [1 
6g2-25g4-14 
Divide by 12. (Note 2.) 12 |36x-24 

Sx^ 2| 6ga~26a; + 14 |2a;-7 
6x^- 4x 
-21 a; + 14 
.-. 3» — 2istheH.C.F. — 21 g + 14 
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Example 2. Find the H. C. F. of 2 m« — 3 m* — 8 w — 3, 
and 3 m* — 7 iw* — 5 ?»* — m — 6. 

Solution : Since 8 m^ does not contain 2 m*, multiply the second ez- 
piession by 2. (See Note 4.) 

8m* — 7 1»» — 6i»« — 1» — 6 

2 

2m* - 8m« - 8m - 8| 6yi>* -- Um^ -• lOmg ~ 2yi> - 12 1 8m 
6m^- 9m« — 24m« — 9m 

— 6m8 + 14m« + 7m-12 

-2 

10m«-28m2-14m + 24l6 
10m«--16m8~40m--16 
-18 |~18mg + 26m + 89 
m^ — 2m-8 
ai^^2m-8| 2m» — 8m«-8m — 8 |2m — l 
2m«-4m«-6m 

m^ — 2m — 8 
ma. 2m — 8 



A m< — 2m — 8istheH.C.F. 

Notice that —5 m* of the first remainder does not contain 2 m*, and 
that the remainder is therefore multiplied by — 2. Notice also that the 
diyisor — 13 is removed from the second remainder, thus making the first 
term of the new divisor positive. 
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FindtheH.CF. of: 

1. «»4-6a?-24andaj^-|-4aj«-26aj+16. 

2. 3aj»-4aj-4and3a?*-7aj8-f 6a^-9aj + 2. 

3. 2m*4-5m*— 2m* + 3m and 6m'n — 7w*n + 6mn — 27i. 

4. aj«y—6a^ — 27y and ic'2^-2a^-8a?y -1-21 y. 

5. 4aj«y-15a?y«-f 92^and8iC*-18aj8?/-f.25ajy-12aJ2/» 
e. 3n» + 8»«-9n-f-2and6w*4-23n»-f 2w«-13n-|-2. 
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7. 6a«-|-6a*-.6a*-3a'-f2a*and9a*-fl8a«4-5a*-8a-4. 

8. 36*-136«4-3 6« + 46and96« + 12&2-86-5. 

9. 12 a«-5 a^a;-ll aaj«+6aj8 and 15 a«+ 11 a«a;- 8 oiB*— 4 a^. 
10. 2aj8-.3aj2-h2aj-8and3aj8-7aj« + 4aj-4. 

259. The L.CM. of Two -Polynomials which cannot be readily 
Factored. Let A and B be two polynomials ; let F be their 
H. C. F. and M their L. C. M. Let A = aF and B = hF. 

Since F is the highest common factor of aF and hF, a and 
h cannot have any common factors. Hence, the L. C. M. of aF 
and hF is ahF, 

That is, Jf = a6F= a (6F) = aB ; 

or JIf = 062?' = 6 [aF) = 6^. 

Rule. — To find the L. C. M. of two polynomials : 
Divide one of the polynomials by their H.C.F. and multiply 
the quotient by the other polynomial. 

EXERCISE 133 
Find the L. CM. of: 

1. 3a*-13a + 4and3a*-f 14a-5. 

2. 6a2 + 25a6 + 2462andl2a2 + 16a6-36«. 

3. 12m2-21m-45and4m3-llm*-6m+9. 

4. 2a'-5a2-18a-.9and3a«-14a2-a + 6. 

5. 6iB» — 7»2-|-5aj-2and4aj*-5aj2-|-4a; — 3. 



INDETERMINATE FORMS 

5±^ becomes | for a: = 3; ^^ 



260. The fraction ^^ becomes ^ for aj = 3; ^-^ be- 



comes -• Neither has any meaning, for division by zero is 

not allowed (§ 1, a). Results like these, however, must be 
interpreted at times. The following paragraphs show how to 
give the interpretation. 

^61. A constant is a number which always has the same 
vame in a p£»rticular mathematical discussion. 
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A variable is a number which assumes different values in a 
particular mathematical discussion. 

Thus n may assume the yalues .1, .01, .001, •••, etc. 

A limit of a variable is a constant the difference between 
which and the variable may be made to become and remain 
less than any assigned positive number, however small. 

Thus, the variable n above is evidently approaching the value ; or, 
the limit of n is zero. 

The symbol == is read ** approaches the limit.** Thus, n = means 
** n approaches the limit zero.*' 

262. If a number becomes and remains greater than any 
positive number which may be assigned, it is said, to become 
infinitely large or to approach infinity as limit. 

The symbol oo is called " infinity." 

Thus, if n represents any positive integer (assuming therefore the 
values 1, 2, 3, •••, etc.), it approaches infinity as limit ; i,e, Umit of n = oo, 
or n = oo. 

Note, oo is not a symbol for some definite valae. It is a symbol for the 
limit of a number which *' becomes and remains larger than any assigned 
positive number." 

Evidently as n = oo, also w* = oo. ^J^^ n* = oo is read " the 
limit of 71* as n approaches oo is infinity." 

263. Interpretation of ^. To determine the meaning of -i 

replace - by - and consider limit - as a? === 0. 
Ox X 

If X becomes .1, .01, .001, ..., etc., i becomes 10, 100, 1000, ..-, etc. 

X 

Evidently, then, - increases indefinitely. That is, ^^^ i = go. Then, 



to the otherwise meaningless form - , give the value oo. 



^ 
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In general, % where a is constant, is given the value oo 

with the meaning: 

If the numerator of a fraction remains constant, while the de- 
nominator :^ Oy the value of the fraction = oo. 

Thiis, ?^ £or«==8i8?oroo; <.e. Wmit f^Uco. 
'«-8 •*« U-3/ 

864. Interpretation of — . To determine the meaning of -, 

replace >- by - and consider limit - as op = oo. 
00 a; X 

U » becomes 10, 100, 1000, •••, etc., - becomes .1, .01, .001, •••, etc 

X 

Evidently ^™J* i = 0. Then, to the otherwise meaningless form - aaaign 
the value 0. 

In general, -^^ where a is constant, is given the value 0, with 

oo 

the meaning : 

If the numerator of a fraction revmins constant^ whUe the de- 
nominator = oo, the value of the fraction = 0. 

2 2 

Thus, the value of -- for n = oo is — , or 0. 

265. Consider ^- — -* For a? = 3, the fraction becomes -. 
aj — 3 v) 

Since 05 — 3 = f or » = 3, the fraction may not be reduced to 
lower terms by dividing numerator and denominator by as -3. 
However, for x not equal to 3, the numerator and denominator 
may be divided by « — 3, giving the simpler form 05 + 3. Con- 
sider now ^™* (a? + 3). l^^^(aj-|-3) = 3 + 8 = 6. Thenfor 

nS Q 

» SB 8, assign to the value 6. 

X -^ o 
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In general, if any easpression involving one variable a^ssumes 
an indeterminOfte form when the variable is assigned some par- 
ticular value, reduce the expression to its simplest form, find the 
limit of the result as the variable approaches that particular 
value, and assign the limit as the value of the expression for the 
'particular value of the variaMe, 

a^ — 2/1 ft 

Example 2. — , for oj = 5, has the value ^• 

Fora:notequalto6, ^rL?5=a: + 5. ^J^iHa^ + 6) = 10. 
as — 5 • • 

Hence for x = 6, giye to ^ ~ ^ the yalue 10. 

Example 3. Find the value of ^^"t^^^^ as « = 00. 

2 + 2-6 
Porany^JnOe value of «, E^+lfrJ^ £_jf. 



-^' " '-^ 



limit ' * ^' 



1+A 



140-0^2^2^ 



1+0 1 



HeDce the value of 2g^ + 2g~5 ag « :5= « is 2. 
a;2 + l 

Direct sabstitution here gives the value — . This is another indeter- 

00 

inate form. 
266. The form -. Tho form 5 arises in the first two exam- 



es of § 265. In one case this form is given the value 6, and in 
le other it is given the value 10. L 
Jtermined by the limiting process. 



le other it is given the value 10. In general, the value of ^ is 
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^•!- '•!• '-TA' *-^(^T6)' '-^^^Ti)' 



EXERCISE 134 
Find the values of the following as a = 0: 

X 

Find the values of the following as a; = oo : 

6. x«. 7.2'. 8.5. 9.2 + 5: 10. |. 

Find the values of the following: 

1, Umitf ^-^ V 14. ^-i<^;?^)- 



12. 
13. 



limit/ 
»=« V 

limit / 



17. The equations 2/ = 2a; + 3 and 2/ = 2a; + 5 have no com- 
mon solution according to §50. Consider 2/ = 2a; + 3 and 
y==aaj4-5. Solve them as simultaneous equations, and find 
the values of x and y as a ==2. 

18. Solve 2 a; + 3 2/ = 6 and 4.x-\-by = 7 as simultaneous 
equations, and find the values of x and 2/ as 6 = 6. 

267. Horner's Synthetic Division. Synthetic division in the 
case when the divisor is a binomial is considered in § 93. A 
similar process of division may be employed in other cases of 
division of a polynomial by a polynomial. 

Consider : .3 a* - 2 a; + 4 



2 


x^-\-x- 


-3 


65c*4-3«8_ 


-3a:*^ + 10a;- 
-9x2 


-12 




-4«8 + 6xa + 
- 4 x8 _ 2 «2 + 


10 X 
6a; 








8x2 + 
8x24. 


4x- 
4x- 


-12 
-12 



63C*- 


- «8 - 3 a;2 + 10 « 


-12 




-3x8 + 9x2- 


6x 






+ 2x2- 


4x 


+ 12 



SUPPLEMENTARY TOPICS 271 

When performing the subtractions, the signs of the terms 
subtracted are changed and the results are added to the minu- 
ends. If -f a? and — 3 of the divisor are changed in advance 
to — a? and -|- 3, the various partial products may be added to 
the respective remainders. Following this suggestion and pro- 
ceeding in a manner entirely similar to that in § 93, the solu- 
tion may be arranged as follows : 

2 x2 

— X 

+ 3 

3x2 - 2 X + 4 II +0 

Steps of the process. 

1. Change the signs of all terms of the divisor excepting the first term. 

2. Divide 6x* by 2x2, getting Sx^, the first term of the quotient. 
Multiply — X + 3 by 3 x2, getting — 3 x» + 9 »2j which are written in their 
proper columns. 

3. Add the second column, and divide the result by 2 x2, getting —2 x, 
the second term of the quotient. Place this second term of the quotient 
at the foot of the second column below the line. 

4. Multiply — X + 3 by — 2 x, getting 2 x2 — 6 x, which are written in 
their proper columns. 

5. Add the third column and divide the result by 2 x2, getting 4, the 
third term of the quotient. Place this third term at the foot of the third 
column below the line. 

6. Multiply — X + 3 by 4, getting — 4 x + 12, which are written in 
their proper columns. Add the remaining columns and thus find the re- 
mainder. In this example, the remainder is zero. 

The quotient is 3 x2 — 2 x + 4. This is observed to agree with that 
found previously. 

Example 2. Divide 12 a^ - 11 a:^ - 9 2/» by 3 a?* - 2 a«/ -f 4 y*. 

Solution : 

3x2 



+ 2xy 
-4y2 



12*8_iia;2y^. xy2 - 9 y« 
+ 8 -16 

- 2 +4 



4x-lyll-18 -5 
Quotient : 4 x — y. Remainder : — 18 xy2 — 5 yJ 
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EXERCISE 136 

Divide the following by synthetic division : 

1. 12iB»-7aj»-23aj-3by4aj2-5a;-3. 

2. 9a^-4a2-h30a-25by3a2 + 2a-5. 

3. 2a*-a» + 8a-25by 2a*-3a4-5. 

4. 4m'-f l-l-16m*by 2m + 4m*-|-l. 

6. 6a*-13aj*-20aj» + 55aj*-14a;-19by 2a^-7aj + 6. 

6. 8«*-4aj*y-8fljy-18a^ + 21y« by ^a?-2xhi^^xf 
-7y». 

7. 37a« + 60 + a^-70aby 2a2 4-5 + a'-6a. 

LOGARITHMS OTHER THAN COMMON LOGARITHMS 

268. Change of Base. By definition, if m = h% then c = logj m. 
h is the base of the system of logarithms. 

For computation, common logarithms (§ 154) are most con- 
venient. Logarithms to any other base can be computed by the 

Theorem loge, *» = l^g-J??: . 

log. h 

Proof : 1. Let m = a* and also m = hy. 
Then x = log^ to and y = log^ to. (By definition.) 
2. From step 1, a' = b». Taking the logarithms to the hase a of both 
members of this equation, 

X loga a = y logo 6. 

8. .-. y = ^i^ = -^. (Since log„ a = 1.) 

loga & loga b 

4. Substituting for x and y their values, lofo to = ^i^. 

loga 6 
Example. Find logg 20. 

Solution : log. 20 = ^2iio20 ^ 1:3010 ^ i.geig. 
logio 6 .6990 

EXERCISE 136 

Find the values of the following : 

1. loga 13. 3. log.e8 2.9. 5. logi.e.838. 7. log, 81. 

2. logs .9. 4. log.34.076. 6. log83 5.2. 8. hg^W^ 
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9. Prove that log„ 6 = -J— . 
log* a 

Suggestion : Change log ^ from the logarithm of 6 to base a, to the 

logarithm of 6 to base b. 

10. Prove that logio* 10 = f 

269. Natural Logarithms. For reasons which are developed 
in a more advanced course in mathematics, a system of loga- 
rithms to the base e, where e = 2.718218 •••, is called the Natural 
System of Logarithms, or Napierian Logarithms. 

EXPONENTIAL EQUATIONS 

270. An Exponential Equation is an equation of the form 
a' = b. 

To solve an equation of this form, take the logarithms of 
both members ; the result will be an equation which can be 
solved by ordinary algebraic methods. 

Example 1. Given 31* = 23 ; find the value of x. 

Solution : 1. Taking the logarithms to base 10 of both members, 

log (31') = log 23, 
whence x log 31 = log 23. (§ l(i8) 

2. .,« = lo£|3^L36n = . 91303. 

log 31 1.4914 

Example 2. Given .2* = 3 ; find the value of aj. 
Solution : 1. Taking the logarithms of both members, 
X log .2 = log 3. 

2. ... :c = M3 ^_:4771_^_,4771_3,..e826. 

log .2 9.3010 - 10 - .6990 

EXERCISE 137 
Solve the equations : 

1. 332' = 5.17. 3. .0158* = .008295. 6. a' = h^(^. 

8 

2. .416* = 6.72. 4. 5.336* =.744. 6. mV = n. 

7. 72'-8=. 02041. 8. .8''-8» = .4096. 
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271. Mathematical Induction is an interesting and useful 
method of proof employed in demonstrating the correctness of 
certain general formulae. This method will be illustrated in 
the proof that 

l4.3 + 5-|-... + (2n-l) = ri^ 

Proof : 1. When n = 2, 1 + 3 does equal 2^. 

2. Assume that the formula is true when n = A; ; i.e, assume that 

1 + 3 + 5+... +(2^-l)=)fc2. 

3. It can now be proved that the formula must be true when n = k-\-l. 
Add 2 (A; + 1) — 1 to both members of the equation of step 2 ; then 

1 + 3 + 5 + ... + I2(k + 1) _ 1] = A:2 + 2(k + 1)- 1. 

• The right memller k^ + 2(A:+1) - 1 = k^ + 2k -^ I =(k + 1)2. 

In other words, the sum of the first (A; + 1) terms is (k -\- ly. 

4. Steps 2 and 3 prove that if the formula is true for any number of 
terms, then it is also true for the sequence consisting of one more term. 
In step 1, it is pointed out that the formula is true when n = 2 ; hence it 
is also true when n = 3 ; and hence also when n = 4 ; and hence when 
n = 6 ; and so on. This proves that the formula is true for any value of n. 

The process may be expressed in the following 

Rule for a proof by mathematical induction : 

1. Prove the formula or fact to be true f or ti = 1 or 2. 

2. Prove that if the law is true for any particular value of n, like 
n = k, then it must also be true for n = A + 1. 

3. As a consequence of steps 1 and 2, the law must be true for 
R = 3 ; hence for ti = 4 ; hence f or n = 5 ; and so on. 

Example 2. Prove that 



1.2 2-3 3.4 w(7i+-l) w + 1 

11 2 

t.1.2 2-8 2 6 6 3/ 



11 2 2 

Proof : 1. When n= 2, —^ A does equal for each equals-. 

1.22.3 2+1 ^ 3 
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2. Assume that J_ + J- + J— + ... + L_^= _*_ . (a) 

1.2^2.8 3.1 A;(A: + 1) A; + 1 ^^ 

and try to prove that 

1.2 2.3 3.4 k(k + l) (k+l)(k-^2) k-\-l + l ^^ 

Add — ; to both members of the equation (a) ; then 

l.+JL.l +...+: 1.1- 



1-22.33.4 ' kik+l) {k-\- IXk + 2) 



* ■ + - "^ 



A; 4-1 (A; + l)(A; + 2) 

But A; 1 ^ A:g + 2A;4-1 ^ A;-fl 

ik + l"^(A;+l)(ik + 2) (A:+1)(Aj + 2) A; + 2 ' 

. 1 I ^ I 1 I , I ^ I ^ ^^+^or ^+^' 

•• 1-2 2.3 3.4 A;(t+1) CA:+1)(*4-2) A;+2 (^ + 1 + 1) 

This completes the proof of the correctness of equation (b). 

3. Knowing now that the formula is true when n = 2, and also that, if 
it is true for any value of n, it is also true for the next greater value of n 
(step 2), therefore the formula is true when n = 3; hence when » = 4'; 
and so on for all values of n. 

EXERCISE 138 

[Prove by mathematical induction the correctness of the fol- 
lowing formulas : 

1. 1 + 2 + 3 + ... + n = |(n + l). 

2. 3 + 6 + 9 + ...+3n = ^^(^ + ^) . 

3. — h •..+- = — (n + 1). 

5 5 5 5 10^ ^ ^ 

4. 1+3 + 6 + 10 + . .. + ^(\+^) =g(n + l)(n + 2> 

r— 1 
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6. a + (o + d) + (a + 2d)H h[a + (»-l)<?] 

= |[2a+(«-l)4 

7. l» + 2' + 3« + ...+«' = ^(„ + l)(2« + l). 

o 

8. 18 + 2«-h3«-h- + n3 = ^^^^^tD!- 

4 

9. Prove that af» — y" is divisible by aj — y. 

Suggestion : For the second part of the process (Rule, step 2), notice 
that a^+i — y*+i = x(p^ — y*) 4- y*(x -- y). Prove now that a5*+i - y*+i is 
divisible by x — y by showing that the expression a;(x* — y*) -f y*(a5 - y) is 
divisible by x — y. Then complete the proof. 

10. The binomial formula (§ 180) may be proved by mathe- 
matical induction. 

Suggestion : 1. Verify the formula for (a -f h)^, 
2. Assume the formula for w = Ar ; i.e. assume that : 

1 • 2 1 • ^ • o 

Prove that the formula is true for w = A; + 1 ; t.c. prove that 

(o4.5)»+i=o*+i4. (Ar+l)a*6+ i*±ll(*la»-i52 

1 • J 

(A;+l)»A;-(fc-l)q*-«y . 

1.2.3 

(This last may be done by multiplying both members of equation (m) 
by (a + h) and then simplifying the expression obtained on the right) 
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272. When two numbers are so related that to each value of 
the one there corresponds one (or more) values of the other, 
the second is said to be a Function of the first. 

Thus a polynomial like afi — 4:X^ — 2x-{-S is a function of «, for to 
each value of. as there corresponds a definite value of the polynomial. 

The symbol "/(a?) " is used to denote a function of x. It is 
read "/ of a;'' or **/-f unction of aj." x is the Argument of the 
function. 

If a is a definite value of the argument, then /(a) denotes the 
value of the function when x is replaced by a. 

Thus, suppose that f(x) = a^ _ 3 gj -f- 6. 
Then, /(2) = 22 -3- 2 + 6 = 4-6 + 6 = 3; 

also /(- 2) = (~ 2)2 - 3 ( - 2) + 6 = 4 + + 6 = 15. 

EXERCISE 139 

1. If f(x) = a^ 4- 5 a? - 10, determine /(2) and /(3). 

2. If f(x) =:X* + 2x^-Sx-7, determine /(|). 

3. Determine the values of a^ — 6ar^+-a;— 5 corresponding 
to x = — l and to a? = — 2. 

4. Let f(7/) = t^t±l^^ Determine /(I) and /(2). 

5. 'Let f(t)^^gt^-{-at Determine /(3) if gr = 32.16 and 
a = 100. 

6. If f{R) = .26 J? -h .15, find /(3). 

7. If f(P) = P -+ 3 (.05) P, find /(lOOO). 

8. If /(d)==JirtP, determine /(d) when d = 10. 

277 
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273. If a function is a rational and integral (§ 12) poly- 
nomial whose argument is a?, the values of the function / for 
given values of x may be determined by means of the Remainder 
Theorem (§ 92), which may be stated thus : 

if f{x), a rationcU and integral function of aj, is divided by 
x — a, the remainder is /(a). 

Hence if /(a) is desired, divide f(x) hj x — a; the remainder 
is the desired result. The remainder is found most readily by 
synthetic division (§ 93). 

Example, (a) Let /(a?) = a^ - 3 a + 10. rind/(2). 

Solution : 1. Divide f(x) by ac — 2 by the synthetic method. 

05 + 2 



a:8 ^. 0a;2 _ 3a. + 10 ... jg =/(2) = 12. 

+ 2 44 -h 2 



1+2 -f 111 + 12 

(b) Similarly find /(— i). Divide by «— (— J); «•€. by 
aj + f 



x-i 



x8 + 0a;2_3a. + l0 ... iJ =/(- i) = Uf. 

-^ + 1 +V 
1 -i -¥ll4-^f 



274. Methods of Abbreviating the Computation of Values of a 
Function by Synthetic Division. 

(a) The powers of x in the dividend are unnecessary. Great 
care must be taken, however, to insert zeros as the coefficients 
of any terms which may be missing. 

(b) In § 273, vhen finding / (2), the divisor finally used was 
a? +- 2 ; when finding / ( — i), the divisor used was x — ^. Since 
the x itself is not used, simply write down the value of the 
argument. Thus, to find / (3) when f{x) = 2 a^ ■+ a? — 5 : 



2 + +- 1 — 5 Remember that 2, 6, and 19 are the 

-|- 6 +- 1 8 +-57 coefficients of the quotient and that 52 



2 +. 6 +- 19|1 -h 52 =/(3) is the remainder. 
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(c) If all the signs in the quotient and the remainder are plus 
for any particular value of the argument, they will remain plus 
for any greater value of the argument. Thus, in part (b)yf(x) 
will be positive for any value of a? greater than 3. 

(d) Suppose that /(aj) = 2a^ — 3a*— 7 and that the values of 
the function for various values of the argument are desired. 
The following compact arrangement may be used. 

K) 



For JB = 0, each term is zero except 
the absolute term ; hence / (0) is the 
absolute term. 

For/ (1), the sum of the coefficients 
is/(l), since each power of a; is 1. 

For / (2) , / (3) , etc., the computa- 
tion is exactly as in part (&), except 
that the coefficients 2, — 3, 0, and — 7 
are written just once. In computing 
/(3), the figures relating to /(O), 
/(I), and /(2) are ignored. Thus 
6+(-i)=+3; +9-fO = +9;+27 
+ (-7) = +20. 



(dz) If, in the computation of /(2), /(3), etc., in (di), the 
dotted lines and the figures immediately above them are omitted, 
the following form results. Tliis form will be used in the text, 
(See Note.) 



z 


2-3+0 - 7 


/(^) 





(By inspection.) 


-7 


1 


(By inspection.) 


-8 


2 


4-h2 + 4 


-3 


2 + 1 + 2 - 3 


3 


+ 6 + 9 +27 


+ 20 


2 + 3 + 9 +20 


-2 


- 4 14 - 28 


-35 


2-7 + 14 1-36 



X 


2 


-3 


-7 


/(«) 







-7 


1 




-8 


2 


2 


+ 1 


+ 2 


-3 


3 


2 


+ 3 


+ 9 


+ 20 


-2 


2 


-7 


+ 14 


-35 
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In using this form, the figures above the dotted lines in (d) 
are used in mental computation. Thus for/(— 2) : 

The first coefficient of the quotient is 2. 

2(-2) = -4; (-4)-f (-8) = -7. - 7 is written down, (q.v.) 
- 7( - 2) = + 14 ; 14 + = 14. 14 is written down. 
14(-2) = -28; (-28)+(-7) = -35. - 36 is the value of/ (x). It 
is written down under /(a;). 

NoTB. This form was worked out in conference with my colleague, 
Professor Arnold Dresden. 

EXERCISE 140 
Find by synthetic division : 

1. /(2) when/(ic)=a«-ha^-aj* + aj-l. 

2. /(- 3) when f(x) = aJ* + 25 or* - 10. 

3. /(-4^) when /(«) = «* -fiB^-ar^+ic- 1. 

4. f{5)wheuf(x) = Sa^-10a^-19x-S0, 

5. /(-4) when/(a;) = 2aj*-h9iB»-lla; + 23. 

6. If/(aj) = a^-f-ar^-2ic + 6,find/(aj)fora; = l,2, 3,and4. 
(§ 274, d,) 

7. If f(y) = 3 m^ + m^ - 20, find f(y) for y = 2, 3, 5, and - 2. 

8. If/(;2) = 22;* + 2;-15, find /(-l),/(-2), and y(-3). 

9. If /(O = ^ - 2 «8 + 10, find /(O), /(2), and /(- 2). 

10. If /(Tr)= Tr*-2TF'«-12, find/(TF) for 17=^, -1, 
and - 3. 

275. Graph of a Function of x. If the values of the argument 
X be taken as the abscissae, and the corresponding values of the 
function be taken as the ordinates of points, the locus of the 
points so determined is the graph of the function. 

Example. Let f{x) = o^ — 12 aj -f 3. Draw its graph. 
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Solution: 1. Let y =f(x). Then determine values of /(x) as in 
§274d. 



X 


1 +0 


-12 +3 


/W 







3 


1 




-8 


2 


1 +2 


-8 


-13 


3 


1 +3 


-3 


-6 


4 


1 +4 


+ 4 


+ 19 


- 1 


1 -1 


-11 


+ 14 


-2 


1 -2 


-8 


+ 19 


-3 


1 -3 


-3 


+ 12 


-4 


1 -4 


+ 4 


-13 
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EXERCISE 141 

Draw the graphs of the following functions. Retain the 
graphs as they will be used in future examples. 

1. /(a;)=aj»-4aj*-17aJH-60. 

2. /(j;)=2ar^-«*-18a?-h9. 

3. /(aj) = aj8-2a^-5aj + 6. 

4. /(aj)=a^-17a^-f-16. 

6. /(a;) = a^-15a^4-10a?-f-24. 

6. /(a:)=a^-2«»-4iB«-|-8a?(-f-0). 

7. /(«)=«» -|-4if* + 4a; + 3. 

8. /(a;)=aj8 + «*-ll«-i-15. 

9. Examine the graphs of the cubic functions of a?. All 
should appear to be modifications of a certain typical graph. 
Sketch free hand the typical gi^aph of the cubic function. 

10. Sketch free hand the typical graph of the fourth degree 
function of x. 

11. Draw tlie graph of a^ - 3 a?* — 11 aj' 4- 27 aj^ + 10 a; - 24. 

276. The problem converse to that considered in § 275 is of 
special interest; namely, find the values of the argument for 
which the function has a given value. All such problems can 
be reduced to the form : 

For lohat value ofx isf(x)= f 

The values of x which satisfy the equation are called the 
roots of the equation. 

277. The general rational and integral equation of the n'th 
degree involving only one unknown is 

a^ + oix"-^ -h a^^-' + - +a„-ia; -h «» = 0. (1) 

The a's are assumed to be real integers and a© is assumed to 
be positive. This equation will be called the o-form of the 
general equation. 
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If both members of (1) are divided by Oq, the resulting equar 
tion is of the form 

a?" +PiaJ"-' -|-l>saf -« + ••. -{-Pn^iX +!>„ = 0. (2) 

The p's are either real integers or fractions. This equation 
will be called the j?-f orm of the general equation. 

If no one of the a's or p's is zero, that is, if all of the powers 
of X from the first to the n'th are present, the equation is called 
a complete equation; otherwise it is called an incomplete 
equation. 

The coefficient a^ (or p^) is called the Absolute Term. 

The polynomial forming the left member of an equation 
being considered will be denoted by /(a?), so that for brevity 
f(x) = may be used to represent the equation. 

278. Fundamental Assumption. It is assumed that every 
equation of the p-tovm has at least one root, real or complex. 
This fact is ptoved in a later course in mathematics. 

279. Theorem 1. If r is a root of/ (jr) = 0, then (x—r) is a 
factor of the polynomial f(x). 

Proof : 1. /(r) = 0, since r is a root of /(x) = 0. 

2. If f(x) is divided by (as — r), the remainder is /(r). (By the Re- 
mainder Theorem, § 02.) 

3. .*. the remainder is zero, and hence (as — r) is a factor of /(ar). 

280. Theorem 2. (Converse to Theorem 1.) If (x—r) is 
a factor of f(x), then r is a root of f(x) = 0. 

Proof : 1. Since (a; — r) is a factor of /(a;), then the remainder when 
/(x) is divided by (x — r) is zero. 

2. But the remainder is/(r), by the Remainder Theorem. 

3. .*. /(r) = 0, and hence r is a root of /(x) = 0. 

Example. Prove that ^ is a root of 2 a^— 3 a?*— 11 x+6=0. 
Solution: 1. Find /(J) by synthetic division. (See §274, 6.) 

i 



2-3-11 +6 
+ 1—1 —6 /. i is a root of the equatiott. 



1-2-1211 0=/(i) 
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EXERCISE 142 
Prove that: 

1. Sisarootof ar* — 2fB* — 19a? + 20 = 0. 

2. --2is aroot of a?* — 3a^-f4a; + 4 = 0. 

3. — 4 isnot aroot of ai* — a^-f 7a? — 12 = 0. 

4. -Sisarootof 2a;« + 3a;*-2a;-|-21=0. 

6. I is a root of3aj*-8a^-hl3aj*-9a;-h2 = 0. 

6. Jisnotarootof 16 ar^ -1-8 aj»- 23 a? -3 = 0. 

7. I is a root of 126 ar» - 8 = 0. 

8. -^isarootof 8aj* + 6aj3-15aj" — 16aj-3 = 0. 

281. Number of Roots of an Equation. 

Example. Suppose that it is known that 2 is a root of the 
equation 2a^— 3aj* — 8a;-|- 12 = 0. Find all of the roots. 

Solution : 1. Divide the polynomial f{x) by x — 2 synthetically. (§ 93) 

a; + 2 2xa-3x2-8a;-f 12 Hence x - 2 is a factor ; the other factor 
^ti — -^^ ^^^ is the quotient 2 x^ + x — 6. 



2 +1 -611+0 
.-. (x-2)(2x2 -f x-6)=0. 

2. The roots of this equation are the roots of the two equations 

X - 2 = and 2x2 + X - 6 = 0. 

3. The root ofx — 2=0isx = 2. 

4. The roots of 2x2 -f x — 6 = are the roots of (2x - 3)(x + 2)= 0; 
namely, x = J and x = — 2. 

Hence the given equation has three roots. 

This is a particular example of the fact proved in the following tiieorem. 

282. Theorem 3. A rational and integral equation of the n'th 
degree has n and only n roots. 
Proof : 1. Let the equation be 

x» + Pix«-i + P27^-^ + • • • + Pn-\x + jp« = 0. (1 ) 

2. By § 278, equation (1) has at least one root. Let n be this root. 
Then the polynomial of the left member has the factor x — n (§ 279) and 
the equation may be written 

(X - ri) (x»-i + gix*- 2 + g2a?-3 + - + gn-a» + g«-i) = 0. (2) 
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3. The roots of (2) are the roots of the equations 

* x-n = 0, (8) 

and 

a?-i + gix«-2 + qzX^-9 -h ... + Qn-^ + g»-i = 0. (4) 

4. Equation (4) must have at least one root, r2. Then the left mem- 
ber has the factor x — r2, and the equation may be written 

(x - rz) (x»-« + ai«»-8 + «2aj»-< + . . . + a^.^a; + 8n-2) = 0. (5) 
6. The roots of (6) are the roots of the equations 

x-r2 = 0, (6) 

and 

X— « -f «ia?-« + «2X»-» + ... + 8n-ffiC + 8^2=:0. (7) 

6. After (n — 1) steps, (n — 1) roots ri, r2, ra, .••, rn-i will have been 
found and there will remain an equation of the first degree, x — r„ = 0, 
from which x = r*. 

7. Hence the given equation has the n roots n, r2, rs, •••, r*, and the 
equation may be written in the form 

(a;-ri)(x-r2)(x-r3) .•• (a;-rO=0. (8) 

(6) Prove that the equation has only n roots. 

1. Let X = ^•, any value different from each of the r's. 

2. Substitute A; for x in the polynomial 

f(x) = {x-ri)(x-r2)(x-rz) ... (x-rO- 
Then 

/(A:) = (A:-rO(A:-r2)(A;-r3) ••. (ifc-r,). (9) 

3. Since k is not equal to any one of the r's, no one of the factors in 
the expression (9) can be zero, and hence the expression f(k) is not zero. 

4. Therefore k is not a root of /(x) = 0. 

That is, no value of x different from each of the r's can be a root of 
the equation. 

Note 1. Tlie numbers ri, r2, rs, etc., may be real or complex. (Page 
98..) 

Note 2. Two or more r's may be equal. Such a root is called a 
multiple root. 

Thus, the equation (x + 1) (x — 2) (ac — 2) = has the double root 2\ 

There may be more than one multiple root of an equation. 

283. Graphical Solution of Equations. The real roots of an 
equation may be determined, at least approximately, by a graph- 
ical method. (Recall § 75.) 
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Example. Solve the equation a:' — 4a5* — 2a; + 8 = 0. 
Solution: 1. Determine values of /(x) for values of (x). (See 
§274,d.) 



X 


1 _4 -2 -1-8 


/(«) 







+ 8 


1 




3 


2 


1 -2 -6 


-4 


3 


1 -1 -6 


-7 


4 


1 0-2 





6 


1 +1 +3 


-H23 


-1 


1 -5 +8 


+ 6 


-2 


1 - 6 -1-10 


-12 



2. The graph. 
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3. /(x) = at the points where the graph crosses the x-axis ; namely, at 
A, B, and C Hence the roots are : — 1.42, 1.42, and 4. . 
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EXERCISE 143 



1. From the graph in § 275, determine the approximate roots 
of the equation »* — 12 a? -|- 3 = 0. 

2. From the graph which you constructed for Example 1, 
Exercise 141, determine the approximate roots of the equation 

aj8_4aj2_i7 3.4.60 = 0. . 

3-6. From the graphs which you constructed for Examples 
2-4, Exercise 141, determine the approximate roots of the equa- 
tions you get when you set the functions of those examples 
equal to zero. 

Determine graphically the approximate roots of : 

6. aj8-3iB"-a?-h4 = 0. 9. aJ* - 10 aj« + 16 = 0. 

7. ic«-4aj«-7aj + 15 = 0. 10. as* +aj« - 10 a - 10 = 0. 

8. aj8-haj*-6aj = 6. 11. aj»-a^-8a?-f-8 = 0. 

12. From the graph for the illustrative example of this 
paragraph, determine the values of a? for which 

a^-4a^-2aj-h8 = -5. 

13. From the graph for the illustrative example for para- 
graph 275, determine the roots of aj" — 12 a? + 3 = 10. 

14. From the graph for Example 6 of this Exercise, deter- 
mine the roots of the equation «* — 3aj*— aj-|-4 = 2. 

15. From the graph of Example 9 of this Exercise, deter- 
mine the roots of the equation ar* — 10 a? -f- 16 = 3. 

284. Remarks about the Graph for a Cubic Equation. Exami- 
nation of the graphs of the cubic functions of x in Exercises 
141 and 143 will show that all are modifications of the adjoin 
ing curve. For a particular function, the graph may have a 
slightly different shape and may occupy a different part of the 
plane of the axes. 
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As a consequence of the nature of the graph of a cubic func- 
tion, it is obvious that every cubic equation must have at least 

one real root, for the graph 
necessarily crosses the ataxia 
at least once. 

When the equation has three 
real roots, the graph crosses the 
aj-axis three times. 

The graph may be located as 
in the adjoining Fig. 2. This 
graph would result if the typ- 
ical graph above were to move 
upward until the two roots r^ and rj coincide, rg is then a 
double root. 

The graph may be located as in the adjoining Fig. 3. This 
graph would result if the typical curve of the second figure 
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Fig. 3. 



were to move upward. In this case, there is only one real 
root. The other two are imaginary. 

Note. A similar discussion of the possibilities may be made for the 
fourth degree and other equations with great profit. 
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NUMERICAL SOLUTION OF HIGHER EQUATIONS 

285. It is desirable to be able to solve an equation numeri- 
cally when possible. 

Numerical solutions of equations of higher degree are 
accomplished through the use of certain general theorems 
about equations which will be introduced as they are required. 

286. Theorem 4. A complete equation can be transformed 
into another whose roots are m times those of the first by multi- 
plying the second coefficient of the given equation by m, the next 
coefficient by rri^y the next by w^, and so on. 

Example. Transform aj^+Taj^— 6=0 into an equation whose 
roots are 4 times those of the given equation. 

Solution : 1. The given equation isric^ + Tx^-i-Oa; — 6 = 0. 
2. .*. the required equation is 

X84. 4. 7x2 + 42.0 a; -43. 6 = 0, or a;8 + 28 x2 - 384 = 0. 
Proof of the Theorem : 1 . Let the given equation be 

ic* + jPiiC"-^ +jP2a;«-« + ... +Pn-ix -\-Pn = 0. (1) 

2. Let r be any root of this equation, and let s = mr. Hence r = — 

m 
must satisfy the equation (1). Therefore, 



{iTMirMT*-*-'-'{i>'-"'- 



(2) 



3. Multiplying both members of (2) by w", 

«** + mpis"-! 4- 77l2p2«'*~^ + .•• + 7n'»-ij?n-i» + wi'^.j = 0. (8) 

4. This shows that 8 satisfies the equation 

«« + mpix"*-^ + w^2a5"~* + ••• + m^-^Pa-iX + rn^^ = 0. (4) 

5. But 8 is mr. Hence for each root of (1), there is a number m times 
it which satisfies (4). Further, these are the only roots of (4), as (4) can 
have only n roots. 

287. Theorem 5. A complete equation can be transformed 
into another whose roots are the negatives of those of the given equa- 
tion by changing the signs of the alternate terms beginning with the 
second. 
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Example. Tiansform the eqaation a^ + 7a^ — 6 = into 
another whose roots are the negatives of those of the given 
equation. 

Solution : 1. The given eqaation isjc^ + Tac^ + O-x — 6 = 0. 
2. Hence the required eqaation isa^ — 7x^ + 6 = 0. 
NoTK. Try to make the transformation without writing oat step 1, al- 
lowing for any terms of the given eqaation which may be missing. 

PaooF OF THE Thkorem: 1. Let m in Theorem 4 be — 1. This 
makes the resulting equation 

a5» +(- l)pia?»-i + (- l)«p2«--* +(- l)'!p8X»-« + ..• etc. = 0, 
or x» — pia?«-i + paX*— 2 — i)8X"-8 .| _ q. 

' EXERCISE 144 

Transform each of the following equations into another whose 
roots shall be those of the given equation multiplied by the ad- 
joining number in parentheses : 

1. ic«-5a5«-7a? + ll = 0. (2) 

2. aj* + 6a!»-2aj-5 = 0. (-2) 

5. 2aj»-5aj + 7 = 0. (3) 

4. 6aJ*-3aJ»-h8«*-16 = 0. (i) 

6. a!»-8 = 0. a) 

Transform each of the following equations into another whose 
roots shall be the negatives of those of the given equation : 

6. a^-2a* + 3a?-f 5 = 0. 

7. iB* + 3it'«-2a^-5aj-f-7 = 0. 

8. ic8-19ic-h4 = 0. 

9. aj«-5aj2 4.16 = 0. 

10. a;^-4aj8-6.r^ + 12ar*-26 = 0. 

11. Transform 108a^^36a^-3aj-hl = into an equation 
whose coefficients shall all be integers, that of the first term 
being unity. 
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Soi«UTioK : 1. Divide both membens of the given equation by 108. 
Then «»- J«*- A « + Tk = 0. (1) 

2. Transform (1) into an equation whose roots are 6 times those of 
(1). The resulting equation is : 

aJJ - 6 . 1x2 _(j2 . ^a; + 6« . tJt = 0, or x« - 2x2 - x + 2 = 0. 

Rbmabk. The multiplier 6 in step 2 is selected by inspection so that 
the fractional coefficients become integral after the transformed equation 
is formed. 

Transform each of the following equations into another whose 
coefficients shall be integers, that of the first term being unity : 

12. 8ie»4-12aj* + a;-8 = 0. 16. 24aj» + 56aj*-5 = 0. 

13. 5iB» — 8aj — 3 = 0. 17. 4ic* + 5iB»--4aj*-3 = 0. 

14. 3aj* — 2ie»-ha;-l = 0. 18. 81ic*-108aj»+5aj-3 = 0. 

15. 32iB»-l = 0. 19. 40ir»-4aj« + 8aj-l = 0. 

20. x* + ^a^-^ ^0^-^ = 0. 



i. Descartes' Rule of Signs. 

(a) If two successive terms of an equation in the general 
form have the same sign, a Permanence of Sign occurs ; if two 
successive terms have opposite signs, a Variation of Sign occurs. 

Thus, in the equation a^ — 8x* — «» + 6x + l = 0, there are two vari- 
ations of sign and two permanences of sign. 

(b) Descartes' Rules. 1. The number of positive roots of an 
equation cannot exceed the number of variations of sign. 

2. The number of negative roots of an equation cannot exceed 
the number of variations of sign in the equation whose roots axe 
the negatives of the roots of the given equation. 

In the following equation, the polynomial has three varia- 

*i^^s: aj*-2aj»-hic2-|-2a;-5 = 0. (1) 

If the polynomial on the left be multiplied by a? — 2, and 
the resulting product be set equal to zero, there results the 
equation a!»-4a:* + 6x' -9a;+ 10 = 0. (2) 
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The equation (2) has the positive root 2 as well as all of the 
roots of (1). The left member of (2) has four variations of 
sign, one more than the number in equation (1). 

In general, no matter how many variations of sign a given 
equation may have, if a new equation is formed which has one 
more positive root, then the new equation also has one more 
variation of sign. From this it is evident that 

The number of positive roots is not more than the number of 
variations of sign. 

As for rule 2, let/(a;)= be any equation, and let/(— x)=0 
represent the equation whose roots are the negatives of those 
of the first equation. If /(aj) = has any negative roots, these 
become positive roots of /(— a;)=0. By the first rule, the 
number of positive roots of /(— a;)= cannot exceed the num- 
ber of variations in /(— a;)=:0; hence immediately, the num- 
ber of negative roots of f(x) = cannot exceed the number of 
variations in /( — a;) = 0. 

Example. Find the maximum number of positive and of 
negative roots of the equation a^ — 3oi^-\-2a^ — x-^l = 0. 

Solution : 1. In the given equation, there are four variations, hence 
there are not more than four positive roots. 

2. The transformed equation (formed by changing the signs of the 
alternate terms of the complete equation beginning with the second) is 

a* — 8a:« — 2a:2_x-l=0. 

In this equation there is One variation, and hence the given equation 
cannot have more than one negative root. 

EXERCISE 145 

1-15. Decide upon the maximum number of positive and of 
negative roots of the equations of Exercise 144. 

289. Theorem 6. An equation in the /^■form (§ 2n), where 
the p's are integers, cannot have as a root a rational fraction in its 
lowest terms. 
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Example. The equation o^ — 3aj* + aj — 20 = cannot have 
any real roots except integers. 

Proof of thb Theorem : 1. K possible, let -, a rational fraction in 

b 

its lowest terms, be a root of the equation x»+l)ix»-i 4-p2a5""'^ H 

-i- Pn-ix +Pn = 0; i.e. suppose that 

(i)"-^"{fr'+«(s)"'"*--^'-(i)"-=»- '■' 

2. Multiplying both members of (1) by 6»»-i and transposing, 

V = - (l>ia""^ + l)2a»-26 + • • • + Pn-iab^''^ + l)„6"-i) . (2) 



3. - is in its lowest terms, and hence a and b do not have a common 
b 

factor. Therefore «« and b cannot have a common factor and -r is in 
. , . b 

Its lowest terms. 

4. In equation (2), then, a rational fraction in its lowest terms would 
have to equal an integral expression, and this is impossible. 

6. Hence it is impossible for a fraction like - to be a root of the given 

b 
equation. 

290. Theorem 7. The absolute term of an equation in the 
p-iorm (§ 277) is the product of all the roots with their signs 
changed. 

Example. In the equation «* — 3aj* + 2aj — 20 = 0, the 
product of all the roots with their signs changed must be 
•—20. Since, by Theorem 6, the equation cannot have frac- 
tional roots, the only real roots are integers which are divisors 
of -20; namely, ± 1, ± 2, ± 4, ± 5, ±10, ±20. 

Proof of thb Theorem : 1. Let ri, r2, rs, ••• r„ be the roots of the 
equation 

X*+PlX^'^ -{-PtX^-^ + — +Pn-lX +P„ = 0. (1) 

2. Then the equation (1) may be written 

(x-ri)(x - r2Xx - rs) .- («- 0= 0. (2) 

3. If the first two factors are multiplied together, the term of the prod- 
uct free from a; is (— ri)(— r2). If the first three factors of the product 
of the left member of (2) be multiplied together, the term of the product 
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free from x is (— ri)(— rs)(— ri). In general, if all of the factois are 
multiplied together, the term of the prodnct free from x is (— ri)(— rj) 
(— ri) •- ( — r„). Thia is the term which is denoted hj p^, 
4. Hence p» = (- ri)(- rj^- r,) ... (- r„). 

291. Determination of Rational Roots of ^form Equations. 
Example 1. Find the rational roots of 

a5»-4a?*-5a» + 20 aj» + 4a;- 16 = 0. 

Solution : 1. By Descartes* Rule (§ 288) there are not more than 
three positive roots nor more than two negative roots. 

2. The only possible roots are divisors of 16 ; namely, ±1, ± 2, ± 4, 
±Sj ± 16. These must be tested by synthetic division, using Theorem 2, 
§280. 

8. Is 1 a root ? Yes, for /(I) = 0, by inspection. 



Dividing synthetically : 1 
(See § 274, 6.) 



1-4-6 + 20+ 4-16 
4.1-8- 8 + 12 + 16 



1-3-8 + 12 + 16 II 0=/(l) (1) 



The quotient is x* — 3 «» - 8 x^ + 12 x + 16. Setting this equal to 
zero, the depressed equation is 

/2(a;) = a:*-8x»-8x8+ 12a; + 16=:0. (2) 

4. By inspection 1 is not a root of (2). Is 2 a root of (2) ? 

2 



1-3-8 + 12 + 16 
+ 2 - 2-20—16 .-. 2 is a root of /2(x) = 0. 



1-1-10- 8 II 0=/2(2) 
The depressed equation is/j (x) = x« — x^ — 10 x — 8 = 0. (3) 

5. Is4arootof (3)? 4 



1-1-10-8 

4 + 12 + 8 .•. 4 is a root of 



1 + 3+ 2 II 0=/3(4) /«(x)=0. 

6. The depressed equation isx2 + 3x + 2 = 0. 

.-. (x + !)(« + 2) = 0, or a; =-1, and -2. 

7. Hence the five roots are 1, 2, 4, — 1, and — 2. 

Note. The solution may be abbreviated as in the following example. 
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Example 2. Find the rational roots of ic* — 45 a?* -|- 40 a? 
+ 84 = 0. 

Solution : 1. The possible roots are divisors of 84. 

2. By Descartes* Rule, there are not more than two positive roots nor 
more than two negative roots. 

3. By inspection 1 cannot be a root, as /(I) is not zero. 
By inspection ^ 1 is a root, as/(— 1) = 0. 

Remove the root — 1 by division : 

-1 



Is 2 a root ? 2 



1+0-46 + 40 + 84 
14- 1 + 44-84 



1-1-44 + 84 II 0=/(-l) 

2+2 — 84 .-. 2 is a root of 



1 + 1-42 II 0=/2(2) /2(fl;)=0. 

4. The depressed equation fz(x) = sc^ + a; — 42 = 0. 

.-. (x + 7)(a; - 6) = 0, or a; = - 7 and a; = 6. 
6. .". the four roots are — 1, 2, — 7, and 6. 

NoTB. Usually it is possible to determine /(I) and/(— 1) by inspec- 
tion. Remember the fact mentioned in § 274, c. 

Rule. — To determine the rational roots of a ^f orm equation with 
integral coefficients : 

1. Determine by Descartes' Rule the maximum number of posi- 
tive and of negative roots. 

2. Test by synthetic division the integral divisors of p„, begin- 
ning with the lowest, using Theorem 2, § 280. 

3. When a root is found, continue testing, using the depressed 
equation resulting from step 2. 

4. Continue imtil all of the rational roots are determined. 

EXERCISE 146 

Solve the following equations for their rational roots. If a 
depressed equation is a quadratic equation, complete the solu- 
tion by finding the roots of the quadratic in the customary 
manner. 

1. a?-8a^-f-19aj-12 = 0. 3. i»»-31a:-30 = 0. 

2, 5^-f 5aJ*-'6aj-24 = 0. 4. a»-7»2-14aj-h48 = 0. 
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5. 2/»-4y«-17y4-60 = 0. 8. <*4-2^-7 <2-8«+12=0. 

6. 2»-422-ll2;-6 = 0. 9. r*-7^-7r* + r4-6 = 0. 

7. i»» + 3ic2-24aj4-28 = 0. 10. s*+6 8»4-s^-24s-20=0. 

11. a?* + lla^ + 41i»»4-61aj + 30 = 0. 

12. ic*-8i»»-|-17ar»4-2a;-24 = 0. 

13. 2^ + 2/'-31y*-f71t/~42 = 0. 

14. 2*-ll2» + 352*-132-60 = 0. 
16. <^-7<» + 15«^~«~24 = 0. 

16. «* + 2a^-13aj»-38a;-24=0. 

17. «* + 6a^H-aj*-24aj + 16 = 0. 

18. a;^-|-7a?' + 9aj2-27aj-54 = 0. 

19. a;*-41ar'-hl2a;2 4-292aj + 240 = 0. 

20. aj^-74a^-24a^ + 937a;-840 = 0. 



Determination of Rational Roots of Equations in the a- 
form. 

Example. Find the roots of 2 a:^ _^ 5aj2 _ 43 g. __ qq ^ 0. 

Solution : 1. Transform the given equation into one whose coeffi- 
cients are integers, that of the first term being unity. (See Example 11, 
Exercise 144, page 290.) 

Divide both members of the given equation by 2. 

.-. a«-f fx2-4^x-46 = 0. (1) 

Transform ( 1 ) into an equation whose roots are double the roots of (1). 
The desired equation is : 

x8 + 2 . f x2 _ 4 . .Ya; - 8 . 45 = 0, or a;8 + Sx^-- 86a: - 360 = 0. (2) 

2. Equation (2) has not more than 1 positive root, and not more thau 
2 negative roots. (By Descartes' Rule.) 

The roots are integers which are divisors of 360. 



Is 9 a root ? 9 



14. 6- 86-360 
+ 9 4- 126 4- 360 .-. 9 is a root 



1 + U+ 40 II (See § 280.) 

The depressed equation is a;^ _|. 14 jc 4- 40 = 0. 

.-. (a;4.4)(a; + 10) = 0, or x = -4 and a; =— 10. 
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3. The roots of (2) are 9, — 4, and — 10. These are double the roots 
of the given equation. (See step 1.) 

Hence the roots of the given equation are J, — 2, and — 5. 

Rule. — To determine the rational roots of an equation : 

1. If the equation is in the a-form (§ 277), transform it into 
an equation with integral coefficients, that of the first term being 
unity. (See Example 11, Exercise 144, page 290.) 

2. Determine by Descartes' Rule the maximum number of posi- 
tive and of negative roots. (See § 288.) 

3. The rational roots are integers (§ 289) which are divisors of 
the absolute term (§ 290). Test the possible roots by synthetic 
division. * 

4. Often a solution following this process leads to a quadratic 
equation which may be solved in the customary manner. 

EXERCISE 147 

Solve the following equations for their rational roots, ob- 
taining other roots when possible : 

1. 2a^-{-x'-23x-\-20 = 0. 

2. aar'-h2ar'-3a;-2 = 0. 

3. 2a^-3iB2-17a: + 30 = 0. 

4. 4a^-12a^ + 3ar»-|-13a;-6 = 0. 
6. 4a^-12ic2 4- 27a: -19=0. 

6. 4^-31y* + 21t/4-18 = 0. 

7. 6<3-7««-7<4-6 = 0. 

8. 162;«4-822-232; + 6 = 0. 

9. 9m*-16m*-3m-f 4 = 0. 

10. 2ic*-3a^-16a^-3a; + 2 = 0. 

11. 8<* + 6^-15«*-16f-3 = 0. 

12. 2i»»-f 3ar^-2aj4-21 = 0. 
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IRRATIONAL ROOTS 

293. Theorem 8. If a and b are two real nonibers which are 
not roots of the equation f(x) = 0, and if /(a) and f{b) have oppo- 
site signs, then the equation /(x) = must have an odd number of 
real roots between x = a and x=b. 

Example 1. Let/(a;)= a?* + 8 «- 5 = 0. 

Theu/(- 2)^ 16 - 16 - 6 =- 6; 
and/(+l)=l + 8-5 = 4. 

Then, 8ince/(— 2) and /(I) have opposite signs, the equation must 

have an odd number of roots be- 
tween — 2 and + 1. 

If CA represents /( — 2) and 
BD /(I), it is obvious from the 
graph that any continuous curve 
must cross the x-axis an odd num- 
ber of times in passing from A to 
B. Since a real root corresponds to 
each point of intersection with the ' 
2>-axis, then the facts in this case 
agree with the statement in the theorem. 

This theorem is employed to locate the irrational roots of an ' 
equation as in the following example : | 

Example 2. Locate the roots ofaj*-faj*— 6a;— 7 = 0. 

Solution: 1. By Des- 
cartes' Rule, the equation 
does not have more than 
one positive root nor more 
than two negative roots. 

2. Determine values of 
/(«) as for drawing the 
graph of /(«). J 

/. a pos. root between 
2 and 3. (§ 293.) | 

.*. a neg. root betweenj 
- 1 and - 2. 

.'. a neg. root betweel 
— 2 and — 3. 




X 


1 


+ 1 


-6 -7 


fW 







-7 


1 




-11 


2 




+ 8 





-7 


3 




+ 4 


+ 6 


+ 11 


-1 







-6 


-1 


-2 




-1 


-4 


+ 1 


-3 




-2 





-7 
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3. The location of the roots becomes apparent when the graph of the 
function is drawn. 







:::j:=::::^ 


5 jU-\ — , 

:^::i?'|.r::: 



EXERCISE 148 
Locate the roots of the following equations : 

1. ic" — 5aj» + 3 = 0. 6. iB» + 8a:*-9aj-12 = 0. 

2. aj»-6aj» + 2aj + 6 = 0. 6. ic*-15j»» + 3a; + 14 = 0. 

3. i»'4-2a?2-aj-l = 0. 7. ic* -|- 6 a:^ _ 42 ^ _ 44 := 0. 

4. a?*- 8 ic* -I- 15=0. 8. a^-5a^ + aj2 + 13a;-7=0. 

Prove that the equation : 

9. 35^ — a5* + 2a; — 1 = has at least one real root between 
and 1. 

10. 0^ + 30: — 5 = has one root between 1 and 2. 

11. a?* — 2a^ — 3iB*4-aj — 2 = has one root between — 1 and 

— 2, and at least one between 2 and 3. 

12. a?* — 4a!^4-6aj*4-a;— 1 = has one root between and 

— 1 and at least one between and 1. 
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2M. Theobbm 9. To derive an equation whose roots shall be 
those of a given equation f(x) = decreased by m : 

1. For the last term, take the remainder when f{x) is divided 
by jr — m. 

2. For the coefficient of the next to the last term, take the re- 
mainder when the quotient of step 1 is divided by x — m. 

3. Continue in this manner imtil all the coefficients have been 
obtained. Perform the divisions synthetically. 

Example. Transform the equation a^— 7aj-|-6 = into 
another whose roots shall be those of the given equation 
decreased by 2. 

Solution : 1. Divide /(a;) by «— 2, synthetically. (§93.) 

x + 2 



a;^ + a^ — 7 X H- 6 
+2 +4 -6 



]J| ^^ Hence the required equation is 



1 + 4 II + 6 = gj 
+ 2 



lll+6 = tfi 

Note 1. Notice that, if x of the divisor is omitted, + 2 remains, and 
this is the number by which the roots are being decreased. This abbrevi- 
ates the computation a little. 

NoTB 2. The coeflBcients 1 + 2 — 8 in the third line of the computa- 
tion are the coefficients of the quotient. This quotient is then divided by 
a; — 2 in the fourth and fifth lines. 

Proof of thb Theobbm : 1. Let 

«" +Pix^-^ +i>2a;»^2 + ... ^p^^ix +Pn = 0. (1) 

2. Let y =x — m, OT x = y + m. Substitute in (1). Then 
(y 4- fnr+pi(y + w)'»-i+P2(y+w)»'-* + - +P«-i(y+w)+i)„ = 0. (2) 

3. If in (2) the powers of (y + w) are expanded by the Binomial 
Theorem and like powers of y are collected, there will result an equation 
of the form 

y" + gijr-^ + q2r-^ + - + Qn^iy + g» = o (8) 

whose roots are those of (1) diminished by m. 



THEORY OF EQUATIONS 



301 



4. Since the left member of (3) arose from substituting y -{-miorxia 
(1), clearly if x — m is substituted for y in (3), the equation (1) will again 
appear. In other words 

/(a;) = (x-w)»+«i(«-w)»-i+g2(«-w)-2+ ... +gn-i(«-»»)+g«. (4). 

5. Divide both members of (4) by x — w. On the left, there is 
/(x) -T- (x — m) . On the right the quotient is 

(X - w)"-i + gi (X - m)*-* + q2ix - »»)*-« + . . . + gr^_i (5) 

and the remainder is. q^. 

That is, q^ is the remainder when /(x) is divided by x — w, proving 
step 1 of the rule. 

6. If the expression (5) is divided by (x — m), the remainder is ^n-i* 
thus proving step 2 of the rule, etc. 

Note 1. To transform an equation into another whose roots shall be 
those of the given equation increased by m, make the divisor x + t/i in- 
stead of X — m. For increasing the roots by m is equivalent to decreasing 
them by — w, and x — (— wi) isx + w. 

Note 2. Graphical Interpretation of the Transformation. 

In the adjoining figure, ^he graphs marked /i(x) and /2(x) are the 
graphs corresponding to the two equations : 

/i(x)=x8-7x + 6=0, 
and /2(x) =x8 + 6x2 + 5x = 0. 
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Notioe that the graph of the transformed equatioa is of exatstly the same 
shape as that of the given equation and that it is 2 units to the left of the 
graph of the given equation. 

In general, if an equation is transformed into another whose roots are 
a units less, then the graph of the transformed equation is a units to the 
left of the graph of the given equation, 

EXERCISE 149 

1. Transform a? + 7aj — 18 = into an equation whose 
roots shall be 3 less than those of the given equation. Check 
the solution by solving both the original and the final e ^nation 
and comparing the corresponding roots. 

2. Transform aj*-|-5aj — 24 = into an equation whose 
roots shall be 2 more than those of the given equation. Check 
the solution as in Example 1. 

3. Transform fl5'4-2aj' — 7a;— 72 = into an equation 
whose roots shall be less by 4. Check by drawing the graph 
of the original and of the final equation. 

4. Transform ic* — Sic'-h^a? — 23=0 into an equation 
whose roots shall be less by 5. 

6. Transform a:* — ic* — 2a?4-7aJ — 81^0 into an equation 
whose roots shall be greater by 3. 

6. Transform a^-|-3aj* — 5aj4-2 = into an equation 
whose roots shall be less by 6. 

7. Transform a' + Qa?* — 3a; + 5 = into an equation 
whose roots shall be greater by 3. 

8. Transform a^ — »* — 4 = into an equation whose roots 
shall be less by J. 

9. Transform a^ — 80* — 5aj + l = into an equation 
whose roots shall be less by 2. ^ 

10. Transform a^4-5a* — 9a* — 28 = into an equation 
whose roots shall be greater by 1. 
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295. Homer's Method of Approximating Irrational Roots. 
Example : Solve the equation x^ — 3aj* — 2aj + 5=0. (1) 
Solution : 



(o) 



X 


1 «.3 -2 +6 


/(«) 





By iriRpection 


5 


1 


By inspection 


1 


2 


1 -1 -4 


-3 


3 


1 -2 


-1 


4 


1 +1 +2 


13 


-1 


1 -4 +2 


3 


-2 


1 -6 +8 


-11 



.'. there is a root be- 
tween 1 and 2. (§ 293.) 

.-. there is a root be- 
tween 3 and 4. 

.*. there is a root be- 
tween — 1 and — 2. 



(&) To approximate the root between S and 4. 
1. Diminish the roots of (1) by 3. 



1 -8 -2 +6 
+ 3 4-0 -6 



1 +0 -211-1=58 
-t-3 +9 



1 +811 + 7=52 
+ 3 



1 11+6 = 51 



(See §294.) 



The transformed equation is 

Mx)=a*-^Qx^+ 7a;-l = 0. 

This equation has a root between and 1. (Read Note 1.) 
2. Locate the root between and 1. 

7«-l = 0. •. a; = | = .14+. 

(Read Note 2.) 



(2) 
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Apparently there is a. root between .1 and ^. To make certain com- 
pute /a (. 1) and /2 ( .2). 



.1 



1+6 +7 -1 
.1+ .61 + .761 



1 +6.1 + 7.61 II- 



>=/2(.l). 



14-6 +7 -1 
+ .2 + 1.24 + 1.648 



1 + 6.2 + 8.2411 + .648 =/2 (.2). 

.*. there is a root of (2) between .1 and .2. 

Hence the root of (1) is between 3.1 and 3.2. (Read Xote 8.) 

8. Diminish the roots of (f) by ,1. 
.1 



= Qs 



1 


+ 6 
+ .1 


+ 7 
+ .61 


-1 
+ .761 


1 


+ 6.1 
+ .1 


+ 7.6111 
+ .62 


- .239 


1 


+ 6.2 
+ .1 


1 + 8.23 = 
= qi. 


= g2 


1 II + 6.8 





The transformed equation is 

/3 (a;)= a* + 6.8 «2 + 8.23a; - .239 = 0. 

This equation has a root between and .1. 
4. Locate the root between and .1, 

8.23a; - .239 = 0; x =^= .02+ 

(Read Note 2.) 

Apparently there is a root between .02 and .03. 
Hence the root of (1) is between 3.12 and 3.13. 
6. Diminish the roots of (3) by .02. 



(8) 



(Read Note 4.) 



.02 



1+6.3 + 8.23 — .239 
+ .02 + .1264 +.167128 



1 +6.32 + 8.3564 II - .071872 = grj 
+ .02 + .1268 . 



1 + 6.34 II + 8.4832 = q^ 
+ .02 



1 II + 6.36 = qx 
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The transformed equation is 

fi(x) = x8 + 6.36 a;2 4. 8.4832 x - .071872 = 0. 

This equation has a root between and .01. 
6. Locate this root. 



(4) 



8. 4832 X-. 071872 = 0. 
. ^ .071872 



8.4832 



= .008+. 



This suggests that there is a root of (4) between .008 and .009. 
The root of (1) is therefore 3.128+. 

(c) In exactly a similar manner the root between 1 and 2 may be 
approximated. 

(d) To approximate the root between — 1 and — 2, first form the 
equation whose roots are the negatives of those of the given equation. 
The resulting equation will then have a positive root between 1 and 2. 
This root may be approximated as in the part (&) above, and, after it is 
obtained, its sign may be changed, — thus giving the corresponding root 
of the given equation. 

Note 1. In the adjoining graph, the graphs of /i and /2 are marked 
accordingly. The transformation moves the graph of /i over to the left 
3 units (§ 294, Note 2)*and obviously there is now a root between and 1. 




1-4 - 9 +6 

.5- 1.75 -5.376 
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Note 2. This is a roagfa means of locating the root N^ect all 
powers of z above the first and solve the resulting linear equation. In 
the case ot the first transformed equation, it is advisable to make certain 
as in the illustrative solution that the root lies between the tenth indi- 
cated and the next tenth. It may be necessary in some cases to compute 
the values of fi(x) for several tenths ; i,e. for .1, .2, .3, etc. until § 293 
can be applied. 

Note 3. The root of (1) corresponding to the root of (2) just located 
is 3 more than the root of (2) ; hence it is 3 + -1* or 3.1+. 

Note 4. While it is usually necessary in the first transformed equa- 
tion to test the root figure determined by solving the linear equation, for 
the other transformed equations it need not be tested ordinarily. As a 
further check, the root figure must be such that when the roots of the 
equation are diminished by it, the last two terms of the next transformed 
equation must have opposite signs. 

For example, there is a root of 7fi — 4ix^~9x + b = between 
and 1. Solving — 9a;-f-6 = 0, a; = f g 
= .6 is suggested as the first decimal 
figure of the root. Diminishing the 
roots by .5, the last two coefficients of 
the transformed equation are — .375 
and — 12.25. Since these are of the 
same sign .5 is too great for the first decimal figure of the root, and .4 
must be tried. 

Rule. — To determine the approximate value of a positive irrational 
root of an equation : 

1. Locate the root between two successive positive integers (§ 293). 

2. Transform the given equation into another whose roots are less 
than those of the given equation by the smaller of the two integers 
determined in step 1. This equation has a root between and 1. 

3. Solve the linear equation formed when all terms above the first 
degree of the transformed equation resulting in step 2 are omitted. 
The root obtained will suggest the two successive tenths between 
which the root being approximated is located. Write the lesser tenth 
as the first decimal figure of the root. 

4. Transform the equation of step 2 into another whose roots are 
less by the smaller of the tenths indicated in step 3. (See § 294, and 
§296, notes 2 and 4.) 



1-3.5- 10.7611 -.376=5, 
.6- 1.6 



1 _ 3 H^ _ 12.25 = ga 
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5. Contintte thus until the desired degree of approadmation is 
reached. 

EXERCISE 160 

1. Find the root between 1 and 2ofaj' — 3a5* — 2aj + 5 =0. 

2. Find the root between 5 and 6 of 0^+2 aj*— 23 a?— 70=0. 

3. Find a positive root ofaj'+eaj' + lOaj— 1=0. 

4. Find a negative root of aj' — 3 a^ — 3 a: + 18 = 0. 

5. Find a negative root of aj' — ar* — 25 a: + 81 = 0. 

6. Find a positive root of a^ — 10 a?* — 4 a: + 8 = 0. 

7. Find a negative root of a?* + 6 aj» + 12 aj» — 11 a? — 41 = 0. 

Find the real roots of : 

8. a^-2a?-aj + l = 0. 12. a:*-12a;-f-7 = 0. 

9. aj'-3aj-l=0. 13. a?*-a^ + aj- 2 = 0. 

10. aj' + 3a'2 + 4a; + 5 = 0. 14. aj8-3a? -4a: + 13 = 0. 

11. aj»~2aj2 + 3 = 0. 15. a^ + aj^- 7aj-52 = 0. 

296. Relation between the Roots and the Coefficients. 

By § 282, if the roots of 

^ + />!«"-' +P^-^ + • •• + Pn-1« -^Pn = (1) 

are r^, rj, r„ •••, r,, the equation may be written 

(x^r{)(x-r,)(x-r,) ... (a;-O = 0. (2) 

By actual multiplication : 

(aj-.n)(a?-r2)=aj2 4.(-ri-r2)aj+(-n)(-r2); 

(a? — ri)(aj-r2)(aj-r3) 

= aj'-F (- n - rj- r8)a:2 4- (rir2+ r^rj-f r2r8)aj + (- n) (- rjX- ra). 

If all of the factors of the left member of (2) are multiplied 
together, the result can be put in the form of (1) where ; 
Pi = the sum of all the roots with their signs changed ; 
2>2 = the sum of all the products of the roots with their signs 
changed, taken two at a time ; 
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Pi =s the sum of all the products of the roots with their signs 
changed, taken three at a time ; 

j9. s= the product of all the roots with their signs changei 

NoTB 1. The equation must be in the ^'p-form*' (§ 277) before these 
relaUons exist. 

NoTB 2. To find pi, change' the sign of each of the roots, and add the 
results. 

EXERCISE 161 

In each of the following equations, determine the sum of 
the roots and the product of the roots : 

1. 2a:*-13aj8~91aj»4-390aj + 216 = 0. 

2. 5a*+8a:* + 29iB»-109a:-68 = 0. 
8. 4aj'-7a? + 21 = 0. 

4. Two roots of a? + a^ — 22a? — 40 are —4 and 6. What is 
the third root ? ^ 

5. Three roots of a* + 5aj^ + 5«* — 5aj — 6 = are -1,1, 
and — 2. What is the other ? 

6. One root of aj^ — 3aj» — 10aj + 24 = 0is 4. What are the 
other two ? 

7. Two roots of a* — aj» — 16aj* + 4aj4-48 = are 4 and 2. 
What are the other two? 

297. The complex numbers a + hi and a — hi are called Con- 
jugate complex numbers. 

298. Complex Roots. Theorem 10. If a complex number ia 
a root of an equation with real coefficients, its conjugate is also a 
root. 

Proof : 1. Let x* +J>i«""* +P2a;""' + ••• ■\)Pn-\^ + J>i» = (1) 

haye the root a -{-hi, 

2. Consider the product {x — (a + 6t')}{a; — (a — 60}. 



THEORY OF EQUATIONS 809 

8. Divide the polynomial f{x) by this product. Let Q represent the 
quotient and Bx-^- 8ihQ remainder. Then 

fix) = {« - (a + hi)}{x^ (a - hi)} . C + ^x + iS^ = 0. (2) 

Substituting (a + hi) for x in (2), 

{(a + W)-(a + W)}{(a + W)-(a - 60} • Q + i?(o + M) + /S' = 0, 
or . 2i6 . ^ + iJa + i8'+ iJift = 0, 

or i?a + /S'+^<6 = 0. (8) 

4. .-. iJa 4- iS' = 0, (4) and iJi6 = 0. (6) (See Note.) 
6. From (6), i? = 0. .-. from (4), /J?= 0. 

6. /. substituting in (2), 

fix) = {X -(a + 60} {a: - (a - 1*6)} - Q. 

7. From step 7, a; — (a — i6) is a factor of /(x), and hence a — f6 is a 
rootof/(x)=0. 

Note. Step 4 is practically a result of the definition of the meaning 
of the equality c + di = 0. In order that c + di may equal zero, e must 
equal zero and also d must equal zero. 

299. As a consequence of Theorem 10, every equation of 
odd degree must have at least one real root, for the complex 
roots enter in pairs. 
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300. Theorem 1. If two poljrnomials F(x) and f{x) are equal 
for more than n yalnes of x, then the coefficients of like powers of i 
must be equal. 

Pboof : 1. Let F{x) = ^ + AiX + A^^ + ... + A^^, 
fix) = ao + aix + aax2 + ... + a^x», 
and let F(x) =f(x) for more than n values of x. (1) 

2. From (1), 

(^ - aOx» + (^n-i - an-i) a?-i + ... +(^i- ai)x+(Ao - ao) = 0, (2) 
for more than n valaes of x, 

3. If any coefficient of (2) is not zero, (2) is an equation of degree b 
(or lower) having more than n roots, and this is impossible (§ 282). 

.'. every coefficient of (2) must be zero ; that is 

A^^an] An-i = an-i;*-' Ao = aQ. 

PARTIAL FRACTIONS 

301. If the denominator of a fraction can be resolved into 
factors, each of the first degree in x, and the numerator is of a 
lower degree than the denominator, the Theorem of Undeter- 
mined CoefBcients enables us to express the given fraction as 
the sum of two or more partial fra^^ionSf whose denominators 
are factors of the given denominator, and whose numerators 
are independent of x. 

302. Case I. No factors of the denominator eqtuil. 

Example 1. Separate -^^^ — into partial frao- 

^ (3aj-l)(5a; + 2). ^ 

tions. 

Solution: 1. Assume -- — ^^^ — :rr = o ^ . +^-^» 0) 
(3a;-l)(6a; + 2) 3a;-l 6x + 2 

where A and B are numbers independent of x. 

310 
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2. Clearing of fractions, 19 a; + 1 = -4(5 x 4- 2) + ^(3 x — 1), 

3. or, 19x + l=(6^ + 3^)x + 2^- J5. (2) 

4. The second member of (1) must express the value of the given 
fraction for every value of x except x = } and — |. 

5. Hence, equation (2) is satisfied by every value of x ; and by § 300, 
the coefficients of like powers of x in the two members are equal. 

That is, 5^ + 3^=19, 

and 2-4-^=1. 

6. Solving these equations, A = 2 and J9 = 3. 

7. Substituting in (1), 19x±i _ — 2 — _3 

* '^ '' (8x-l)(6x + 2) 3x-l 6x + 2 

The result may be verified by finding the sum of the partial 
fractions. 

_l_ A. 

Example 2. Separate "^ into partial fractions. 

2a? — or — OCT 

Solution : 1. The factors of 2 x — x^ — x* are x, 1 — x, and 2 + x. 

2. Assume then ?-±i = ^4._A-+^^. 

2x — aJ2_a:8 X 1-x 2+x 

3. Clearing of fractions, we have 

X + 4 = ^(1 — x)(2 + x) + ^x(2 + «)+ Cx(l — x). 

4. This equation, being satisfied by every value of x, is satisfied when 
x = 0. Puttingx = 0, then4 = 2-4, or -4 = 2. 

5. Again, the equation is satisfied when x = 1. 

Putting X = 1, then 6 = 3 B, or B = 5. 

3 

6. The equation is also satisfied when x = — 2. 

Putting x=- 2, then 2 = -6 (7, or Crr-i. 

3 

5 _1 

-_, x + 4 2 3.32,6 1 

7- Then, ^^_, = + 4. = +- 



2x-x2-x8~x^l-x^2 + x x^3(l-.x) 3(2 + x) 

Note. To find the value of A, in Example 2, we give x such a value 
as will make the coefficients of B and C equal to zero ; and then proceed 
in a similar manner to find the values of B and C. 
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EXERCISE 162 
Separate each of the following into partial fractions : 

, 18aj + 3 o ix?-T5 ^ ooj — 19a* 
1. — — - — —-• o. -- — — - — • o. 



4aj*-9 a^-25x ic»+4aaj— 6a* 

g-2 - 38a? + 5 46-~5a; 

' 5aj«-6a?* ' 6a? + 5a:-6* ' 8-18a?-5«»" 

a^ 4- 10a? --7 -• 13 o^ 4- 27 a? + 18 

(2a?-l)(12«»-aj-6)' ' (aj« - 2 a?) (aj» - 9) * 

303. Case II. When all the factors of the denominator are 
equal. 

Let it be required to separate — — — ^^ — into partial 

(aj-3)» 

fractions. 

Substituting 2^ + 3 for Xy the fraction becomes 

(.V4-3y-ll(.y + 3)4-26 ^ y«-5y4-2 ^1 5^2 

Replacing y by a? — 3, the result takes the form 

1 5 2 

aj-3 (aj-3)»"^(a:-3)»* 

This shows that the given fraction can be expressed as 
the sum of three partial fractions, whose numerators are inde- 
pendent of Xy and whose denominators are the powers of a? — 3 
beginning with the first and ending with the third. 

Similar considerations hold with respect to any example 
under Case II; the number of partial fractions in any case 
being the same as the number of equal factors in the denomi- 
nator of the given fraction. 

Example. Separate -— — i-— - into partial fractions. 
^ (3aj + 5)» ^ 

Solution : 1. In accordance with the principle stated ill § 303, as- 
sume the given fraction equal to the sum of two partial fractions, whose 
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denominators are the powers of 8 x f 5 beginning with the first and end- 
ing with the second. 

Thus, 6a; + 6 ^ A B 

(Sx + bf 8a; + 6^ (8a; + 6)* 

2. Clearing of fractions, 6a; +5 = ^(3a; + 5) + ^. 
Or, 6x + 6 = 3^ + 6^ + J?. 

3. Equating the coefficients of like powers of x 

3^ = 6. 
6^ + J5 = 5. . 

4. Solving these equations, A = 2 and JB = — 6. 

6. Whence, «^jil|^^ = 2^ ^ i5 ^^ 

(3a; 4- 6)2 3a; + 6 (8x + 6)« 

EXERCISE 163 

Separate each of the following into partial fractions: 

14a?-30 9a^-15a?-l 10a^-h3a?-l 

• 4ic*-12a;+9* * (3aj-l)» * * (5a-h2)» 

(aj + 5)» " ' (2a5-3)»* ' («-!)* 

ai» + 4a^ + 7a? + 2 18a;»-21a^ + 4g 

(aj4-2y ' ' (3aj-2/ 

304. Case III. When some of the factors of the denomir 
natora are equal. 

Example. Separate — ~- into partial fractions. 

x(x-\- 1)' 

Solution: 1. The method in Case III is a combination of those of 
Cases I and II. • 

2. Assume a^«-4x + 3^^ _j_ G , 

a;(x+l)« X a; + l (a; + l)» 

3. aearing of fractions, a;^ — 4 a; + 3 = A{x + 1)^ + ^(a; + 1) + C^. 

= (^+5)a;H(2^+JB+C)a;+A 

4. Equating the coefficients of like powers of x, 

^ + ^ = 1. 
2^ + 5+C = -4. 
-4 = 3. 
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6. Solving these equations, ^ = 8, B = — 2, and C = — 8. 

6. Whence, ^-^^ + ^ = g ? 8_ 

«(«+!)« X aj-fl (a; + l)2' 

Note. It is impracticable to give an illustratiye example for every 
possible case ; bat no difficulty will be found in assuming the proper 
partial fractions if attention is given to the following general role. 

jr 

A fraction of the form — — ; should be assumed 

equal to (x + aXa5 + 6) -.. (x +m)r ... 

_^ + _A_4. ... \ ^ \ ^ I ... 1 ^ 1. 
x + a x + 6 x + n» (x + m)* (x + my 

Single factors like x + a and x-tb have single partial fractioDS cor- 
responding, arranged as in Case I ; and repeated factors like (x + m,y 
have r partial fractions corresponding, arranged as in Case IL 

EXERCISE 154 
Separate the following into partial fractions : 

* «(«-!- 3)« * ix?(x-^iy 

3 3^4-73^4-24 a?-16 ^ -4a^4-29g»-36a;-9 
ic'(aj-4) ' ' aj(aj-l)(a?-3)» 

^ 14iB«-53aj-4 ^ 7-13aj-4a^ 



2. 



(3a?4-2)(2aj~3)« (8aj«-2aj-3)(2aj4-l) 

305. If the degree of the numerator is equal to, or greater 
than, that of the denominator, the preceding methods are 
inapplicable. 

In such a case, divide the numerator by the denominator 
until a remainder is obtained which is of a lower degree than 

the denominator. 

a;' — 3fl^ — 1 . 
Example. Separate into an integral expression 

and partial fractions. 

Solution 1 : Dividing x^ - 5 x^ — 1 hy x* — x, the quotient is x - 2, 
and the remainder — 2 x — 1 ; then 

»'-«»'-^ = x-2+^|^^- (1) 
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2 « — 1 

2. Now separate — =-= into partial fractions by the method of 

x' — x 

1 3 
Case I ; the result is 



X a — 1 
3. Substituting in (1), ^" ^^"^ ^ =a;- 2 -f - -- ^ 



JC* — X X X — I 



EXERCISE 166 



Separate each of the following into an integral expression 
and two or more partial fractions : 
, 12a?-17 0^-1-7 ^ a^-4a?*4-2a^4-7a?-4 



(a?-2)(3aj-hl) aj8(aj-l) 

2ai» + 14a^4-30a?-h25 . »« -- 2 ic* --5^--5a--3 



(a: + 3)» aj2(aj-f-l)« 



^ 2a?«- 8g'4-2a?*>-5a^ + 12 a^-a?-h4 
o. — — — 



306. If the denominator of a fraction can be resolved into 
factors partly of the first and partly of the second, or all of the 
second degree, in x, and the numerator is of a lower degree 
than the denominator, the Theorem of Undetermined Coeffi- 
cients makes it possible to express the given fraction as the 
sum of two or more partial fractions, whose denominators are 
factors of the given denominator, and whose numerators are 
independent of x in the case of fractions corresponding to fac- 
tors of the first degree, and of the form Ax-\-B in the case of 
fractions corresponding to factors of the second degree. 

Example. Separate — — - into partial fractions. 
ar-j-1 

Solution : 1. The factors of the denominator are x4-l and x^^x+1. 
% 

2. Assume -^-_- = -^ + _^-±J^ . (1) 

3. Clearing of fractions, 1 = A(x^ -x + l) + (Bx + C) (x + 1), 
or, l=(A-\-B)x^ + {-A + B-\- C)x-\-A+ O. 
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4. Equating the coefficients of like powers of a^ 

^+0 = 1. 

11 2 

6. Solving these equations, A = -, JB =— -, and € = -• 

3 S 3 

6. Sul-titatingind), ^ = ^-^ - ^^^5^. ^«. 
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Separate each of the following into partial fractions : 

, 0^ + 160^^12 



(3oj + l)(or*-oj + 3) 
2«2+lloj-7 



6. 



a!«-l 


12+13a!-2a!» 


8a!»-27 


2a!» + 2a!» + 10 



(2a!-6)(a!> + 2) a!* + a!»+l 



XZVm. SERIES 

307. A Sequence of terms consists of a namber of terms of 
which one is the first, another is the second, another is the 
third, and so on« 

A Finite Sequence is one having a finite (a limited) number 
of terms. 

An Infinite Sequence is one having an infinite (an indefinitely 
large) number of terms. 

308. If the terms Oi, a^, ag, ••• form an infinite sequence, then 
Oo 4- «i -h o^ -h aj •• • is called an Infinite Series. 

Qq -f- Oja; 4- a^ -f a^ ••• is called an infinite power series. 

309. Consider the series l-f«-h«*4-a' + «**'-- 
Denote the sum of the first n terms by S^. 

Then/S„=l4-«+a^H- - +«*=^-=^- (§177) 

1 — X 

I. Suppose that x = Xiy where Xi is less than 1 in absolute 
value (§ 2). 

Then ^„ = 1j:i^. 

Since Xi is numerically less than 1, then lim xi^ = 0. (§ 262) 

. •. lim Sn = zr^ — » a finite value. (CJompare with § 178. ) 

asfaw 1 — oil 

That is, as n increases indefinitely, the sum of the first n terms of the 
series approaches a definite finite limit, provided x is less than 1 in abso- 
lute value. 

Tor example if xi = 5, lim >9n = 
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II. Suppose that x=:x^ where a^ is greater than 1 in ab- 
solute value. 

Then as n increases indefinitely xi^ becomes indefinitely large ; conse- 
qnently the fraction "" ^** must become indefinitely large. Therefore 

1 — Xj 

as n increases indefinitely, the sum of the first n terms of the series in- 
creases indefinitely when x is greater than 1 in absolute value. 

III. When 05 = 1, the given series becomes 1 + 1+1 •••. 

Then Sn = n. Now as n increases indefinitely, obviously Sn also in- 
creases indefinitely. 

IV. Suppose that aj = — 1. The given series becomes 

1-1 + 1-1 .... 

Then iS^» = 1 or 0, according as n is an odd or an even number. Now 
as n increases indefinitely, 8n, while it is always finite, does not approach 
a definite limit. 

From these four cases, it is apparent that, for a given series, 
whether or no S^ approaches a definite finite limit depends 
upon the value of x being considered. 

It is also apparent that whether or no S^ approaches a finite 
limit depends upon the series itself. 

310. An infinite series is Convergent when the sum of the 
first n terms approaches a definite finite limit as n increases 
indefinitely. 

Thus, in § 309, the series is convergent for all values of x which are 
numerically less than 1. 

An infinite series is Divergent when the sum of the first n 
terms either does not approach a definite finite limit or ap- 
proaches an infinitely large limit. 

Thus, in § 309, the given series is divergent in : 

Case II, since the limit is infinity ; 
Case in, since the limit is infinity ; 
Case IV, since there is no fixed limit. 
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311. An infinite series of the form Oo -h aio: -f- 0,0? + ••• is 
convergent for the value a? = ; for the sum of the first n terms 
is Oq and remains Oq as n increases indefinitely. The sum of 
the series for a? = is a^. 

312. When a series is convergent, the limit approached by 

S^ is called the sum of the series. Thus, in Case I, the sum 

1 ♦ 

of the series is t 

313. The power series 1 + a? + «* + ••• arises as the quotient 

when is expanded by division ; that is, when 1 is divided 

1 — X 

by 1 — aj. Hence we may write 

1 



1-x 



= l + x + x'+ .... (1) 



But, this is an equality only for those values of x for which 
the series on the right is convergent. 

Thus, when a; = -, the series is conyergent, and 

1 ^ 1.11 
J does equal 1 + g "*" 4 "*" *"" 

"2 

But when x = 2, the series is divergent, and clearly - — - does not 

equalH-2 + 4+ — . 

1 



1-2 



= — 1 ; but 1 + 2 + 4 + ... Increases indefinitely. 



314. In general, power series in x are considered only for 
those values of x for which they are convergent. For such 
values of a:, two or more power series may be added or multi- 
plied. These and other theorems relating to power series are 
based upon considerations beyond the scope of this text ; hence 
the facts will be assumed. In particular, the following theo- 
rem will be stated without any proof of its correctness : 
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Theorem of Ukdetermiked Coefficients fob Powek 
Series : U Ao + A^x -f- A^jt* -h ... = a^, + CiX + eye* + ••• for 
all yaluee for which the two series ore conyergent, then the coeffi- 
cients of like powers of x are equal. 



EXPANSION OF FRACTIONS INTO SERIES 



315. Example 1. Expand 



power of X. 

SOLUTIOW: 1. 



l-2a:-|-3aj« 



in 



Assume 



''"^^^ " ^ = A + Bx + Cx^ + Dj^ + Ea^ + 



(1) 



l-2a; + 3a;2 

where A, B, C, D, E, etc., are quantities independent of x, 

2. Clearing of fractions, and collecting the terms in the second mem- 
ber involving like powers of «, 



2-3a^-«8: 



:^+ B 
-2^ 



x+ C 
-2B 

+ 3^ 



a;2+ i> 

-2C7 
4-3^ 



x»+ E 
-2D 

+ 3C 



^ + 



(2) 



(See Note 1.) 



8. The second member of (1) expresses the value of the fraction for 
every value of x which makes the series convergent (§ 314). 

Hence, equation (2) is satisfied when x has any value wbich makes 
both members convergent ; and by the Theorem of Undetermined Coeffi- 
cients, the coefficients of like powers of a; in the series are equal. 
4. Then, A = 2. 

B— 2-4 = 0; whence, 5=2^ =4. 

a-2^ + 3^=-3; whence, C = 2^- 3^-3 =- 1. 
D-2C' + 3^=-l; whence, i> = 2 0-3^-1=- 16. 
^ — 2i>-3a = 0; whence, E = 2D-SG =-27; etc. 
6. Substituting these values in (1), we have 

AiiMji^=2 4.4a;-x2_i53c8_27a:*+ -, Ana. 
l-2x + 3a;2 

The result may be verified by division. 

Note 1. A vertical line, called a bar, is often used in place of 

parentheses. 

Thus, + 5 1 a; is equivalent to (jB — 2A)x. 

-2^ 
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NoTs 2. The result expresses the value of the given fraction only for 
such values of x as make the series convergent (§ 314). 

Note 3. Determine by actual division what power of x will occur in 
the first term of the expansion, and then assume the fraction equal to a 
series commencing with this power of x, the exponents of x in the suc- 
ceeding terms increasing by unity as before. 

Example 2. Expand in ascending powers of x. 

oar — or 

Solution: 1. Dividing 1 by Sx^, the quotient is - — Then assume 

8 

^ = Ja;-2 + .aB-i+ C-f 7)x-f JB'x^ + --. (1) 



3x2 -x8 
2. Clearing of fractions, 



1=3^+35 
- A 



x + 3 01x2 + 3 7)1x8 + 3^ 
- 5 - C - 7) 



X* + ' 



3. Equating coefficients of like powers of x, 

3^ = 1, 3B-^ = 0,3(7- -B = 0, 3D- 0=0, 3^-D = 0; etc. 

4. Whence, ^ =|, b = 1, C = 1,D = i, i? = J^, etc. 
6. Substituting in (1), we have 



3xa-x8 3 9 27 81 243 

EXERCISE 167 

Expand each of the following to four terms in ascending 
powers of x : 

JL« • O. • 11. 

H-6a!-2a^ 
3. r-.^.. 8. . K-^^. . 13. 



1+x 




3-2x 




l-4tx 




2 + 73? 




l-3a!» 




4a!-a!» 




2 + 3a!» 




\-x-Sa? 


l-2a!- 


■ a? 



2-3a;H-4i»2 
l__4a;2 + 6iB» 



14. 



l+2a?-a?2 
g4-a?-3a^ 



10. 24:,x-3^. ^^ 



a!»-6«*-2!B» 


3 + 5a;-2!B» 


aj»-3a!» + a!* 


aj>_4a!» + 2a!» 


2-3a!'-a!» 


2-3a!» 


Z-2x + a? 


3-4iB» 



822 ALGEBRA 

EXPANSION OF RADICALS INTO SERIES 
316. Example 1. Expand VI — a? in ascending powers of x. 

Solution : 1. Assume VI -x = A -\- Bx -^ Cx^ -\- Dj* + ^x* + .... 
2. Squaring both membeis, then, by the rule of § 86, Ex. 28, 

x* + .... 



1 - X = ^a 


x+ S* x« 


X8+ 0* 


+ 2AB 


+ 2AC +2^2> 


+ 2^^ 


+ 2^C 


+ 257) 


3. Equating the coefficients of like powers of x, 


^a = 1 ; whence, .4 = 1. 


2/IR = 


1; whence. B- 2^^- 1. 



^ + 2^a = 0; whence, = -^ = -i. 

2 ^D + 2 BC = ; whence, 7) =- ^=-i. . 

^ 16 

C2 + 2^J& + 2B2> = 0; whence, E = - C^jtlBD^ — 6_ ^ 

2A 128' 

4. Substituting these values in (1), we have 

vr:rs = i-?^-^-*?-^-^-.... 

2 8 16 128 



The series expresses the value of VI — x only for such values of x as 
make the series convergent. 

EXERCISE 168 

Expand each of the following to four terms in ascending 
powers of 05 : 

1. VlH- 2 a:. 3. Vl-4aj4-aj2. 6. v^l + 6 «. 

2. Vl-3aj. 4. Vl+a?-aj2. 6. ■^l~aj-2x». 

REVERSION OF SERIES 

317. To rcvcrf a given series y = a-\- bocT -|- caf + ... is to 
express x in the form of a series proceeding in ascending 
powers of y. 



S£RI£S 
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Example. Revert the series y = 2aj4-aj*— 2a^ — 3aj*-f •••. 
Solution ; 1. Assume x = Ay-\' By^ + Oy» + Dy* + .-. (1) 

2. Substituting in this the given value of y, and performing the opera- 
tions indicated, 

» = -4(2a: + xa - 2aj» - 8a* + ...) 

+ B(4z2 + x* + 4a*-8jK*+ ...) 

+ C(8a^ + 12jK*+ ...)+-Z>(16x*+ ...)+ -. 



3. 



x«-2^ 


XB- 3^ 


+ 45 


- 7B 


+ 8C 


+ 12C 




+ 167) 



That is, x = 2Ax-\- A 
+ 4B 



Equating the coefficients of like powers of x, 

2A = 1. 
^ + 45 = 0. 
-2^ + 45 + 8 C=0. 
-3^-7B + 12a+162> = 0; etc 

Solving these equations, 
1 « 1 



«* + 



^ = ±, B=- 



-, C = :^, 2> = -i5-, etc. 
8 16' 128 



6. Substituting in (1), x =^^ y- iy2 +^y» - :^ y* + ..., Ans, 

If the even powers of x are missing in the given series, the 
operation may be abridged by assuming x equal to a series con- 
taining only the odd powers of y. 



EXERCISE 159 

Revert each of the following to four terms : 

1. y = a5— a^-fir* — aj*-f .... 

a?* , aj* a^ , 

2. t/ = a5 h .... 

^ 2^3 4^ 

3. y = aj + 2a^-f3aj3H-4aj*+.... 

4. y = a? — 3aj2 -1-5 aj8 — 7 «*+-.... 

^ 2». 3! 41^ 
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*• ^=2+4+6 + 8 + 



7. y==a?4-aj» + 2aj* + 5a^+ .... 

/mI /ft n/H 



SXTMllATION OF SERIES 

318. A series of the form aQ+OiX-^-a^ -f ... where every 
r + 1 consecutive coefficient satisfies an equation of the form 

a« -f i>ia,_i 4- ;> A^2 + — 4- A^-r = (1) 

where the p's are constants, is called a Recurring Series of the 
r'th Order, and (1) is called its Scale of Relation. 

Thus, in l + 2xH-3xa + 4a^ + 6a5*H 

3-2.2 + 1=0; 4-2.3 + 2 = 0; 5-2.4+3 = 0. 
In general, the coefficients of any three consecutive terms are such that 
the third, minus twice the second, plus the first equal zero ; that is, 

an-2a,., + an-2 = 0. (2) 

The series is a recurring series of the second order and (2) is its scale 
of relation. 

319. An infinite geometric series is a recurring series of the 
first order. 

Thus, in the series 1 + as + as* + sc* + •.., the coefficients of any two 
terms are so related that the second minus the first equals zero ; that is, 
On — a».i = 0. Hence the scale of relation is a^^ — a,t-i = 0. 

320. To find the scale of relation of a recurring aeries. 

To determine the order of a series, assume that it is of the 
first order, and that a„+pia„_i = is its scale of relation. 
Then test the coefficients of pairs of consecutive terms. 

Thus, 266 + 128 a; + 64 a;^ + 32 ic« + ... is a recurring series of the first 
order. For assume that the coefficients satisfy the equation 

«» + Pid«-i = 0. 
128 +pi • 266 = if pi = i ; 64 +pi . 128 = if pi = J ; etc. The scale 
of relation is a,» + i an-i = 0. 
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If trial indicates that the series is not one of the first order, 
assume that it is one of the second order. Assume that the 
scale of relation is an4-i>ian-i+i>2«»-2 = 0, and try out the 
coeflB-cients. 

Thus, consider the series H-2a; — 4sB8-f4x* — 12a^.... Aissume that 
its scale is «„ + Pifln-i 4-i)2«n-2 = 0. Try to determine the p's by sub- 
stituting coefficients : 

ao = l; ai=2; 02 = 0. .-. + 2i)i +1 .ps =0. (1) 

ai = 2; 02 = 0; a3=-4. .-. - 4 + O-p, +2p2 = 0. (2) 

Solving equations (1) and (2) forpi and p2, pi = 1 and p2 = — 2. 

Hence the scale of relation appears to be a, + Oh-i — 2 an-2 = 0. 

Test the coefficients 02, as, and 04. 04 = 4. 

Does 4+(— 4)— 2-0 = 0? Yes. Hence 02, Os, and 04 satisfy the 
scale of relation. 

Test Ofi, 04, and os. 05 = — 12. 

Does -12 + 4 — 2( — 4) = 0? Yes. Hence they satisfy the scale of 
relation. 

This justifies the conclusion that the series is of the second oi*der and 
that its scale of relation is o^ + On-i — 2 On-s = 0. 

EXERCISE 160 

Determine what is the order of each of the following recur- 
ring series, and what is its scale of relation : 

1. l + 2aj + 4iB2 + 8iB»H . 

2. l + 2aj-a^ + 3ic»-4aj*H- •... 

3. 2 + 3a? + i»2-2iB»-3ic*+ .... 

4. 5H-3a;-a^-9iB'~26ic*H- .... 

6. s^2y-7f-12^-17y^ . 

6. 2-aj-f 0^ + 62^-1-23?*- 15aj*.... 

321. To find the sum of a recurring series when its scale of 
relation is known. 

Solution: 1. Assiune Oo + Oio; + 0235^ -}- ... a recurring series of the 
second order; let S represent its sum, and let On •¥ Pidn-i +l)2«n-2 = 
he its scale of relation. 
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2. 5n = oo + aia; + aiaja +... +a,««. (1) 

.*. Pix ' 8n = Pioox +Piaia;H ... + Pia«-ix»+ piflWB»+i, 
and pjfl;2 . /9, = pjaox* + • • • + P2a»-2a:" + P2an-i«'»+i + l>2a«a:*+*. 

8. If these equations are added, the coefficient of x^ is o^ + piai + psOo. 
But this must be zero for the coefficients satisfy the scale of relation. 

Similarly the coefficient of x» = a» +Pian-i + PfCtn-i = 0. Also all of 
the intervening coefficients equal zero. Hence 
Sn{l + PiX + pia^) = ao + (ai + piOo) x + (Pia, + P20n-i) x"+i + P2a»a?»+*. 

•••^" 1+P1X+P2X-^ ' ^^^ 

which is a formula for the sum of the urst n terms of a recurring aeries 
of the second order. 

5. If X is so taken that the given series is convergent, it is a fact (al- 
though we have riot proved it) that x"+i and x»+* each approach the limit 
zero as n increases indefinitely. Consequently, if n is made to increase 
indefinitely, 

jg^ ao + {ai+Piao)x ,g. 

l+Pi«+P2aJ^ • 

which is the formula for the sum of a convergent recurring series of the 
second order. 

If Pj = 0, the series is of the first order, and therefore 

<h 4- Pi<h = 0. Hence S = — — — is the formula for the sum 

of a convergent recurring series of the first order. 

The formula for the sum of a convergent recurring series of 
the third order is 

jg ^ Op 4-(ai 4- j3iao)a;-j-(a2 + JPiQ^ +Pffi^)i^ . r^^ 

322. A recurring series is formed by the expansion in an in- 
finite series of a fraction, called the generating fraction. The 
operation of summation reproduces the original fraction. 

Example. Find the sum of the series 

1 + 9a. - 15 a;2 ^- 57 ar^- 159 «*.... 

Solution : 1. Assume the series to be of the second order. 
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2. Substituting oo = 1, ai = 9, os =— 15, as = 57 in the equation 

3. To test whether a» + 2 a»_i - 3 a,.2 = is the actual scale of rela- 
tion, consider 04 = — 159. 

Does -159 +2(57)- 3(- 15) =0? Does- 159 + 114 + 45 = 0? Yes. 
Therefore a^ + 2 a»_i — 3 a»_s = is the scale of relation. 

4. The sum of the series is ^ =,o^ + (aL±Pi«o)?. (§321) 

l+Pix + piK* 

. 5^ H-(g+2)a; ^ 1+lla: 

l + 2x-3x2 l + 2x-3a? 



EXERCISE 161 

Find the sum of the following : 

1. H-5a;4-19a^ + 65aj»4-211aJ*+ .... 

2. 2-a? + 5aj'-7ir»+17iB* . 

3. l-4aj~2aj*-10a^-14a^ . 

4. 2-5aj-f 17a;-65iB» + 257ic* . 

5. 3-|-5aj-5aj*-115ic»-845ar«- .... 

6. 5 + 8a; + 56a^ + 176ic» + 800aj*4- •-. 

7. l4-3aj-aj'-5ic»-7a^-a^-f llaj«-f .... 

8. l-a? + 2aj'-3iB» + 7aj*-12aj'-|-27aJ«+ .... 

THE DIFFERENTIAL METHOD 

323. If the first term of any sequence be subtracted from 
the second, the second from the third, and so on, a sequence is 
formed which is called the first order of diffei'ences of the given 
sequence. 

The first order of differences of this new sequence is called 
the second order of differences of the given sequence ; and so on. 
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ThoB, in the sequence ^ 

1, 8, 27, 64, 126, 216, .... 

the saocessive oiden of differences are as follows : 
Ist order, 7, 19, 87, 61, 91, .... 

2d order, 12, 18, 24, 80, .... 

3d order, 6, 6, 6, 

4tb order, 0, 0, 

324. The Differential Method is a method for finding any 
term^ or the sum of any number of terms of a sequence, by 
means of its successive orders of differences. 

325. To find any term of the sequence 

<h9 Oa, Oa, a4, •-, a,, a,^.l, •-. 

Solution : 1. The saccessive orders of differences are as follows : 
Ist order : o^ ~- Oit Os — <*2f 04 — <*8» •••» o«-2 ~" <*«> ••*• 
2d order : as — 2 a« + ai, 04 — 2 as + a2, •... 
3d order : 04 — 3 as + 3 a2 — ai, ••., etc. 

2. Denoting the flrst terms of the 1st, 2d, 3d, ..-, orders of differences 
by di, dj, ds, ••. respectively, 

di = as — ai ; or a2 = di + ai. 

dj = as — 2 as + flfi ; or 

«8 = d2 + 2 as — fli = d2 + 2 di + 2 ai — ai = ai + 2 di + d2. 

ds = a4 — 3 as + 3 as — ai ; or 

a4 = ai — 3as + Sas + ds = ai + 3di + 3d2 + ds. 

3. Notice that, in the values of a2, at, and a4, the numerical coefficients 
of the terms are the coefficients of the terms in the expansion by the 
Binomial Theorem of a + a; to the first, second, and third powers re- 
spectively. 

4. If this law is assumed for the term a„, then 

a,=ai + (n^l)di.f^^-^)(;^-2)ds-h<^--^>(""^)(""^)d,-f .... (1) 
1*2 1 . 2 • o 

This law may be proved true by the process of Mathemati- 
cal Induction. 

Example. Find the 12th term of the sequence 1, 8, 27, 64, 
125, .... 
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Soi.nnoir : 1. The suooesBiye oidera of differenooB are : 
iBt Older: 7, 19, 37, 61, — ; .-. di = 7. 
2d Older: 12, 18, 24, ... ; ,\ di = 12. 
3d order : 6, 6, ... ; .-. ds = 6. 

4Ui order : 0, 0, ... ; .-. d« = 0. 

2. Substatatiog in the formula (1) of § 325, 

- -ij_il T . 11 • 10 to . 11 • 10 • 9 ^ , 11. 10. 9. 8 rt 
ax, = l + 11.7+^_^.12+^-^-^.6+-j-^-^-^.0 

= l+77+W0 + 990 = 1728. 

326. To find the sum of the first n terms of the sequence 

Oiy <hy o^ €149 •••• (1) 

Solution : 1. Let 8^ denote the snin of the first n terms of (1). 

2. .*. i9s is the (n + l)8t term of the sequence 

0, ai, ai + Of, ai -f OS + a», .-, (2) 

for - 5', = ai + oi + •• + a,. 

3. S» may be determined by computing the (n + l)st term of the se- 
quence (2) by the formula (1) of § 325. 

For the sequence (2), the first order of differences is the sequence (1) ; 
the second order of differences of (2) is the first order of differences of 
(1) ; the third order of (2) is the second order of (1). 

4. Let di, dt, d|, .•* represent the first terms of the successive orders 
of differences of (1). 

.'. ai, di, dz, ds will represent the first terms of the successive orders 
of differences of (2). 

5. Let a'l, d'l, d'z, — represent the first terms of (2) and of its suc- 
cessive orders of differences. 

Then, a'l =0; d'l = ai ; d'i = di; d'j = di; etc.; 

also aW= 5.= a'l -h « . d'i-H^^^-=^d'2 + Kn--l)(^-2) . ^,,+ .... 
.•■g.=0 + na.+g4^d.+ "("-^H"-^) d.+ -. (3) 

Example 1. Find the sum of the first twelve terms of the 
sequence 1, 8, 27, 64, 125, •••. 

Solution : 1. n = 12 ; ai = 1 ; di = 7 ; dj = 12 ; d| = 6 ; d4 = 0. 
(See Example, § 325.) 
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9 . fS -19 t . 12 ■ 11 >y . 12.11.10 ,o . 1211.10.9 « 
2. ■>^i«-12l4-^p;^-74- ^^^ 3 -12+ ^^^^ -6 

= 1 2 + 462 + 2640 + 2970 = 6084. 

Example 2. If shot be piled in the shape of a pyramid 
with a triangular base, each side of which exhibits 9 shot, find 
the number of shot in the pile. 

Solution : 1. Beginning at the top, the number of shot in the succes- 
8iye courses are 1, 3, 6, 10, 16, etc. 

2. Find the sum of 9 terms of this sequence : ai = 1 ; n = 9. 
The successive orders of differences are : 

Ist order : 2, 3, 4, 6, ... .•. di = 2. 

2d order : 1, 1, 1, .... .-. df = 1. 

8d order: 0, 0, .... .-. dz = 0. 

3 .-. 59 = 9 . 1 + il| . 2 + ^4^ .1 = 9 + 72 + 84 = 166. 
1*2 1 . 2 • o 



EXERCISE 162 

1. Find the first term of the sixth order of differences of 
the sequence 1, 3, 8, 20, 48, 112, 256, .... 

2. Find the eleventh term and also the sum of the first 
eleven terms of the sequence 1, 8, 21, 40, 65, .... 

3. Find the ninth term and also the sum of the first nine 
terms of the sequence 7, 14, 19, 22, 23, .... 

4. Find the thirteenth term and also the sum of the first 
thirteen terms of the sequence 4, 14, 30, 52, 80, «... 

5. Find the sum of the first n positive integers. 

6. If shot be piled in the shape of a pyramid with a square 
base, each side of which exhibits 15 shot, find the number in ' 
the pile. 

7. Find the 12th term, and the sum of the first twelve I 
terms, of the series 8, 16, 0, - 64, - 200, - 432, .... 

8. Find the sum of the first ten terms of the series 1, 16, 
81, 256, 625, 1296, 2401, .... 
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9. How many shot are contained in a pile of six courses 
whose base is a rectangle, if the number of shot in the upper 
Course is 16 ? 

10. Find the nth term, and the sum of the first n terms, of 
the series 1, 5, 12, 22, 35, — . 

11. Find the eighth term, and the sum of the first eight 
terms, of the series 30, 144, 420, 960, 1890, 3360, .... 

12. Find the sum of the squares of the numbers 1, 2, — , n. 

13. Find the sum of the cubes of the numbers 1, 2, — , n. 

14. If shot be piled in the shape of a pyramid with a tri- 
luigular base, each side of which exhibits n shot, find the num- 
ber contained in the pile. 

16. How many shot are contained in a truncated pile of 
ft courses whose bases are squares, if the number of shot in 
^ach side of the upper base is m ? 

16. How many shot are contained in a truncated pile of 
i^even courses whose bases are rectangles, if the numbers of 
Bhot in the length and breadth of the upper course are 10 and 
6, respectively ? 



MISCELLANEOUS EXAMPLES 
I A. The Four Fhiiidamental Operations 

1. Add 3(a-6)«-9, 4(a - 6)2 - 5(a - 6), and -7(a-^&)« 
- 8(a - 6). 

2. Simplify 6mnH-5 — ([— 7 mn — 3]-^[— 5 mn — 11 1). 

3. Simplify 7 aj- (5 «-[- 12 a; 4- 6 a? -11]). 

4. Subtract (2 a - 3 b)f from (5 a - 4 b)f. 

5. Subtract (jp + q)x from rrix. 
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6. Multiply a»'&«, ft^c", and (f'a^^. 

7. Multiply 7 ary^ - 8 ahf* by — 3 a^if. 

8. Multiply aj*»+«y — ajy by aj*'"^ + y^\ 

9. Multiply 4 a-+*6» - 3 a*6» by a-+*6 - 2 aft*"*, 

10. Multiply a" -f 6* — C by a" — 6* + c'. 

11. Simplify (a + 26)«-2 (a-f 2 6)(2a-f 6) + (2a + 6)«. 

12. Simplify (« + y + a;)* - 3(y + «)(« + «)(« -f y). 

13. Divide a'"+^6»+» by — ah\ 

14. Divide a?'+«y»+« — (xf^-^Y ^7 ^^y*. 

16. Divide d'^h^c^ — a^l^c^ — a^pb^c?' by — a'^fe^c*'. 

16. Divide iB»-+2 ^ g aj«-i \yy ajj«»+i _ 2 ic*" + 4 aj«--^ 

17. Divide a?** + 0^"*^** -j- y"* by «*• — a?"^*" + y**. 

18. Divide ai' + Ca — 6 — c)a^+(— a6 + 6c — ac)a? + a5c by a?* 
4- (a — 6)aj — aft. 

19. Divide 

a(a — 6)aj«4-(— a6 + 6« + 5c)ar-c(6 4-c) by (a-6)aJ4-c. 

20. Divide aj»-(3a4-2 6 — 4c)aj*4-(6a6-8 &c4-12ca)aJ- 
24 a6c by a? - 2 &. 

/S'ei B. Fractions. 
Simplify the following : 

a^-|-2a^^8a;-16 ^ (2a:» + 5a?~2y-25 , 

• aj*-2aj» + 8a?-16' ' (3a^-4aj-3)«-16' 

g g*— 5a? — 84 . a? + 7 ^ y-^z z — x 

' 27aj»-8 *3a;-2* ' aj«-(y-2;)« (x-zy-/ 



7. ;- 
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3.3 5n« 5ri« 



2n + l 2n-l 8n' + l 8n«-l 

8 « , 1 3 a^'h2a 

' + 3 a-3 a2-9 a^ + 9 * 

9 3o 3 a 6a« 12 g^ 

jQ __3 1 a-2 2a»-f 4 

' 2(a-l) 2(a + l)"^a2 4-l a*-l * 

11. 1 11 



2a?2 + 3aj-2 3ar^-|-5a;-2 1-f aj-6aj* 

_2 1 1 2 

12 ^ + y a? y a?H-y 

X ^ 



2ic-fy aj4-2y 

j^3 a^-2a^-4a;4-8 , / ay^ + 9a; + 14 g'-4a? + 4\ 
• a:* + 3a^-27aj-81 ' Vaj2 + 6a? + 9 ir^-9 / 

6o2_a^2 ^8a2-18a-5^ 4a»-9 



15. 



4a2~16a + 15 12a2-5a-2 4a2-i-8a + 3 

/^g+iy /a?-iY 

(^o^-i; l^a^ + l;) 

/Sei (7. Linear Equations, (One Unhnown.) 

1. Solve the equation ^^"1 + ^—^ = 2. 
2aj — 3 a^ + 4 

Divide each numerator by its corresponding denominator ; then 

l + -^~+l-^^^=2,or-2 ^±1 = 0. 

2aj-3 a;2^.4 ' 2a;-3 «2 + 4 

Complete the solution. 
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Solve the following equations : 

2 a^ + l a?-f 2 __ ar-j-5 a? + 6 ^ 
x + 2 aj-f3 aj-f6 a?-|-7' 

38 3 _ 10 5 



x + 3 oj — 7 aj-f9 » — 2 

^ «±3 . « + 4 . » + 2^3 
aj + 2 aj-f3 a; + 4 

aj-f 9 aj + 4 oj-f 3 a? + 18 

2a?H-3 2a;-3 36 _q 
' 2flj-3 2*4-3 4aj2-9 ' 

2a? + g 3g'4-24a? + 19 _ j^ 

a? + 7 a^ + 8iC + 7 

a^-2a; + 5 a^ + 3a;-7 _o 
' a5»-2aj-3 aj24-3aj + l * 

9 5 1 ^ 10 4 ^ 

2aj-l 6ajH-5 3aj-4 4aj4-l' 

10 <^4-& a--26 ^ (2a-&)a?4-3a6 . 

a? 05 4- a oc^^a^ 

11 &fl? o'4-y __a* a?(a — 6) 



12. -i!^ ^ = «Z1^. 

a? — a aj — 6 a? — c 

13. a(»-a) + K'«-&)^a + fe. 

35—6 x — a 

14. (a+6)(aj— a4-&) — (a — &)a4-a*— 6*=2a(a? + a— 6), 
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16. (x+p + q)(x-p+q)+^=(x-p)(x + q). 
117 3 
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16. 



17, 



x — 2a 6x + a 3x — Sa 2x — Sa 
4 14 1 



X— 4n x+n z+4n x+3n 

,- ae*— 2aa; + a* a!*+aa? — 2o* _o 
■ x'-2ax~3€i' a? + ax + 2a* ' 

x—a x—b x+a+b 
20. a!»+(x-o)»+(x-6)* = 3«(«-a)(x-6). 



Set D. Linear Equations. (Two or More Unknovma.) 
Solve the following pairs of equations : 



2. 



x + 11 y-6 

7 "^ 5 " 
X — 1 • y + 4 . 



10 



4. 
-46. 



11 

9 x + 5 _ 



6. 



6. 



-3y. 



2x-3y 4x+6y _ 1 
4 "^ 3 2' 

5x + 2y 7y-3x _39 
2 "^ 6 10 



6. 



x+y _ 1 
x-y lo" 
3x + 8_6x — 1 



y-4 2y+3 

g^_(3x-2y + 5)^^^ 
3 

6 9 

8x-3 y-5^y 
4^3 6 



5 8 



fC2x-l)(y-4)-(x-6)(2y + 6)=121. 
\ 4x-3y=-29. 
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9. 



16 5 

5a; — 4y 



5a?-|-4y 13 



10. 



2x + 6jH:l__3x + 2^-3^__^_^2y-2. 



8 

x-Ay+6 _ 1. 

8aj-2y-18 4* 

Solve the following for x and y : 

j^ J (db{a - 6)a? + a6(a + b)y = a« + 2 a6 - 6*. 
\ ax+by=i2, 

12. I m(a; + y)+n(a;-y) = 2. 

(a + b)x+{a - 6)y = 2(a2 + ft^). 

_A_ = __?L__. 
aj — a — 6 y — a + 6 

(a + 6)a;+(a-6)y =2a*-26». 
y X _ 4 a6 ^ 

a— 6 a + 6 a^ — l^ 

jg f 6aj + a2^ = 2. 

Ia6(a + h)X'-'db{a — h)y = a* 4- 6*. 



13. 



14. 



16. 



a; 4- a + 6 a? + 6 J ay — 6a; = a' 4- 6*. 

a-a; h ' l(a4-6)a?4-(a-6)y=2a2-26« 



y-6 a 
18 ( (« + 6)«4-(a-6)y=2a. 
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Set E. Theory of Exponents, 
Square the following by the rule of § 10, 6 : 
1. 3a*-h4 6"i. 2. 6m-V-8m^-*. 

3. Square a*&"* --2 0^- a-*6*. 

4. Expand (4a?*y"* + 72;-^(4a;*y"* — 7«-2) by the rule of 
§ 10, a. 

Find the value of: 
^ 25a^-49m* 



5 a-« — 7 m* 



, by the rule of § 15, 6. 



6. ?^t^Ii^, by the rule of § 15,/ 

^ ^^-^ g ai-6^, (See §91: 1,2.) 

9. (3aj*-4y^)». 10. (a-%8 + 2a%-*)». 

Find the square roots of the following : 

11. 16a-«m*. 12. 49a?V"^- 13. i^!^^ 

4 6*n-» 
14. 9a;*-6a?* + 25-8a;~*-|-16aj~*. 

16. 4a"* + 20a"*H-21a"*-10a-^ + l. 

16. a*6-» - 6 a*6-2 + 5 6-^ + 12 a"* + 4 a~*6. 

Find the cube roots of the following : 

17. ^Tfy-^. 18. -64a-*6M. 19. 27m-*n 

20. 27aj* + 54a;*y~* + 36a;*y~* + 8y-^ 

21. oj* - 6 aj* + 21 a?"i-44 a?"^4-63 a?"^ - 54 a?"* + 27 «"*. 



ajly a 
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Simplify the following, expressing all the results with posi- 
tive exponents : 

22. [^(xW</(--*3^)]**. 23. -^x^^. 

24. [a*-^ X (a-i)"+^] X [(a-) "^ x (a-«)-i]. 

26. (» « X «"-«)•. 31. « +& _ a^ + &^ > 



26. 






ii+l !td 5=1 

27. (a *-*-!- a*+^) *» . 



a^ — 1 , a*»-fl 



29. [^(o^p^^]-' . »*• a-*-6-i a* -6* 

30 gt-hy^ x + y 35 a*+2 6^ 7a*6*4-6 6* _ 

* aj*-v* *"2^" a^-2 6* a*+a*6*-66* 



5e« 2^. QuadrcUic Equations, 
Solve the following equations : 

1. (a; + l)(«+3)=12+(aj + 7)V2. 



2. V5ir2-3aj-41 = 3aj-7. 

3. ^^8 r* - 36 7^ + 55 r- 67 = 2 r- 3. 



4. 3V^^n[--— ^=r = 4. 

Va?— 1 

28(3m4-10) 25 _q 

' 8m»-27 m(2m-3) 

8 



e. 2V3T+4 + 3V3< + 7 = 



V3t + 4 



7. 
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(See Example 1, Set C.) 



^ m+1 , m+2 , m+3_o 
m — 1 m — 2 m — 3 

Solve the following equation? for x. 

9. oj* ~ mhix + mn^ = m^n\ 

10. a:? — 4 ao? — 10 0? = — 40 a. 

11. Vo + a- V2i=--?^. 

Va-foj 

12. (a + a;)»4-(6-«)' = (a + 6)'. 

13. ic* — (m — p) a? + (m — n) (n — 1>) = 0. 

14. (a-{-b)a^ + {3a + b)x = -'2a. 

16. a? I a + & ^ 2(a» + y) 
' a + 6 a? a^—b^ 

,^ aj^-1 4a6 ,_ 2a; + l 2w + l 

lo. -T — • 17. — ^ — ^ 

« a'-2^ VoTl Vw + 1 

18. d'c' (1 + a?)' - b^d!" (1 - «)' = 0. 



19. •Vmx*+ "Vim — n)x + mn = 2m, 
X b—x a a+b 



INDEX 



A, the symbol, 35. * 

Abscissa, 46. 

Absolute value, 2. 

Antecedent, 206. 

Arithmetic, means, 189 ; progression, 

187. 
Ascending powers, 6. 
Axis, horizontal, 46 ; vertical, 46. 

Base, 3. 

Binomial, 6 ; square of a, 14 ; theorem, 

202. 
Braces, 7. 
Brackets, 7. 

Cancellation, in an equation, 37. 

Changing signs, in an equation, 37; 
in a fraction, 24. 

Characteristic, 172. 

Clearing of fractions, 38. 

Coefficient, 6 ; detached, 261 ; numer- 
ical, 7. 

Combinations, 235. 

Common, difference, 187; logarithm, 
171. 

Complex number, 98. 

Conditional equation, 33. 

Consequent, 206. 

Codrdinates, 46. 

Cube root, 256. 

D, the symbol, 35. 

Degree, of a monomial, 22; of an 

equation, 49. 
Descending powers, 6. 
Determinant, 239; of second order, 

239 ; of nth order, 244. 
Discriminant, 138. 
Division, synthetic, 110, 272. 



Elimination, by addition or sub- 
traction, 53 ; by substitution, 53. 



EUipse, 119. 

Equation, 33 ; cancelling terms in an, 
37; changing signs in an, 37; 
complete quadratic, 78; condi- 
tional, 33; degree of, 49; graph- 
ical solution of an, 80; homoge- 
neous, 126 ; identical, 33 ; indeter- 
minate, 48; linear, 49; irrational, 
166; members of an, 33; pure 
quadratic, 74 ; rational, 126 ; solv- 
ing an, 33 ; transposition in an, 37. 

Equations, equivalent, 36 ; formation 
of, 137 ; inconsistent, 51 ; inde- 
pendent, 51 ; simultaneous, 51, 
124; system of, 124. 

Equivalent systems, 127. 

Evolution, 4, 142. 

ExtK>nent, 3; fractional, 144; nega- 
tive, 145 ; zero, 144. 

Exponents, law of division of, 12; 
law of multiplication of, 10; laws 
of, 140. 

Expression, 6. 

Extremes, 207. 
• 

Factor, 1 ; common, 6 ; highest com- 
mon, 22, 262 ; to, 17 ; theorem, 112. 

Factors, prime, 17. 

Fourth proportional, 208. 

Fractions, 24; clearing of, 38; 
equivalent, 25. 

Fundamental operations, 3. 

Geometric, mean, 197; progression, 
195. 

Graph of an equation with two varia- 
bles, 117. 

Graphical representation, 46. 

Graphical solution of an equation 
with one variable, 80. 

Grouping, symbols of, 7; factoring 
by, 105. 
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Homogeneous equations, 126. 
Horizontal axis, 46. 
Hyperbola, 120. 

Identity, 33. 

Imaginary number, 96. 

Imaginary niunbers, addition and 
subtraction of, 97; multiplication 
of, 163 ; division of, 164. 

Imaginary roots in a quadratic equa- 
tion, 96 ; meaning of, on graphs, 99. 

Imaginary unit, 96. 

Inconsistent equations, 51. 

Independent equations, 51. 

Indeterminate equations, 48; forms, 
266. 

Index, 142. 

Infinite geometric progression, 199. 

Infinity, 267. 

Inversion, 243. 

Involution, 141. 

Irrational, equation, 166; nimiber, 
138. 

Left member of an equation, 33. 
Like terms, 7. 
Linear equation, 49. 
Logarithm, 170; common, 171. 
Lowest common multiple, 22. 

M, the symbol, 35. 
Mantissa, 172. 
Means, 207. 

Members of an equation, 33. 
Monomial, 6. 

Monomials, addition of, 7; division 
of, 12 ; multiplication of, 10. 

Negative exponent, 145. 

Negative numbers, 2; addition of, 

2 ; division of, 3 ; multiplication 

of, 3 ; subtraction of, 3. 
Number, complex, 98; imaginary, 

96, 138; irrational, 138; negative, 

2 ; positive, 2 ; prime, 17 ; rational, 

2 ; real, 96, 138. 
Numerical coefficient, 7. 

Order, of determinant, 244; of rad- 
ical, 150. 



Ordinate, 46. 
Origin, 46. 

Parabola, 117. 

Parentheses, 7; inclosing terms in, 
8 ; removing, 8. 

Perfect square trinomial, 17. 

Periods, 67. 

Permutations, 231. 

Polynomial, 6 ; arranging a, 6. 

Polynomials, addition of, 7; division 
of, 12; multiplication of, 10; 
square root of, 64; subtraction 
of, 7 ; factoring of, 103. 

Power, 3. 

Powers, ascending, 6; descending, 6. 

Prime number, 17. 

Progression, arithmetic, 187; geo- 
metric, 195. 

Proportion, 207; by alternation, 210 ; 
by composition, 210; by division, 
210; by composition and division, 
210; by inversion, 211. 

Proportional, fourth, 208; mean, 
208; third, 208. 

Pure quadratic, 74. 

Quadratic equation, 74; solution of, 
by completing the square, 83; 
by factoring, 78; by formula, 87; 
complete, 78; graph of, 80; imag- 
inary roots of a, 96; pure, 74; 
theory of, 135. 

Quadratic surd, 71. 

Radical, 150; index of, 4; order of, 
150. 

Radicals, similar, 154. 

Radicand, 4, 142. 

Ratio, 206; of a geometric progres- 
sion, 195. 

Rational and integral, 17. 

Rational number, 2. 

Rationalizing the denominator, 161. 

Remainder theorem, 109. 

Root, cube, 256; square, of a frac- 
tion, 71 ; of an equation, 33 ; 
principal, 142. 
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Roots, imaginary, of 
96, 138. 



a quadratic, 



S, the symbol, 35. 

Signs, change of, in an equation, 

37; law of, in addition, 2; in 

division, 3; in multiplication, 

3 ; in subtraction, 3 ; in a fraction, 

24. 
Similar terms, 7. 
Simultaneous equations, 51, 124. 
Square roots, approximate, 69; by 

division, 64; by inspection, 63; 

of a number, 66 ; of a polynomial, 

64 ; of a trinomial, 17. 
Surd, conjugate, 160 ; quadratic, 71 ; 

addition of, 72, 154. 
Symbols of grouping, 7. 



Synthetic division, 110, 272. 
Ssrstem of equations, 124. 

Table of square roots, 70; of loga- 
rithms, 174. 

Term, 6 ; degree of, 49. 

Terms, dissimilar, 7 ; like, 7 ; 'similar, 
7; unlike, 7. 

Theorem, binomial, 202; factor, 112; 
remainder, 109. 

Transposition, 37. 

Unit, imaginary, 96. 
Unlike terms, 7. 

Variables, 48. 
Vertical axis, 46. 
Vinculiuu, 7. 
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